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Graphs Complete graph
Arbitrary graphs
Threshold graphs

Counting weighted spanning trees of K,
Theorem [Cayley]: K, has n"~2 spanning trees.
T spanning tree: set of edges containing all vertices and
1. connected (Ho(T) = 0)
2. no cycles (Hy(T) = 0)
3. |T|=n—1
Note: Any two conditions imply the third.
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Graphs Complete graph
Arbitrary graphs
Threshold graphs

Counting weighted spanning trees of K,
Theorem [Cayley]: K, has n"~2 spanning trees.
T spanning tree: set of edges containing all vertices and
1. connected (Ho(T) = 0)
2. no cycles (Hy(T) = 0)

3. |T|=n-1
Note: Any two conditions imply the third.
Weighting

vertices? Silly (n"72(xq - - - x,))
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Graphs Complete graph
Arbitrary graphs
Threshold graphs

Counting weighted spanning trees of K,
Theorem [Cayley]: K, has n"~2 spanning trees.
T spanning tree: set of edges containing all vertices and
1. connected (Ho(T) = 0)
2. no cycles (Hy(T) = 0)

3. |T|=n-1
Note: Any two conditions imply the third.
Weighting

vertices? Silly (n"72(xq - - - x,))

edges? No nice structure (can't see n"~?)
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Graphs Complete graph
Arbitrary graphs
Threshold graphs

Counting weighted spanning trees of K,
Theorem [Cayley]: K, has n"~2 spanning trees.
T spanning tree: set of edges containing all vertices and
1. connected (Ho(T) = 0)
2. no cycles (Hy(T) = 0)

3. |T|=n-1
Note: Any two conditions imply the third.
Weighting

vertices? Silly (n"72(xq - - - x,))
edges? No nice structure (can't see n"~?)
both! wt T = [[.crwte = [[ocr(I],ce xv) Priifer coding
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Graphs Complete graph
Arbitrary graphs
Threshold graphs

Counting weighted spanning trees of K,
Theorem [Cayley]: K, has n"~2 spanning trees.
T spanning tree: set of edges containing all vertices and
1. connected (Ho(T) = 0)
2. no cycles (Hy(T) = 0)

3. |T|=n-1
Note: Any two conditions imply the third.
Weighting

vertices? Silly (n"72(xq - - - x,))
edges? No nice structure (can't see n"~?)
both! wt T = [[.crwte = [[ocr(I],ce xv) Priifer coding

Z Wt T = (X1 X)) (X1 + -+ xp)" 72
TEST(Ky)
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Graphs Complete graph
Arbitrary graphs
Threshold graphs

Example: K,

3 1

2 4

> 4 trees like: T = wtT = (X1X2X3X4)X22

Duval, Klivans, Martin Simplicial spanning trees



Graphs Complete graph
Arbitrary graphs
Threshold graphs

Example: K,

3 1

2 4

> 4 trees like: T = wtT = (X1X2X3X4)X22

2 4

> 12 trees like: T = wt T = (x1x0x3Xa)X1X3
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Graphs Complete graph
Arbitrary graphs
Threshold graphs

Example: K,

2 4

> 4 trees like: T = wtT = (X1X2X3X4)X22

3 1

2 4

> 12 trees like: T = wt T = (x1x0x3Xa)X1X3

Total is (x1x2x3x4)(x1 + X2 + X3 + x3).
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Graphs Complete graph
Arbitrary graphs
Threshold graphs

Laplacian

Definition The Laplacian matrix of graph G, denoted by
L (G).
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Graphs Complete graph
Arbitrary graphs
Threshold graphs

Laplacian

Definition The Laplacian matrix of graph G, denoted by
L (G).
Defn 1: L(G) = D(G) — A(G)

D(G) = diag(deg vi, . ..,deg v,)

A(G) = adjacency matrix
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Graphs Complete graph
Arbitrary graphs
Threshold graphs

Laplacian

Definition The Laplacian matrix of graph G, denoted by
L (G).
Defn 1: L(G) = D(G) — A(G)
D(G) = diag(deg vi, . ..,deg v,)
A(G) = adjacency matrix
Defn 2: L(G) = 0(G)I(G)T

0(G) = incidence matrix (boundary matrix)
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Graphs Complete graph
Arbitrary graphs
Threshold graphs

Laplacian

Definition The reduced Laplacian matrix of graph G, denoted by
L.(G).
Defn 1: L(G) = D(G) — A(G)
D(G)
A(G) = adjacency matrix
Defn 2: L(G) = 0(G)I(G)T

0(G) = incidence matrix (boundary matrix)

= diag(deg v1, ..., deg v,)

“Reduced”: remove rows/columns corresponding to any one vertex
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Graphs Complete graph
Arbitrary graphs
Threshold graphs

Example
3 1 |12 13 14 23 24
1[-1 -1 1 0 o0
2 4 9=12/1 0 0 -1 -1
3o 1 0 1 0
4/0 0 1 0 1

-1 3 -1 -1
L= -1 -1 2 0
-1 -1 0 2
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Graphs Complete graph
Arbitrary graphs
Threshold graphs

Matrix-Tree Theorems

Version | Let 0, A\1, A, ..., A,_1 be the eigenvalues of L. Then G

has
AtA2 - Ap_1

spanning trees.
Version Il G has | det L.(G)| spanning trees
Proof [Version 1]
det L, (G) = det9,(G),(G)T Z(detc)
= (+1)
-

by Binet-Cauchy
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Graphs Complete graph
Arbitrary graphs
Threshold graphs

Weighted Matrix-Tree Theorem

> wtT =|det[,(G)|,
TeST(G)

where [ is weightAed LapIaAcian.
Defn 1: L(G) = D(G) — A(G)
D(G) = diag(degvi, . . ., degv,)
dégv; = Zv,-vjeEXin
A(G) = adjacency matrix
(entry x;x; for edge v;v;)
Defn 2: L(G) = (G)B(G)I(G)T
J(G) = incidence matrix
B(G) diagonal, indexed by edges,
entry £x;x; for edge v;v;
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Graphs Complete graph
Arbitrary graphs
Threshold graphs

Example
3 1
2 4
12 +3+4) ~12 ~13 ~14
P ~12 21+3+4) —23 —24
- ~13 —23 3(14+2) 0
—14 —24 0 4(1+2)

det L, = (1234)(1 4+ 2)(1 + 2+ 3 + 4)
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Graphs Complete graph
Arbitrary graphs
Threshold graphs

Threshold graphs

» Vertices 1,...,n

Example
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Graphs Complete graph
Arbitrary graphs
Threshold graphs

Threshold graphs

» Vertices 1,...,n
» EclidEjeEi<j=EUui—jef.

Example
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Graphs Complete graph
Arbitrary graphs
Threshold graphs

Threshold graphs

» Vertices 1,...,n
» EclidEjeEi<j=EUui—jef.

» Equivalently, the edges form an initial ideal in the
componentwise partial order.

Example

34

24

N
23 14

~_—
3 1 1|3

12
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Graphs Complete graph
Arbitrary graphs
Threshold graphs

Weighted spanning trees of threshold graphs

Theorem [Martin-Reiner ‘'03; implied by Remmel-Williamson ‘02]:
If G is threshold, then

(d7)r
Z wt T = X”)H Z
TeST(G) r#1 =1
Example
1
2
3 1
3
2 4 4

(1234)(1 +2)(1 + 2 + 3+ 4)



Complete skeleton
Simplicial complexes Simplicial spanning trees

Shifted complexes

Complete skeleta of simplicial complexes

Simplicial complex ¥ C 2V;
FCGeXr=Fel.
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Complete skeleton
Simplicial complexes Simplicial spanning trees

Shifted complexes

Complete skeleta of simplicial complexes

Simplicial complex ¥ C 2V;
FCGeXr=Fel.

Complete skeleton The k-dimensional complete complex on n
vertices, i.e.,

Kf={FCV:|F|<k+1}

(so K, = K1).
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Complete skeleton
Simplicial complexes Simplicial spanning trees
Shifted complexes

Simplicial spanning trees of K [Kalai, '83]

T C KK is a simplicial spanning tree of KX when:

o

- Ty = Kk=1 (“spanning”);

[y

. I:Ik_l('T‘;Z) is a finite group ( “connected”);
- H(7;2) = 0 (“acyclic”);
P = (";1) (“count”).

w N

» If 0. holds, then any two of 1., 2., 3. together imply the third
condition.

» When k = 1, coincides with usual definition.
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Complete skeleton
Simplicial complexes Simplicial spanning trees

Shifted complexes

Counting simplicial spanning trees of K*

Conjecture [Bolker '76]

3 — (")

TEeSST(KK)
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Complete skeleton
Simplicial complexes Simplicial spanning trees

Shifted complexes

Counting simplicial spanning trees of K*

Theorem [Kalai '83]

S A ()7 = ")

TEeSST(KK)
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Complete skeleton
Simplicial complexes Simplicial spanning trees

Shifted complexes

Weighted simplicial spanning trees of KX

As before,

wtT = Hth: H(HXV)

FeT FeT veF

Example:
T = {123,124,125,134, 135,245}

wt T = xP X35 xaxe
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Complete skeleton
Simplicial complexes Simplicial spanning trees

Shifted complexes

Weighted simplicial spanning trees of KX

As before,

wtT = Hth: H(HXV)

FeT FeT veF

Example:
T = {123,124,125,134, 135,245}

wt T = xP X35 xaxe
Theorem [Kalai, '83]

n—2 n—2
k

Z |Flk—1('T‘)\2(wt T)=(x-- .Xn)(k—l)(xl N Xn)( )

TESST(Kn)
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Complete skeleton
Simplicial complexes Simplicial spanning trees
Shifted complexes

Weighted simplicial spanning trees of KX

As before,

wtT = Hth: H(HXV)

FeT FeT veF

Example:
T = {123,124,125,134, 135,245}

wt T = xP X35 xaxe
Theorem [Kalai, '83]

n—2 n—2
k

Z |Flk—1('T‘)\2(wt T)=(x-- .Xn)(k—l)(xl N Xn)( )

TESST(Kn)

(Adin ('92) did something similar for complete r-partite
complexes.)
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Complete skeleton
Simplicial complexes Simplicial spanning trees

Shifted complexes

Proof

Proof uses determinant of reduced Laplacian of KX. “Reduced”
now means pick one vertex, and then remove rows/columns
corresponding to all (k — 1)-dimensional faces containing that
vertex.

L=00T

J: Ag — Ak_1 boundary

OT: A1 — Dy coboundary

Weighted version: Multiply column F of 0 by xg

Duval, Klivans, Martin Simplicial spanning trees



Complete skeleton
Simplicial complexes Simplicial spanning trees

Shifted complexes

Example n =4 k=2

|12 13 14 23 24 34

122/-1 1 0 -1 0 0

"= 1241 0 1 0 -1 0

134/0 -1 1 0 0 -1

2240 0 0 -1 1 -1
2 -1 -1 1 1 0
-1 2 -1 -1 0 1
-1 -1 2 0 -1 -1
1 -1 0 2 -1 1
1 0 -1 -1 2 -1
0 1 -1 1 -1 2

L=

Duval, Klivans, Martin Simplicial spanning trees



Complete skeleton
Simplicial complexes Simplicial spanning trees

Shifted complexes

Simplicial spanning trees of arbitrary simplicial comlexes

Let > be a d-dimensional simplicial complex.
T C ¥ is a simplicial spanning tree of ¥ when:

0. T(g—1) = L(g—1) ("spanning”);

1. Hy_1(T;Z) is a finite group (“connected”);
2. Hy(T;7Z) =0 (“acyclic”);

3. () = f4(Z) — Ba(X) + Ba_1(X) (“count”).

» If 0. holds, then any two of 1., 2., 3. together imply the third
condition.

» When d = 1, coincides with usual definition.
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Simplicial complexes

Complete skeleton

Simplicial spanning trees
Shifted complexes

Example

Bipyramid with equator, (123,124,125,134,135,234,235)
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» 6 SST's not containing face 123
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Complete skeleton
Simplicial complexes Simplicial spanning trees

Shifted complexes

Example

Bipyramid with equator, (123,124,125,134,135,234,235)

» 6 SST's not containing face 123
» 9 SST's containing face 123
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Complete skeleton
Simplicial complexes Simplicial spanning trees

Shifted complexes

Example

Bipyramid with equator, (123,124,125,134,135,234,235)
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i
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9,1

» 6 SST's not containing face 123
» 9 SST's containing face 123

Total is (x1x2x3)3(xax5)?(x1 + X2 + x3) (X1 + X0 4+ X3 + X4 + Xs5).
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Complete skeleton
Simplicial complexes Simplicial spanning trees

Shifted complexes

Simplicial Matrix-Tree Theorem — Version |

» Y a d-dimensional “metaconnected” simplicial complex
» (d — 1)-dimensional (up-down) Laplacian Ly_1 = 94-19,
» sy = product of nonzero eigenvalues of Ly_1.

Theorem [DKM]

~ S ~
ha= > [Haa(T)P = 4 |Hya(T)
hg—1
TeSST(X)
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Complete skeleton
Simplicial complexes Simplicial spanning trees

Shifted complexes

Simplicial Matrix-Tree Theorem — Version Il

LIS SST(Z(d_l))
» O = restriction of J, to faces not in I’

» reduced Laplacian Lr = 0,0

Theorem [DKM]

2 _ |Hio(TZ)P

ha = > |Ha1(T)] Flua(2)2

TeSST(X)

det Lr.

Note: The |Hy_| terms are often trivial.
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Complete skeleton
Simplicial complexes Simplicial spanning trees

Shifted complexes

Weighted Simplicial Matrix-Tree Theorems

» Introduce an indeterminate xg for each face F € A
» Weighted boundary @: multiply column F of (usual) 0 by xf
» O = restriction of @, to faces not in I’

» Weighted reduced Laplacian L = 9r9f
Theorem [DKM]

~ Sq ~
hgi= Y [Haa(TP J] 5 = = Ha-a(D)P
TeSST(X) FeT d-1

 |Ha—o(A; Z) 2

d= —= detLr.
|Hg—o(T; Z)|2

Duval, Klivans, Martin Simplicial spanning trees



Complete skeleton
Simplicial complexes Simplicial spanning trees
Shifted complexes

Definition of shifted complexes

» Vertices 1,...,n

>» FeY idF jeFi<j=FUi—j€ex

» Equivalently, the k-faces form an initial ideal in the
componentwise partial order.

» Example (bipyramid with equator)
(123,124, 125, 134, 135, 234, 235)
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Complete skeleton
Simplicial complexes Simplicial spanning trees

Shifted complexes

Hasse diagram

146 236 245
T ]
136 145 235
T 1
126 135 234
SN
125 134
\124/

1l3
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Complete skeleton
Simplicial complexes Simplicial spanning trees

Shifted complexes

Hasse diagram
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Complete skeleton
Simplicial complexes Simplicial spanning trees

Shifted complexes

Links and deletions

» Deletion, dehb X ={G:1¢ G, G € X}.

» Link, kX ={F—-1:1€ F,FeXx}.

» Deletion and link are each shifted, with vertices 2,..., n.
» Example:

Y = (123,124,125,134,135,234,235)
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Complete skeleton
Simplicial complexes Simplicial spanning trees
Shifted complexes

Links and deletions

» Deletion, dehb X ={G:1¢ G, G € X}.

» Link, kX ={F—-1:1€ F,FeXx}.

» Deletion and link are each shifted, with vertices 2,..., n.
» Example:

¥ = (123,124,125, 134,135, 234, 235)
del; ¥ = (234, 235)
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Complete skeleton
Simplicial complexes Simplicial spanning trees
Shifted complexes

Links and deletions

» Deletion, dehb X ={G:1¢ G, G € X}.

» Link, kX ={F—-1:1€ F,FeXx}.

» Deletion and link are each shifted, with vertices 2,..., n.
» Example:

¥ = (123,124,125, 134, 135,234, 235)
del; & = (234,235)
lky = = (23,24,25, 34, 35)

4 4

5 5
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Complete skeleton
Simplicial complexes Simplicial spanning trees

Shifted complexes

Weighted enumeration of SST's in shifted complexes

Theorem Let A = |k &, , A =del; X,

Example bipyramid ¥ = (123,124,125, 134, 135,234, 235) again
A=lk; ¥ = (23,24,25,34,35)
A = del; ¥ = (234,235)
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Complete skeleton
Simplicial complexes Simplicial spanning trees

Shifted complexes

Weighted enumeration of SST's in shifted complexes

Theorem Let A = |k &, , A =del; X,

Example bipyramid ¥ = (123,124,125, 134, 135,234, 235) again
A=lk; ¥ = (23,24,25,34,35)
A = del; ¥ = (234,235)
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Complete skeleton
Simplicial complexes Simplicial spanning trees

Shifted complexes

Weighted enumeration of SST's in shifted complexes

Theorem Let A=1lk; X, A=1%xA, A=del; ¥, A =1x%A.

Example bipyramid ¥ = (123,124, 125, 134, 135, 234, 235) again
A=lky ¥ = (23,24,25,34,35) A = (123,124,125,134,135)

A = del; ¥ = (234,235) A = (1234,1235)
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Complete skeleton
Simplicial complexes Simplicial spanning trees
Shifted complexes

Weighted enumeration of SST's in shifted complexes

Theorem Let A=1lk; X, A=1%xA, A=del; ¥, A =1x%A.

(d(B)7),
hy = H X H(( Z Xi)/Xl)'
oeh r i=1

Example bipyramid ¥ = (123,124,125,134,135, 234, 235) again
A =1k ¥ = (23,24,25,34,35) A = (123,124,125,134,135)
A = del; © = (234,235) A = (1234,1235) E

hy = (123)(124)(125)(134)(135)((14-2+3)/1)((1424+3+4+5) /1)

Duval, Klivans, Martin Simplicial spanning trees



Cubical spanning trees
Complete skeleta

Cubical complexes “Shifted” cubical complexes

Cubical complexes

» To make boundary work in systematic way, take subcomplexes
of high-enough dimensional cube (or, also possible to just
define polyhedral boundary map).
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Cubical spanning trees
Complete skeleta

Cubical complexes “Shifted” cubical complexes

Cubical complexes

» To make boundary work in systematic way, take subcomplexes
of high-enough dimensional cube (or, also possible to just
define polyhedral boundary map).

» Then we can define boundary map, and all the algebraic
topology, including Laplacian.
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Cubical spanning trees
Complete skeleta

Cubical complexes “Shifted” cubical complexes

Cubical complexes

» To make boundary work in systematic way, take subcomplexes
of high-enough dimensional cube (or, also possible to just
define polyhedral boundary map).

» Then we can define boundary map, and all the algebraic
topology, including Laplacian.

» Analogues of Simplicial Matrix Tree Theorems follow readily
(in fact for polyhedral complexes).

Duval, Klivans, Martin Simplicial spanning trees



Cubical spanning trees
Complete skeleta

Cubical complexes “Shifted” cubical complexes

Complete skeleta (Example)

Spanning trees of 2-skeleton of 4-cube, with appropriate weighting:
p(123)p(124)p(134)p(234) p(1234)?

where, for instance,

1 1 1 1 1
p(123) = xpxoxay1yeys(— + — + — + — + — + —
X1 X X3 1 Y2 y3

)
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Cubical spanning trees
Complete skeleta

Cubical complexes “Shifted” cubical complexes

Cubical analogue of shifted complexes

» Pick definition of “shifted” to be nice with Laplacians
» In unweighted case, Laplacian eigenvalues are still integers

» Still working on trees

Duval, Klivans, Martin Simplicial spanning trees
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