Interviews

The interviews started with explaining students the nature and structure of the interview. The following statement was repeated in each interview:

           “ Please read questions, and answer each of them to the best of your knowledge. As you answer questions, try to think a loud.  I should note that this is not to evaluate your performance in your linear algebra class. Your name will NOT be used in the study.  I won’t be interfering but if I do, it is because I might be trying to understand your thought process. It does not mean your response is incorrect.....”

      Two selected interviews will be transcribed, and discussed below. The first interview was with a student called “A”, from the traditional group, and the second interview with a student called “B”, from the experimental group. Students’ grades (based on 5 points) on the post questions are summarized on the table 21.

   Table 21 Students’ grades on the post questions.    

                             Q1            Q2          Q3         Q4                 Q5             

                           a       b        a      b                  c     d          i      ii     iv

      Student A     5       1       5       4       5        2       3       5       5      5 

      Student B     5        4      5       4       3        4       3       5       5      5    

Interview 1

Student A 

The interview was conducted on November 17, 1999 at 6 pm. Here, the letter “A” refers to the student and the letter “I” refers to the person conducted the interview. 

    Question 1:

I: If  you think aloud, that will give me a reason how you are thinking, how you are perceiving things...........I won’t be judging you with your answer.....Let’s go ahead, and start with the first question.

A: Okay. To get things simple, I’ll just stay on R3. I have got vector v1 and a vector v2. V sub one represented by v sub a............I’ll use the parallelogram rule to construct  the result........Move this vector over, connect to the origin, to the new end point. This vector right here would be v3.

I: what if we use just a single vector, what would be the linear combination of a single vector?

A: It would be the equivalent of  okay ( Pause ) For any combination of v1 For example, It would be (pause). If I have two different coefficients, i would be able to say that ahh, (pause) It would be two. I guess I would just add the coefficients v3=(c1+c2)v1....

I: Picture-wise?

A: Geometrically, that would be (pause), I guess I would just first multiply v1 times first coefficient, draw them both and then take one, move it to the end of the first so I’ll assume that the second coefficient results in slightly shorter vector. So I take that vector move it over here so it will look like that so it will look like the resulting vector. (pause) Okay that’s not right Umm (Long pause).

I: What was not right to you?

A: Well, (pause) I guess if I assume that the coefficient is greater than one,  place it at the tail of the other so it should point in the same direction but it will be twice as long whatever the coefficients to make it. So I like to draw over this, but  vector would look like that I think.

     Question 2:

I: Okay, well I guess we can go to the next one. This is similar to the first one.....Here I am looking for an illustration of a linearly independent set.

A: Okay ( pause ) I am not sure what is meant by set. How to represent that

Geometrically. I’ll just take the element in the set, I make vectors out them, and say that vectors are linearly independent. I don’t know how to represent a set geometrically.

Here, this person seemed to be more algebra-oriented. He/she is comfortable with the idea of writing a linearly independent set algebraically, but does not have an idea how these vectors can be represented geometrically.

I: Okay, let’s go ahead and do that.

A: If I’ll, i’ll take  like 2x2 matrix say v sub one, v sub 2  v sub 3 v sub four ( writing the vectors v1, v2, v3, v3 at the same time ), i say that that set is linearly independent...... Then if I take make a vector out of this, out of this and a vector  out of that, there is no coefficient by which I can multiply this vector to get that vector. It is how I represent.......

He is still giving an algebraic  description of a linearly independent set.

I: Can you draw the picture for that?

A: Ahh 

I: Say you have a set which has. Let me just repeat what I understood .....

What are the vectors? Can you repeat that can you repeat that for me one more time?

A: This is a vector ( pointing the algebraic description he wrote down ) this is a vector. I should have used different notation I guess but v sub c and v sub l equal to v sub 1 and v sub 2. So when I draw v sub k ( pause ) v sub 1, v sub 2 then v sub l similarly. If they are linearly independent I will get some vector that is not, this is in R2, that is not, that there is some angle between the two vectors. I (pause ) greater than zero, there will be, It won’t be like this. It won’t be just shorter than this. There will be some, I’ll say this v sub k, v sub l, the angle between them,  I’ll say, did not equal zero so that way if I multiply  v sub k by some  coefficient there will be no way that I will be able to produce v sub l I think ( pause ).

I: Did you say there is no way you can produce v sub l from v sub k? ...

A: Right just by multiplying by a coefficient.

I:  What if you have a set of three or four vectors?

A: Okay, I am ( pause ) I come to apply the same thing. There is no vector in the set that can be produced by adding any of the other two vectors in the set but okay that can be produced by linear combination of any other vectors in the set so I would, if there is like n vectors in the set. I would  draw whole bunch of them none of them would be on the same, have the same angle between themselves and x-axis like that so look like that, there will be no vectors that are just shorter   versions of each other.   

Here, his concept image seems to be revealed. Even though he can state the formal definition of the concept, his concept image does not agree with the formal definition.  His understanding of a set of linearly independent vectors is that the vectors are linearly independent as long as  angles between the vectors and the x-axis are not equal. He, without noticing the inconsistency between the two, used his both algebraic and mental image of the concept. 

Even though, he is writing both solutions; one based on abstract definition and the other based on his mental image of the concept on the same paper,  he still can not see the contradiction between the two.

I: So if I consider those three (pointing out the drawing of three vectors originating from the same point in R2.) , what do you think about them?......

A: ( pause ) The set is linearly independent, that’s what i would say.

He still thinks as long as the angles between the vectors are not zero, they are linearly independent.

I: The reason? 

A: Because I stated right in there (pointing out the angle argument) I can’t produce v sub j by either adding those two or by a linear combination of these two adding a coefficient multiplied by either one of those I am calling it linearly independent....

I: Okay, can you give me a specific example?

......

A: Okay first two are fairly easy, I know that these have to be linearly independent, there is a coefficient of which I can multiply one comma zero to get zero comma one ( he is also writing the equation ) and the next vector I call point five comma point five, I say because (pause)  point five comma point seventy five, All right, I can do that  to ( pause ) that the third vector . I wish to construct them such a way that I can’t take  c sub one times one comma zero plus c sub two times zero comma one 9 (He is writing c1(1,0)+c2(0,1) ). ( pause ).

He does not seem to have complete understanding of the concept. He is not using the dimension argument to see that these vectors are in a two dimensional space, hence any three vectors are always linearly dependent. He is trying to apply the formal definition. He seems to have memorized the definition, but not internalized it. 

I: Thinking? ...

A: That I would I can not represent like this. There are no, there exists no two coefficients

I: so you believe that there is one. You are searching for that right?

A: Yes, but I chose my first two vectors poorly because they are basis for R two, so I am going to change one of these, so it is not such a hard problem. I call the first one one and point five  for example ( pause ) so ( pause ) and,...........well It probably is not that hard but of the top of my head I can’t think of three.

He still thinks that there exists a third vector that makes a linearly independent set with his two vectors. 

I: Okay ( pause ) let see ( pause ) What do you call these variables?.......

A: I call them  x and y, and I will say that csub one one comma point five plus c sub two zero comma one ( writing the equation ), and  I will distribute the coefficients to say that I have two vectors c sub one and point five c sub one and zero c sub one and then I will try and find some x and y subset, I will have to say that x, set x such that x is not equal to  c sub one. That way there will be no way I can add these two to produce another vector that has a coordinate that equals c sub one. So, If I use that stipulation, and I can so I want to actually put in a real number anything other than  one. So two.

I: How about y?

( long pause )

A: Okay, there appears to be a problem with that because I can multiply zero times this two times that ( pause ) Okay.

   He seems to be dependent on a procedure (solving the corresponding equation for the coefficients) to answer the questions. He seems to be using the formal definition of the concept.

I: ......so, there is a problem you said. Because?

A: Because just stipulating that x is not equal to c sub one  is not good enough because I can find some scalar by which I can multiply c sub one  to produce x.

.....

A: Easy way to do this is to say that angles here, all the angles are different so I would cosine theta  equals the coordinate, okay I am just going to call this like v sub one v sub two...say that sin theta equals v sub one over that hypotenuse. I’ll say that tan of theta equals opposite over adjacent, so v sub one over v sub 2 and therefore  theta equals arc tangent of v sub one over v sub two and then all I have to do is in the set, let’s construct 

A: set such that arc tangent of v one divided v two produces some data that is not already been produced, so get three different data. And,

I: And that will create the set?  

A: I think so.

  Question 3:

I: Okay, Let’s see. Good. Let’s look at this one now. Is the question clear?

A:I think so. These are vectors.

I: v one up to v n, vectors that are coming from this set. And, we say solution to the equation is an algebraic indication of whether the set is linearly independent or not.

A: Okay Umm taking a simple case of this, say that n equals 2 which means 

I have set with two vectors in it. If ( pause ) if I can construct a linear combination of this two vectors, so c one times v one plus c two times v two, I can show that equals zero then I know that c one times v one equals minus one times c two times v two

I: Are you assuming, what are we assuming here? ......

A: I am trying to explain the significance of showing that linear combinations of these vectors  equals zero. What that means ? since minus one times c two is just another scalar and I know that c one times v one equals c three times v two....both scalars I can divide through  and produce some thing that says c four equals c one over c three.., c four times v one equals v two.

  I: What is c four?

  A:  c four equals c one over c three, so I am just dividing through.  Equals v two. And  that tells me that I can take some scalar divided by v one  produce  v two  so the set is not linearly independent. So Umm..

   I: Do we know what the value of c three is?

  A: No, It is a real number I assume It is not zero.

  I: Why do you assume it is not zero?

  A: Because the other vector would not be a vector. If Ohh....if this linear combination I got c three multiplying minus one times c two that means c two must be zero. If I say that c three equals zero, c two must have equal zero then I would have just c one times v one equals zero and therefore either c one or v one must be equal to zero.............

I: If v one was a zero vector  in the first place, what would you say about the set? ....

A: Well I, I am not sure the specifics of definition, off the top of my head I would say It is linearly dependent, because I can take v two and multiply a scalar zero by it to produce that definition might get around there some how. I don’t remember specifically definition  (pause) But since I was able to earlier that if c two did not equal zero, the set is linearly  (pause) dependent.

He is still using procedural knowledge to answer the question. His understanding the concept, linearly independent vectors, seems to be restricted to the procedure, solving the corresponding equation.

  I: If c two equals zero then the set is linearly independent?

 A: Umm earlier I said if c two does not equal zero, I can use this reason here to say that the set is linearly independent. I can multiply some scalar by v one Umm  (pause) so okay I also say that in the case of c two equals zero if c one is not equal to zero then v one must equal zero so therefore the set is linearly dependent as well so i guess I came to say if I have a condition, in this case if I can have some linear combination in which one of the scalars either c one or c two is not equal to zero, the set is linearly dependent.

I: Okay, if both of them are zero and v one is zero? Is that possible?

A: Yes that’s possible. Because the second one is not the zero vector but I am multiplying by the zero coefficient, so I can produce zero vector. But I already know that we stipulated that v one was zero so I already argued that’s a linearly dependent set...

I: Okay, can you try to put these two on a picture and see if you can show me the connection between this solution and the positions of those vectors?

A: Okay, Okay first of all I am going to assume that v sub one and v sub two, well I have to, v sub one and v sub two are not the zero vector. So, to make things easy I’ll just take them in the first quadrant v sub one, v sub two (he/she is drawing ) linear combination of the two is equal to zero says that these two vectors have to lye? On the same line, so I can take some coefficients stretch one and shrink the other such that It looks like that by sum of two, I get the zero vector, so...

I: What if this set is linearly independent? What is the connection between that equation and the positions of those two vectors?

A:  Okay, If it is linearly independent then I can’t add the two to produce the zero vector. That’s what I think when I see this. I can’t add this one plus this one to produce zero comma zero so, this does not use any sort of angular geometry.

I: What if we have three vectors in the set. How would you explain the connection between the equation and the set  that has three vectors? ......

A: Okay (pause) The answer that I produced  says that there is no coefficient that I can think multiply one of the vector by to get the other vector. Umm moving up to three vectors?   The way I can think of is just to sum the vectors in my head from from physics such that I don’t get back to the origin. I don’t have a loop. And  (mumbled a word) I can stretch them or shrink them as much as I want I switch their directions but I can’t change their angles from the origin. So, If I have these two vectors here.  I know that even if I make this one, these two vectors right here v sub one and v sub two, even if I make this one exact the same length as v sub one, when I sum or if I switch it, there is no way I can get back to the origin. So the resulting vector is not going to be the zero vector. So If I had another, a third vector v sub three, I would  do the same thing Umm, Use what I did in the earlier problem, know that the angles are different but it is the same idea. I can’t stretch this or shrink this and switch its direction such that I can add it to the other vectors to get back to the origin. If I couldn’t do that then I would say the set is linearly independent.

Here, he/she is still insisting on using his knowledge of the formal definition which is based on a procedure. As you read above, even though he/she has a drawing in front of him, he prefers to carry out the procedure (summing the vectors algebraically ) first, and get back to the drawing. This implies that he is dependent on his memory of the formal definiti; He will be able to conclude correctly whether the set is linearly independent or not, and have no conceptual understanding.

    Question 4:

I: All right, Let’s look at this one ( problem is written on a paper)

A: Okay when I see span, I think the space of all points in R3 that can be reached by linear combinations these two vectors. So, (pause) to determine the answer to this question I want to say, excuse me

I: Is that two times c sub two?

A: (long pause) I say that that’s impossible because when I multiply this coefficients through I get c sub one plus c sub two, when add this I get c sub one comma  c sub two, c sub two. And since three did not equal one, I have to, that would imply c sub two does not equal c sub two and that’s an absurdity so by contradiction this can’t exist in the span of that.

He/she seems to be using a procedure to answer the question. He could have seen directly that no linear combination of the two vectors would result in the vector (1,2,3) since span of the two vectors is a space of set of vectors whose second and third components are the same, and the vector ( 1,2,3) is not of that kind.   

I: What kind of an object would you get out of that span? ...

A: This one specifically?

I: Ya, span of that set ( pointing the set )?

A: Umm (pause) x can range any where but Umm z and y have to equal to each other, y equals that z has to equal that so this point right here I would imagine this is plane.............

    Question 5:

I: This one, just describe a vector in the range of this linear transformation for me ( pause )?

A: Okay, first of all I am attempting  to understand the definition. Umm.

I: Definition of what?

A: Umm T, What T entails.

I: T is a linear transformation defined in terms of the matrix.

A: Okay, T is a linear transformation such that I take some vector, a four dimension vector and multiply the matrix A times the vector. So it looks like, I write v like this (pointing how he wrote the vector, a 4 by 1 vector) and the result is (pause)..........resulting vector is going to be three dimensional vector…

I: Okay, If rows zeros, i would just have to multiply one two three seven sand zero, the result would be v sub one times one plus two times v, and that would be the first output so v sub j, second would be this row here times that, so that I can see I am going to perform the number of rows that number of multiplication, so I am only getting one answer so there is going to be three by one matrix. So that also can be read as three dimensional vector....

I: So the range  is going to be the set of all vectors  Umm ( pause ) where is the range?

A: If I have domain, I am taking each element in the domain through some transformation the set of all the answers that I could produce. This transformation here produces a co-domain I guess. So the range is set of all possible answers, co-domain is the set of all answers. So, of the top of my head I don’t know what the co-domain  of this is, so I am going to assume. 

I: How would you Umm Just tell me the procedure of getting range of a linear transformation, we don’t have to come up with a specific description.

A: Well I know that I am going to be producing a matrix that looks like this and or I can can like that as, and, the combination of those, I guess that is actually....

I: Combination of ?

A: x can be any real number, y can be any real number, z can be any real number, and assuming  this linear transformation can produce any x any y, any z in any combination then the range is R3 and infinite...

He/she seems to be able to write an algebraic description by using a related procedure ( multiplying the matrix by a general four by one matrix that represents any vector in the domain ), but interprets the description incorrectly. This seems to imply that this person does not seem to have complete understanding of the concepts, linear transformations and vector spaces. If he/she had a complete understanding of the concept vector space, he/she would be able to interpret his/her description of the range of the linear transformation correctly. His/her knowledge of the concepts seems to be restricted to the procedural aspects.
           I: Let me give you a different matrix (pause). Say we have this one and we are defining a linear transformation with respect to this matrix. 

A: Okay

I: What would you say about the range of this transformation?

A: I would say v one ohh plus two, v two ( pause )

I: What are you doing now?

A: I am attempting, I think I can find the range for this. I am showing what would result by, by multiplying these. Umm (pause)(performing the matrix multiplication )

I: Are you adding those? So you got these as a result of the multiplication. What are you thinking now?

A: Well I am attempting to take get rid off like three three for example so all is going to be zero.

I: So once you get rid off v three?

A: Then I, my range is restricted so I am trying to, better than being R4 something less than that.

I: Where is range of this is sitting in?......

A: Okay, the vector for this one (second) e defined by this right here so it will be a three by one vector............Assuming that this vector right here ( pause ) can be composed of any real number v one, v two, v three, if if those can be any real number, and the resulting vector these last two can be any number produced by that plus two times that so I assume that that can be any real number as well. So I say that the range is R3. 

I: Can you tell me a basis for that? By just looking at the matrix.

A: A basis for?

I: For the range.

A: Now, I can cheat because I know the standard basis for R3.

I: Can you come up with a different one? (long pause) or can you write a spanning set for the range?

A: I can say (2,0,0) ( Long Pause ), I can say that set ( written on his paper )

I: How did you come up with that set?

A: I believe that I can produce any vector in R3 by linear combination of these  (pointing the vectors written on his page ) by some coefficient times that some coefficient times that some coefficient times that.

A: ....I decided that the range of the linear transformation is R3, and I decided that I know one of the spanning set is R3. Therefore this is a basis for it........

    Question 6:

I: We have this set S defined as the following, and I would like to know how you can describe a vector in that set. 

A: Okay, I assume this means continuous functions between 0 and 1.

I: Yes

A: Okay Umm ( pause ) so ( pause ) it is any function between that is defined between those these two points I assume such that f(1) equals zero.

I: Any function?

A: Any continuous function. So that f(1)=0. So all functions that are continuous from the the right of this and continuous up to 1 and are zero at one, produce zero at one.

I: Can you give me a specific vector which is in that set?

A: zero comma zero

I: zero comma zero?......

A: f(x) equals zero times x that produces  zero function.

I: other than that?

A: f(x) equals x plus one ( pause ) Umm minus one.

I: Okay let’s look at the second part. Is the set a subspace of the vector space?..

A: Okay I confess that I am not sure how to think of a vector in S Umm (pause)  because S is a set of functions Umm

I: You don’t consider functions as vectors?

A: ( puase ) No, My thinking is limited. I know that .....

I: what is the problem there? Why you don’t?

A: In physics I was given a very restricted definition of vector, (referring to his instructor ) has been discussing a very general abstract definition of a vector so...

Here, his/her earlier knowledge of vectors seems to be conflicting with the “new” definition of the same concept. And this seems to be stopping him from learning the most general form of the concept, vector.

I: Which one do you accept usually? ...

A: After reading the linear algebra book tonight ( an exam was scheduled for the next day ), I will think of (referring to his instructor)’s definition but up till now I think of physics definition what I have got. (reminder: this interview was conducted during the last week of classes ).

 I: Which is?

A: The vector comes from the Latin word the vectors t carry so I think Umm a set of directions like go at v one unit x direction and then go v two units in the y direction and if you carried a point along those directions and that point will be there and this is I think of as a vector. But a function..

Even though he/she gave a vector that is in the set, he/she rejects to believe that the continuous function he gave is a vector. He thinks that a vector should have a direction.

I: You just wrote me a vector there though when I said describe a vector in this. You don’t, even though you are writing it, you don’t believe in that? Is that what is going on in your mind?

A: Okay I don’t, when I think of a vector I think of I need something with commas like v one comma v 2 whereas a function ( pause ).........

A: ..Specifically my problem is I think of a vector as look like v one comma v two comma up till v n. When I say, when someone say says ohh this set is composed of functions now describe a vector in that set I say okay there is functions in that set I don’t think there is vectors  in that set........

 I: Well you gave me this; ( writing f(x)=x-1 ). You said these two are, you were not considering those as vectors?

A: No

I: What are they to you?

A: They are functions.....

I: So you will be more comfortable if that set was given in terms of Rn, n tuples. Right?

A : Okay good thank you for telling me that. If I say that (pause) that this here like more complicated rather than saying just like P3 ( set of all polynomials of degree 2 or less) then I would say a vector is, a represented vector would be ( 1, x, x square, x cube) This is all continuous functions, so one vector in S, I will say is ( pointing (1, x, x square, x cube )).

     Question 7:

I: I am more interested in this one actually. This one and one more question. We will be done. 

A: (long pause, he is reading the problem) Okay, I assume a non-trivial solution means that of all the coefficients, one of them is not zero. We talked about this ...having a non-trivial solution would be saying that there exists some coefficient that  I can multiply for example v three by well okay there is this two coefficients c one and c two by which I can multiply v one and v two respectively to produce v three or something like that then our previous solution means I was able to get a non-zero answer for the coefficients in in that case what I said applies there I can construct a linear combination  of v one and v two to produce v three ( pause )

     Question 8:

I: Okay this one is that, it is partly in linear algebra...I do want to know what your opinion on using computer activities in linear algebra classes.

A: Okay, I took ( Referring a course he took in the mathematics department )I took this instructors calculus IV, The instructor used Mathematica. I found Mathematica to be great as far as visualizing what partial differentials are I was able to understand them immediately the instructor just throw up a Mathematica print out, and I would be able to okay I understand this. Umm, linear Algebra, me in, what I found so far, all of linear algebra can be understood in geometric sense so because Mathematica can produce umm graph extra, I think it would be helpful .............

          I : How are you at proving statements like this one, the one that we just did, Umm ( pause, talking about the subset that set of continuous functions that are 1 at x=0)...

           A: If you have a few more minutes I like to look at that one I did not.

           I: Ohh Ya 

           A: .......Okay , Umm in general I have had have been really good at proving things. I took discrete mathematics which isn’t a very challenging class but half the class was devoted to proofs, so proofs from axioms I found very easy to do. However, this here I have to remember what the definition of a subspace is. I think Umm 

           I: Is that the problem here, you can not remember what a subspace is?

           A: Yes Well, I have an idea of geometric representation of a subspace. It is  (pause) in two dimensions. If I have x and y, if my space is that a subspace like a subset looks like that ( pointing the drawing on his paper ) something like that, three dimensions of this big blub or lesser blub. 

  He drew a square in x and y coordinate system as a subspace of R2.

  Interview 2

  Student B

The interview was conducted on November 29, 1999 at 6 pm. Here the letter “B” refers to the student and the letter “I” refers to the person conducted the interview.

  Question 1:

B: (Reading the question) Linear combination of two given vector v one, v two steaming from the same point. Linear combination of two vectors. Okay, so first I am going to draw little coordinates, and then they are coming from the same point. I will make it the origin for simplicity. I would say I am going to draw a vector and then there are two vectors steaming from the same point...................

I: what is the definition to you, definition of a linear combination?

B: Umm, to me, it is if I am thinking correctly, which I have not looked at this very much lately, It is just, you got an equation of a line and then you are manipulating it by adding or by multiplying something to it and then a linear combination would then like adding those two together like that, like equations you know, you got your equations and your variables and then you could do it.......

He/she seems to be recalling the definition of the concept through the Mathematica demonstrations he saw in class.

I: Say it has a w even though we don’t have it there, and you are writing w as linear combinations of those two vectors. 

B: Ohh Okay, so then, you could do it as something times one of the vectors, the plus something ohh I make this question mark times the other vector u would  equal w. Okay, now I am back in the thought process. And, it could be plus or minus and It wouldn’t, you know it could just be one or because you could just add them together to get w.

I: Okay, how would you represent that on a picture?

          B: Umm 

          I: Say we have for those question marks say we have c one, we don’t know what the value is. Let’s represent that question mark as c one, and this one as c two.

         B: Okay, well Umm (pause) I mean you just write them in there. But, Umm  (Long Pause ) and then like your w would be addition of them together, but that’s like vector addition that’s not necessarily, well I guess that’s what we are doing here.

 I: What is the definition to you , definition of  linear combination?

 B: Umm, to me It is, It is If I am thinking correctly, which I haven’t look at this very much lately, It is just, you got an equation of a line and then you are manipulating it by adding or by multiplying something to it and then a linear combination would be then like adding those two together like that, like equations you know, you got your equations and your variables and then you could do it.........

 He seems to be very nervous. The interviewer is trying to calm him.     

 I: Like when we have a basis or spanning set, how do we define those?

 B: Umm the set where any any like if you have any vector in a whole plane or whatever, it could be represented by by that that set by linear combinations of the vectors in that.

I: Okay, so you are saying linear combinations of the vectors, what do you mean by that?

B: Umm I am meaning like like the four times the adding together. I guess I am using that right....

I: Say we have v and u, you have already chosen v and u but you you wanted to change those to to c one and v. Let’s start from just v and u. And can you represent this right there on a picture, how would you draw that?

B: Umm (pause) ya, it is tending to me to draw this way but that’s kind of it is not going from the same point necessarily you know Umm

I: Which one is going from the same point ?

B: By drawing it this way and then doing that together that that is not really

I: How would you read that, this equation ?

B: I guess you would say you got this vector and then you will be adding that other one to it, I guess it would be end to end if you’r thinking of it that way as you already have something and then you got four... So I would still I think draw it such that if a and v together and then this resulting vector would be w......

Even though he is able to draw a demo for a linear combination, the statement of the question; the part that says vectors steaming from the same point, seems to confuse him. He seems to be thinking that according to the question, he is supposed to draw all three vectors steaming from the same point that he is not allowed to carry one of the vector to the end of the other vector. He seems to be fighting between what he knows and what he thinks the question is asking.  

I: So what would be, w would be, would this w the same as this?

B: What’s that? Ohh, this is a, this is the v, I am just transporting it over here, and this w would be the same as as that w. 

I: So what happened to c one and c two in this case?

B: Ohh Okay, Well they would still be there. That’s still

I: Ohh you are still considering those? What if I have a single vector v and umm say I want to have, ya go ahead

B: If Umm you got you x, y and then you got your vector and then that vector has an x part and a y part, and so then if you wanted to combine these two vectors you have this other vector. You would combine its x parts and its y parts as well. So, that’s x one, y one, x two, y two then the resulting vector of those w, x one plus x two Umm y one plus y two, so I guess you will be breaking it down into the x factors and the y factors and then adding them together.....

I: ....Umm what I was asking, well I am after is,  let’s say we have the vector v, how can you describe or show me c one times v?

B: In the same direction but will have more more magnitude.

I: what if c one is less than 1?

B: If c one is ahh, if it is negative then it will be pointing in the opposite direction.

I: What if it is not negative it is in between zero and 1?

B: then it would just be a smaller one.

I: Say we have now w, and we want to have c two w, how would you draw that?

B: The same, the same fashion I think, except it will be some thing little different.

I: Okay then how would you combine those two ( c1v, c2w are pointed )?....

I: You said this is c one v   ( pointing its graph ) and this is c two w, what would be the sum of those two? 

B: Umm it will be see I feel like I am saying the same thing It would be this where this is c one ( pointing his earlier drawing for v + w ).....

I: ..........Would it be possible to have this w and, and v drawn, and take a look at c one v plus c two w, starting from v and w. 

  It seems that the question may have been misunderstood by the student. Hence the interviewer restated the question.

B: Ya, it would, you just be taking out the part with multiplying by a scalar quantity.

 I: Okay, so do you feel more comfortable having this setting then this one  (pointing the drawing of c1v+c2w where c1v and c2w are drawn )?......which one is easier for you to consider, and why?

B: Umm I mean initially looking at you would think this is easier to consider because there is, you are deleting that a factor, you are not thinking about other factor. So, this will be you know may be easier to look at .....

I: what would be the resulting vector here? How would you draw that?

B: Umm, like I have been...you kind of like imagine, yet another point you know or of origin, and then you kind of see one, again and then the sum will be this new vector because you are starting from the point, you know they are both starting from the same point .....

I: If this, this is the vector w. Is vector w the same as c two w?

B: No

I: How come you are writing it that way then? What would c two w be?

B: It would be either beyond it or .

I: Let’s say c two is greater than one.

B: Okay then c two w would be (drawing the vector ) something that’s bigger.....

I: So what was it?  Did you misunderstood the problem? Did you want the third vector, or every vector steaming from the same point?

B: Ya Ya ....

I: Okay so when you say linear combinations of two vectors, you are just considering v one plus v two? Is that what you are considering?.....

B: Umm I was, initially I was I was thinking some vec like some scalar times the vector plus some scalar times the other vector. That’s what I was thinking.

I: Okay when you put those here in the picture you tend to put comma v and c two u, you don’t put v or u. And then draw the picture from there...you are starting from the , the scalar multiplication of those two vectors, you are not starting from the vectors...

B: Okay, I see what you are saying.

I: Is there a reason for that?

B: Ya because (pause) if you are thinking of it as, if if multiplying them is allowable Umm then you get to do that because if you don’t multiply you know if you don’t have result of the product or what ever you are going to call it. If you don’t have that already then it is not, you are not going to have the same answer because you can’t multiply them afterward, I would not think or I find it easier to multiply and, afterward, I guess you could find the resultant may be and then multiply it by some scalar but I think since you can multiply them by different scalars. It would be best to do it that way.

It appears that there was miscommunication between the student and the interviewer.

I: Okay say I have u and v here and I have this ( pointing a linear combination of the two vectors, and pointing a drawing of the two vectors u and v steaming from the same point ) How can you draw that ( the linear combination )?

 B: Ya, ya, umm one half will be cut that in half, and the two v will be two times the vector that is there (pause) and then to add them together then you could just, I just have on the end of the other (pause) say you got your one half leave there, and then the resultant is when you add the xs any ys together, and so it all end up, it all end up there ( pointing the end of the second vector ). That’s one half.

He/she seems to know what to do, how to represent linear combination of vectors geometrically, but He/she explained his response after a sequence of questions asked by the interviewer. One explanation for this could be that the question was misleading.

Question 2:

I: Okay how about number two?

B: Give a geometric illustration of a linearly independent set. Okay ( Long Pause ) See linearly independent means that it can’t be ( Long Pause ) It can’t be created by ( Pause )

I: Can you give a specific example? Example of a set that is linearly independent.

B: .......Umm ( pause ) I am thinking, What I am thinking is that it is like, I, In my head like a vector or something that can’t be produced by linear combinations of other vectors. But, but I would think that everything that could happen to. That could happen for anything.

I: Anything, what do you mean by anything?

B: Well, under that definition of, if that is what linearly independent is, I would think every  thing could or you know nothing would be linearly independent....Well, because like if you had, I know that’s not true, because I know I am I am getting that wrong like if you had zero zero zero , zero zero zero could be illustrated by you know zero times, but that would be only the ( pause ) trivial solution, so may be it is a  (pause) set that can only be  (pause ) can only ( pause ) It has something to do with the trivial solution.

I: Okay, Let’s say we have a set which has two vectors u and v and this set is linearly independent.

B: Okay, so umm I would say that the only point that these two are equal is when they are both being multiplied by zero.

I: Okay ( pause ) say you have three vectors, and the set is linearly independent; u, v and w.

B: Umm ( pause ) Then I would I, I ( pause ) umm I am thinking that it would be the same case but umm it kind of seems like it just one of them like if these could be written as a linear combination you know of everything except zero but zero, but  for w it has to be you know zero times zero but but as far as you know u you could have other things multiplied by them and then added together to get u. I think as long, I think there just has to be one of them where the others have to be zero scalars multiplied to them to be added together, to to be in w. I think that’s okay......

I: Okay, umm what you have, say 2x here, x and x square plus two, what would you say about the set ? The set that contains those three vectors.

B: I would say it is (pause) I think I would say it is still linearly independent. Because, umm yes this one could be written as a result of this, but you can’t have this  involve well, I guess you, this one can be written as as sum of you know these others but umm this one, It can’t get umm x square so I would say this is still linearly independent. Because, there is one of them that still falls into that problem of only the trivial solution.

His/her recollection of the formal definition seems to incomplete. He/she partially has the right idea, but it is not complete.

 I: Can you draw a set of two vectors that are linearly independent in R two? Or in any space, you have two vectors u and v that are linearly independent.

B: Umm, see just two vectors?

I: Yes

B: Then like if you had a vector going this way ( Drawing ) and then a vector heading out this way, then those two would be linearly independent of each other because they only intersect or have the same solution at the zero point.

I: Okay how about umm three points ohh three vectors that are linearly independent, u, v and w?

B: It would be the same case. The umm, the only point that they are all three equal would be at the origin........

I: Can you draw those three?

.......

B: I guess not, now that I think about it, because you can get this resulting vector by multiplying the others by something other than zero to get that so that would mean that what I am saying here is incorrect. Because you might be able to with three of them, to, you know, get two of them to had together to be one of the others so far three........

I: Okay, what if we really want to have three vectors that are steaming from the same point, zero, zero. Is it possible to have three vectors that are linearly independent?

B: ( pause ) Umm to represent them, three coming from the same point, I don’t think so....Because one of them will always be able to be represented by the, the sum of, of you know scalars times the other two.

Even though  his/her recollection of the definition was not complete, he was able to correct his/her misunderstanding of the definition by  observing his/her three vectors drawn by him/her. After drawing three vectors steaming from the same point, he/her realized that one of the three vectors could be written as sum of the other two  (his vectors were chosen from R2)  ......

   Question 3:

I: Okay let’s take a look at that one.

B: Umm solution to the equation c one two  times v one ( reading the question ) c two v two .... c n v n equals zero is an algebraic indication of whether the set v one v two  ( pause ) is linearly independent,.........Umm if you knew the solution to this, if you knew every c in here and if you knew that one of them could not be zero ( pause ) and and you would still get zero as an  answer and you would know that umm that the set of these is not linear, or it is linearly dependent......Because you would not have trivial solution for all the cs, all c times vs you wouldn’t, you wouldn’t they wouldn’t all be equal to zero and so, you know one of the cs would not be zero and so you could know that you could have a linear combination to create a zero vector.

He/she seems to be using Mathematica demonstrations on showing connection between type of solutions to vector equations, and vectors being linearly independent or dependent. Demonstrations were on solving vector equations through tracing vectors, and counting units back to the zero vector.

......

B: Okay ( Pause ) Well umm, you had ( pause ) three vectors, and they are all you know coming, passing through zero ( in two dimension ) then umm that you know that they definitely have the trivial solution but you could also may be see that umm If this you know vector was multiplied by something that would bring it this way, and the other was multiplied by something that might bring it umm you know this way by a certain amount then you could see that, that this vector could be a result of ( pause ) the other..........See it looks like ohh, you know if you were just to add these two together but send them in the opposite direction ( pause ) then you would get opposite of that vector, and then you would get it to be zero.  That would say that it is not linearly independent........

I: Okay umm what if we are just considering the vectors that are originating from zero in R 3 ( pause ).

B: in R3, ( long Pause ) umm okay umm (pause ) if if two of the vectors , if this okay, let say two of the vectors are in just x and z plane, and y value is nothing but then you have a vector that does have a y value, then it would be impossible to get those three to add up to be zero. Because of that y factor there.

I: And those three would be?

          B: Those three would be linearly independent.

He/she seems to be analyzing questions based on his/her visual understanding and observations; He/she seems to be thinking more visually than formally.

I: ( The interviewer has drawn vectors in R2  and asked him/her whether they were linearly independent ) What do you think of those three? 

B: Umm, they are umm linearly dependent. If If these Umm are at the opposite ( two of three vectors were drawn as opposite of each other ) end of each other. Because you could multiply this by some factor less than one  and add them together and you could get zero, and then you’ll have to, you know, have zero times the other one. But you would be multiplying this by some other factor other than zero, and you could still get zero . 

   It did not take long for him to fix his misunderstanding of the definition, a linearly independent set. His response above shows that he, through his drawings, discovered his misunderstanding and fixed it. Even if he lacks on remembering of  formal definitions, it seems that he is capable of getting the statements from his own visual understandings of the concepts. 

     Question 4:

I: Okay this one.

B: Okay is three two one ( referring to the vector (2,3,1) ) in span of this, please explain your answer. Let see, umm.

I: Can you define span of a set first?

B: Yes, Umm the the span of a set is all possible linear combinations of the vectors of the set. And, ahh this not possible because umm the only way well, linear combinations of these two, the x and the y value are always going to be the same. And, since these are different, it is not possible.

I: Okay, Umm can you tell me what the span of these two vectors geometrically?

B: Umm, Ya, tell you or show you? Okay, It would be Umm ( pause ), it would be some two vectors going out going out Umm ( pause ) ya, like you know opposite ways ( pause) I am thinking, you know I want to think it is like a plane..........like let see. If you had like this times anything or everything then you just keep getting this this you know, long long answers here, long line  ( he/she seems to be recalling a Mathematica demonstration. See Appendix  C)  and this you get a line but it is going you know straight on the x or whatever and then when add those together umm I guess you would get a plane because this can go any which way this way two, and then you will be adding this two factors of that and so you will be getting  umm just all kinds of different lines, you you could get a full spectrum that way, and then if this is going that way then adding those together you could get a full spectrum, and like so I guess it would span a plan.

He/she seems to be remembering the concept visually , span of a set through Mathematica Demonstrations. He/she is even recalling visual constructions of span of a set.

I: Okay, what would be the dimension of that ?..

B: Ohh, two dimensional.

I: Can you give me a basis?

B: A basis for the plane? 

I: Span of that?

B: I think that’s it.

I: what is it?

B: ......ya  the span, those two vectors are, is the basis.

I: The set that has those two vectors?

B: Ya

.......

     Question 5:

B: Okay given set S, f, f of x is an element of continuous functions from zero to one such that f of one equals zero. Okay, describe a vector in S. Umm (pause) It would be ahh it would be anything going through here as long as umm at at x equals one it is umm ( pause ) at zero.

I: Okay, can you give me a specific one, a specific vector in that set?

B: Ya, umm (pause) let see y equals ahh x minus one I think because if you plug in one you get zero.

He/she does not seem to have any problem with recognizing objects of the set as continuous functions.

I: Okay another one, one more?

B: You could have (he/she wrote the function (x-1)2 )

I: How about part b?

.....

B: Okay umm you have to show that umm closed under addition and closed under scalar multiplication and you have to show that there is at least one answer to it ( He/she means the subset is not empty, there is at least one vector in the set ).

I: Okay, what is that answer? For this case

B: Well umm we know that that would work ( pointing out the function, x-1,  he wrote down earlier ).............

I: Can you draw a subspace for me?.....

B: Ya umm it has to pass through zero, so like this is our whole plane and this line passing through zero would be a subspace.

.....

I: Okay, umm how about a two dimensional subspace?

B: Two  dimensional ( pause ) ohh a plane that is a subspace of something

I: Any plane? Can you draw me one?

B: Okay see I okay okay if if your space is all of R three then umm then any subspace  of R three would be a plane  passing through zero.

I: Any subspace of R three? 

...

B: I am thinking It would be a plane passing through through the origin.

I: how about a circle ?

B: Umm that passes through zero?

I: No

B: A circle would not be because it is not passing through zero.

I: What was it  passing through zero?

B: it is not closed under umm addition stuff.

     Question 6:

I: Okay let’s take a look at that one .

B: Okay, describe a vector in Range T where T v equals a v for a matrix ....Umm so I can just think off a ahh well see this is a three by four ahh I had to have a four by umm something umm

I: What is that something?

B: Ahh ( he/she wrote down 1)

I: okay four by one?

B: Ya four by one. So ahh and I can just think of any v or so if we just did one one one

I: why don’t you write it in general form?

...

B: Ohh Ohh okay umm ( he/she wrote he general form of the vector ) and then so the range would be you multiply those together, so you would get umm what is it, it is going to be a three by one , so it would  be a x plus two y and then it would be umm wait a minute (pause) I am sorry it is four by one. Okay, but you would, still same, and then you would have y and then umm let see and so this would be your umm (long pause)

I: So this would be what? 

....

B: Ohh well, umm I am taking these zeros are are inconsequential, or something they they serve no purpose but umm (pause) but it seems weird because I am getting, I should be getting ahh I should be getting three by one, I am fine. Ya, I was thinking I was getting  ahh ahh wrong size as my answer, and I was wondering why is that, but ya this  ahh ( pause ) that, that should be a description of of a vector, depending on what ys and xs and zs you can choose.........

.....

I: What is the dimension of the range of the linear transformation?

B: Umm ( pause ) dimension of the range. I think it is three because you’ve got three vectors there.

......

B: Describe a vector in range. Ohh okay, okay, okay, ya this is, so it is, it would be the number of ordered pairs or your, you know this is R three because you have got one two three parts to your vector and so its dimension would be three.

I: Okay, what if I give you this  matrix ( wrote down a new matrix with two zero rows ) instead of that?

B: ( pause ) umm and if I am remembering correctly its dimension would be umm two. Because if you look at ( pause ) is that zero as well?

I: yes the last row.

B: Umm it will still be two.

I: what is a typical vector, for this case, in the range?

B: Umm a typical vector in the range  ( pause )umm ohh just well if you were to do ahh the same thing (referring to matrix multiplication he/she performed )  then so I am going to have those four by one so ( pause ) ( writing out the vector ) and then just the y, and then zero, two like because you know the third...

I: Okay what happened to zero?

B: Umm you don’t have to worry about it because you know zero, zero. That does not tell you anything.

I: Does this set in R two ? ( pause ) Is this a pair in R two or R three?

B: R two

I:  Okay but you get, you entered four components and get three components.....

B: I see, so you need to say that it is, that that last point is zero, because if it is not then ( It could be anything.........

Question 7:

I: Okay well we are at the last question. This is about Mathematica and the demos we have been using. What’s your opinion on the demos and the software Mathematica?

B: Umm I like I like seeing the geometric you know ahh representations of what we are doing ........you know ( referring to his/her instructor) did give the assignments with just us looking at it and I thought It was  helpful with umm ( pause ) deciding when things are linearly independent. Stuff you know you know that they cross at zero.....

I: How about learning definitions and the basic, basic concepts like spanning set, span of a set or linear independence, dependence.

B: I say, ya I think it is helpful for the initial you know getting familiar with the new topic....

I: Umm Did it help you to remember those definitions?..

B: Ya Umm like when we were doing these things here I kept trying to see those things in my mine ( referring to Mathematica Demonstrations ) Because that is how I remember them  before you know for test and stuff I would try to, try to think of you know of of definitions and things. I think it is helpful for that...

....

I: Would you be able to remember those like linear independence, dependence after the class over?

B: I think Mathematica helps with that just for getting the mental picture in your mind rather thatn just words. I think in the long run, I guess, It would be helpful.

I: So you are saying you would prefer those demonstrations right after definitions are given..

B: Ya, I kind of would want them just like you look at it for little bit and then you see how it applies to the book and may be to the problems kind of applied.
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