CHAPTER I

Problem

  This study investigates the effects of use of Mathematica, a computer algebra system, in learning basic linear algebra concepts. The study is done by means of comparing two first year linear algebra classes, one traditional and one Mathematica implemented class. Mathematica notebooks contain two and three-dimensional demonstrations of basic linear algebra concepts. By these demonstrations, it is hoped students will construct accurate mental images, and as a result both to have better conceptual understanding and to make transition from computation to abstraction easier.  The purpose of the study is to investigate differences in students' understanding of vector space concepts, and to evaluate the strength and weaknesses of both approaches. The study attempts to isolate the two instructional approaches by controlling teaching methodology, homework assignments, quizzes, exams and the textbook. 

Brief History

 The history of linear algebra goes back to 1800.  Contrary to common beliefs, studies on linear algebra started with determinants, not with systems of linear equations.  Around 1800, Leibnitz invented determinants in an attempt to solve minima and maxima problems of multivariate functions.  Matrix Theory in linear algebra was advanced by Cayley's definition of matrix multiplication. He came up with the definition to define composition of linear transformations. Although matrix theory has a wide variety of applications, its use was not emphasized until the invention of digital computers. With the invention of digital computers, tedious computations of systems of linear equations became much easier, and as a result matrix theory has become the center of attention of variety of disciplines (Tucker, 1993; Almon, 1997; Chang, 1997). The client disciplines' interest on matrix theory has also made research communities, especially mathematics departments, aware of the need for reform in first year linear algebra classes. 

    As a result of new advancements in technologies such as digital computers and the use of linear algebra in these technologies (Tucker, 1993), linear algebra classes began to attract not only mathematics majors, but variety of students with different backgrounds and different majors such as economics, computer sciences and meteorology. The growing heterogeneity of linear algebra classes brought the question of how one can modify a “first linear algebra curriculum” so that it can respond to the needs of both mathematics and non-mathematics students.

 The reform movement in undergraduate linear algebra courses started in a calculus-reform conference in Tulane (Carlson, 1993, 1997; Harel, 1997). In the conference, a linear algebra study group was formed.  In 1990, this group started working on a list of recommendations based on results of the surveys and questionnaires collected from faculty members in a variety of colleges, universities and client disciplines. Results of the surveys and questionnaires indicated a high demand from industry and client disciplines for making the first year linear algebra courses matrix-oriented courses. The group made the following recommendations:

1. The syllabus and presentation of the first course in linear algebra must respond to the needs of client disciplines.

2. Mathematics departments should  seriously consider making their first course in linear algebra a matrix-oriented course

  In addition to the recommendations, there have also been a few studies attempting to investigate possible problems that occur due to the new structure of linear algebra classes. So far, the focus has been on possible correlation between the abstraction level of linear algebra and students' learning difficulties. According to a study done by Dias, Artigue & Didirem (1995), students seem to be having difficulties in recognizing different representations of the same concepts, which is defined as a level of abstraction by Dubinsky (1997). According to Dubinsky and Harel (1997), students can achieve abstraction at this level if flexibility between the representations of the same concepts is established. They also indicated that abstraction can be established if concept images, defined as all mental pictures, properties and processes associated with the concept, and concept definitions, defined as a form of symbols used to specify the concept, are not contradicting each other. They suggested that if abstract definitions are introduced visually, it could help students have better mental images, and as a result better understandings. 

  Unfortunately, contrary to the expectations, there has not been any scientific study on testing effects of visual instruction on learning and teaching of abstract concepts. This study, through the use of Mathematica notebook demonstrations, is one of the first studies attempting to test the possible effects.

Methods

 A comparison method was used for the present study. Data was collected from two fall 1999 first year linear algebra classes taught at the University of Oklahoma. One of the courses was taught traditionally, and the other was taught in a computer laboratory with the use of Mathematica notebooks that were created based on two and three-dimensional demonstrations of basic abstract linear algebra concepts. After viewing statements of formal definitions, students were exposed to two or three- dimensional Mathematica notebook demonstrations of related definitions. Next, students were asked to experiment on the demonstrations by entering their own examples. They were then asked to interpret the output of each cell, and they were expected to make arguments relating to the formal (textbook) definitions and their relations with the demonstrations. The goal of the Mathematica demonstrations was to show students possible connections between formal abstract definitions and their visual images. As a result, students had concept images that were as accurate as possible, which was intended to eliminate possible conflicts between students' mental images and what the formal definitions were stating.  

In both classes, the same textbook (Elementary Linear Algebra, R. E. Larson and B. H. Edwards) was used. The same types of homework problems were assigned, and similar quizzes were given. The traditional class had two more students than the Mathematica class, which had twenty-six students. Data collection included a background questionnaire including a pre-test, in-class observations, recorded interviews with a few volunteers from both classes, a set of exam and quiz questions, as well as a post-questionnaire. Background questionnaire data were collected to see whether the two classes had students with similar backgrounds. As part of the background questionnaire, a pre-test was given to see if students in both classes started the semester with similar required mathematics knowledge. To test possible differences due to the implementation, students' scores on five common problems from the exams, the final, and from a quiz were used.  In an attempt to have a better insight on students' responses, one interview was given during the last week of fall 1999 semester. 

   The 5-point rubric based on the following general guidelines adapted from Carlson (1998) was used to score students' responses on common problems:

5 Complete response to all aspects of the problem indicates complete mathematical understanding of the problem's concept.  Includes only minor computational errors, if any.

4 Responses that falling between 5 and 3

3 Demonstrates understanding of the main idea of the problem. Not totally complete in response to all aspects. Shows some deficiencies in understanding aspects of the problem. Incomplete reasoning.

2 Responses that falling between 3 and 1

1  Attempts, but fails to answer or complete problem. Very limited or no understanding of problem. Contains words, examples, or diagrams that do not reflect the problem.

0 No answer. Written information made no attempt to respond to the problem. Written information was insufficient to allow judgment.

   The traditional and Mathematica implemented classes shared the following:

· Common goal of having students understand vector space concepts, especially related abstract definitions.

· Common duration-1 hour and 15 minute long classes.

· Common time in the school week; Tuesdays and Thursdays.

· Common homework assignments and quizzes.

· Common exam structure- three regular exams and a final.

· Common amounts of help sections, office hours.

· Common semester- both taught in fall 1999.

· Common textbook

· Common structure of lectures-followed the same order in introducing concepts.

· Similar examples given.

      Traditional and Mathematica implemented classes differed in following:

· Experimental group was using graphical representations as well as symbolic representations whereas, the traditional group was using mostly symbolic representations.

· Experimental group was using Mathematica to do numerical calculations ( use of Mathematica on calculations was not emphasized, but students were not prohibited from using Mathematica to do calculations either) whereas, traditional group was not using any kind of technology. 

· Experimental group met in a computer laboratory whereas, traditional group met in a regular classroom.

· Experimental group met at 9am in the morning whereas, traditional group met at 1:30 pm in the afternoon.

· The classes were taught with different instructors-traditional was taught by a professor whereas, experimental was taught by a senior graduate student.

  To establish compatibility of the groups, the experimental design included a two-sample statistic, Aspin-Welch-Satterthwaite (AWS), and a non-orthogonal two-way analysis of variance. An AWS will be used on the students' scores from the pre-test and post-test questions. A non-orthogonal analysis of variance will be used on students' scores on five common problems from the exams and quizzes, and on students' attendance, nationality, gender and ability. Quantitative analysis will be supported by a qualitative analysis by the interviews. 

Quantitative analysis will examine the following null hypotheses:

Hypothesis 1.  There are no statistically significant differences between the control and experimental groups on the conceptual test scores. 

Subhypothesis 1a. There are no statistically significant differences between the control and experimental groups on scores for the question addressing whether students can recognize a 2x2 matrix as an object of a given set, and able to write a related proof.  

Subhypothesis 1b. There are no statistically significant differences between the control and experimental groups on scores for the question addressing students’ concept images of linear independence and spanning set.

Sub hypothesis 1c. There are no statistically significant differences between the control and experimental groups on scores for questions connecting a linearly independent set and a spanning set. 

Sub hypothesis 1d. There are no statistically significant differences between the control and experimental groups on question connecting span of a set and writing a proof showing a set is linear dependent.

Hypothesis 2. There are no statistically significant differences between the control and experimental groups on scores for a computational question.

Hypothesis 3. There are no statistically significant differences between the control and experimental groups on scores for questions connecting linear transformations and spanning sets. 

 The qualitative analysis will focus on understanding possible connection between students' image of the concepts; linear combination, linear independence and spanning set, and their responses on the post-questions. The following questions will guide the qualitative analysis:

Question 1.  Are there any differences between the traditional and experimental groups in their concept images of the concepts; linear combination, linear independence and spanning set?

Sub question 1.  Are there any differences between the two groups in recognizing the relationship between algebraic equation used as the part of concept definition of linear independence and its implication?

Sub question 2. Are there any differences between the two groups in students' use of their knowledge on linear combination and its relation to span of a set?

Sub question 3. Are there any differences between the two groups in students' methods of recognizing connection between solution of the equation used as part of the concept definition of linear independence, and a linearly independent set?

Sub question 4. Are there any differences between the two groups in students' use of their knowledge of vector space concepts to answer transformation-related problems?

Question 2. Are there any differences between the two groups in students' opinions on the use of technology in first year linear algebra classes? 

Sub question1. What does the experimental group think of the use of Mathematica in first year linear algebra classes?

CHAPTER II

REVIEW OF LITERATURE

According to Hiebert & Lefevre (1986), 

Essays of the past have treated understandings and skills as instructional outcomes and have dealt with them in the context of advocating instructional programs. The issue has been whether skills, or understandings or both should be emphasized during classroom instruction  (p. 2). 

They continued: " Today, many of the writings describe the acquisition of knowledge and relationships between different kinds of knowledge" (p.2). Hiebert and Lefevre explained that students are not fully competent in mathematics if either kind of knowledge (procedural and conceptual knowledge) is deficient or if both have been acquired but remain separate entities. When concepts and procedures are not connected, students may have a strong intuitive sense of mathematics, but they are not able to solve the problems. Conceptual knowledge is defined as knowledge that is rich in relationships, and procedural knowledge is defined as knowledge of symbols and syntax of mathematics that implies only awareness of surface features, not a knowledge of meaning. Heilbert and Lefevre said: " Building relationships between conceptual knowledge and the formal symbol system of mathematics is the process that gives meaning to symbols" (p.10).  They also added that studies have shown that students from elementary school through college perform successfully on routine paper and pencil problems but lack essential, underlying conceptual knowledge ( Erwanger, 1975 ; Rosnick & Clement, 1980; Resnick, 1989 ). 

Harel and Kaput (1991) made similar arguments: 

The perceptual item must somehow come to be integrated with the conceptual one. Otherwise, all one might end up with is an easily reproducible mental experience of a work or character string with no other mental activity or structure beyond that primitive experience-which is the experience of all together too many students.

Kaput explained that the failure of students to estimate or maintain an order or sense of a calculation could in fact be seen as a failure to cross between symbol and referent (Davis & McKnight, 1980). There is also the aspect of  " rote vs. meaningful learning " as well as the aspect of  "procedural vs. conceptual knowledge," which are not too different. Rote learning produces knowledge that is absent in relationships, and is tied closely to procedural knowledge. Meaningful learning produces knowledge that is rich in relationships, and is linked to conceptual knowledge. 

   Many mathematics educators attempt to develop theories like conceptual and procedural knowledge to be able to define the learning of mathematical concepts. One theory called the representational view of mind (Putnam, 1988) defines learning as a process of constructing internal mental representations that accurately mirror the mathematical features of external representations. Then, the question becomes how to introduce the external representations so that the students can see characteristics of the concepts. The idea of instruction in the theory mentioned is to help students construct mental representations that correctly or accurately mirror mathematical relationships located outside the mind in instructional representations. This is opposed to the idea that the overall goal of instruction is to give students representations of relations explicitly. Cobb (1992) argued that instructional materials that were transparent to him might not be transparent to students. This can lead to difficulties in students’ learning of the concepts. However, Cobb also added that approaches where the teacher becomes increasingly explicit about what it is that students are supposed to learn can lead to the excessive algorithmatization of mathematics and the disappearance of conceptual meaning. 

      Symbolization leads to abstraction of mathematical concepts and definitions. This aspect of mathematics brings one to the issue of possible conflicts between students' concept images and concept definitions. Tall and Vinner (1981) agreed that differences between students’ concept images and concept definitions are sources of the learning difficulties students are having in higher-level mathematics courses.  Zandieh (1996) found a strong connection between her students' image of the derivative concept and its textbook definition. She interviewed nine students in an upper level advanced placement calculus class at a suburban high school. Six of the nine students were National Merit Finalists. Each student was interviewed five times during the academic year. Each interview asked students a diverse set of questions about the derivative concept so that students’ responses could be taken as an approximate snapshot of his/her mental image at that point in the course. She explained that the observations indicated several potential obstacles in students’ understanding of the formal definitions:

1. The students must understand the processes underlying the concept of derivative.

2. Students must place some value on having a symbolic representation. 

3. Students must think of symbolic expressions as having meaning in terms of their experiences in other contexts.

Results of an experiment done by Edwards (1997) in a real analysis class have shown a similar connection between students' understanding and the use of definitions. Edwards said:

Often definitions are memorized and then the formal words are shoved aside in favor of knowing, as one participant said, "what it really means." However, a robust understanding of the role of mathematical definitions is needed too if students are to be able to use them effectively in more theoretical settings 

(p. 21). 

Edwards stated that the eight undergraduate volunteers interviewed in his study seemed to overlook formal definitions, and to prefer memorizations of these definitions. He also observed that mathematics students that move from more procedural courses into theoretical, proof-intensive courses do not seem to know how to use and understand mathematical definitions. He added:

Part of the enculturation of college mathematics students into the field of mathematics involves their acceptance and understanding of the role of mathematical definitions-that the words of the formal definition embody the entire meaning of the concept or entity being defined. If the students do not understand the role of the definition in this way they may allow their previous and emerging concept images to dictate the meaning of a definition rather than the words of that definition. Thus, a student’s understanding of the role of mathematical definitions is itself part of his or her concept image (p. 19).

He continues with an example of an interviewee's response to a question that required knowing the formal definition of the concept, “supremum”. This interviewee seemed to be interpreting the meaning of the formal definition based on her previous conceptual understanding. She was asked to find supremum of the sequence  .9, .99, .999,……..,.999…… Her answer was .9999….. Even though she could state the definition, she interpreted the definition to fit her prior conceptual understanding. Edwards findings are also supported by Rosnick and Clement (1980). Their study was done at a college. Students in the study were given word problems, and asked to translate those into algebraic equations out loud. They found that many of the college students do not seem to be able to recognize the use of letters as standing for numbers. Rosnick and Clement argue that, these students can write equations correctly but still unsure what these equations mean. As a result of the study, Rosnick and Clement concluded the following:

1. The fundamental concepts of variables and equations should not be treated lightly in high schools and colleges, nor should we assume that our students will develop the appropriate concepts by osmosis.

2. The implications of these are that more attention must be paid to conceptual development in mathematics education. 

 A similar result is reported in a doctoral dissertation (Moore, 1990). Moore analyzed non-participant observations, and interviews done with 16 students; 8 undergraduate mathematics major, 6 undergraduate mathematics education majors,  and 2 graduate mathematics students. Data was collected during the tenth week of fall quarter in 1989 at the University of Georgia. His study aimed at finding possible sources that seem to effect student's ability to learn proofs. His findings show three major sources that seem to affect students' ability to learn proofs;

1. Mathematical Language and Notations (Hadas, 1983). 

2. Concept understanding. 

3. Getting started on a proof.

        He also categorized these findings as seen in figure 1.                                                
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Figure 1.  Sources Effecting Students’ Ability to Learn Proofs.
He added that mathematical language and notation (see D6) was an obstacle for many students (Galbraith, 1981; Lester, 1975; Harel & Sowder, 1998). Although most of them overcame most of the difficulties in this area by the end of the course, he said,  some students had difficulties throughout the course. In Figure 1, the arrows from the mathematical language and notation box indicate that difficulties in this area prevented students from understanding concepts and using definitions. According to Moore, they seem to learn definition by developing their concept images through examples and diagrams they gained an understanding not only of the definition but also of the symbols and words.

    First-year linear algebra students are no exception to these issues. There have been similar findings reported in first year linear algebra classes. Most frequently occurring problems are reported as conflicts between students’ mental images of basic vector space concepts, (Hillel & Anna Sierpienska, 1994; Arshavsky 1999), and their formal definitions whose structures are based on symbolic representations. 

 Translating between different representations of mathematical ideas is another difficulty that has been reported by several studies. In Dias, Artigue & Didirem (1995), flexibility between different representations of the same vector space concepts was studied, and revealed that students in this study were not capable of recognizing different representations of the same vector space concepts. According to Dubinsky (1997), these conflicts are due to a high level of abstraction occurring in formal definitions. 

As a result of these findings, several suggestions have been made towards helping linear algebra students overcome these difficulties. Dubinsky and Harel (1997) suggested the use of visual representations such as computer activities to reduce the conflict between students' concept images and concept definitions. Dubinsky discussed an experiment he had performed in his abstract algebra class. He explained that having students write their own computer programs for searching groups, subgroups and normal groups helped students gain a higher realization of properties of groups, and helped them internalize the members of groups as objects. Dubinsky added:

It seems that mathematics becomes difficult for students when it concerns topics for which there do not exist simple physical or visual representations. One way in which the use of computers can be helpful is to provide concrete representations for many important mathematical objects and processes (p. 104).

Tall and Winner (1981) mentioned in their article that the difficulty of forming an appropriate concept image, and the coercive effects of an inappropriate one having potential conflicts, can seriously hinder the development of formal theory in the mind of an individual student. Harel and Tall (1991) tied students' difficulties in developing formal theories to difficulties in generalization and abstraction of concepts. Generalization is defined as the process of applying a given argument in a broader context, and is categorized in three groups based on the individual's mental construction:

1. Expansive generalization occurs when the subject expands the applicability range of an existing schema without reconstructing it. For example, algebraic aspects of generalizing vector sum and scalar multiplication from R2 to Rn can be considered as expansive generalization.

2. Reconstructive generalization occurs when the subject reconstructs an existing schema in order to widen its applicability range. Geometric aspects of generalizing vector sum and scalar multiplication from R2 to Rn can be considered as reconstructive generalization.

3. Disjunctive generalization occurs when, on moving from a familiar context to a new one, the subject constructs a new disjoint schema to deal with the new context and adds it to the array of schemas available.

Abstraction is defined as a process that occurs when the subject focuses attention on specific properties of a given object and then considers these properties in isolation from the original. Such an application of an abstraction theory can be a case of reconstructive generalization because the abstracted properties are reconstruction of original properties, now applied to broader domain. Abstraction serves two purposes which are particularly attractive to the expert mathematicians:

· Any arguments valid for the abstracted properties apply to all other instances where the abstracted properties hold, so the arguments are more general. Definition of vector space concept is a case of this category.

· Once the abstraction is made, by concentrating on the abstracted properties and ignoring all others, the abstraction should involve less cognitive strain.

                 As stated above, because of the cognitive reconstruction involved, these two factors may cause great difficulty for the learner. Then, how can one help students pass through the difficult transition, and attain the reconstructive generalization required for the formal abstraction? Harel & Tall’s suggestion was that transition can be done more effectively by focusing on a mid-way development in which a specific example is seen by the teacher as a representative, a generic example, of the abstract idea. They also warned that students may abstract the wrong properties since students have not yet performed the abstraction. However, if the process is successful, and the students see one or more specific examples as typical of a wider range of examples embodying an abstract concept, then students can attain abstraction, a process of generic abstraction. Various computer activities can be instances of generic abstraction. Harel's program (1989) that approached abstraction of vector space concepts by showing specific generic examples in R2 and in R3 is an example of a process of generic abstraction. His program was based on the findings of a survey (Harel, 1987).  It was found, after a review of various linear algebra books as part of the survey, that there are implicit assumptions on beginning student’s background and their attitude towards the course:

1. Beginning students are capable of dealing with abstract structures without extensive preparation.

2. Beginning students can appreciate the economy of thought when particular concept and system are treated through an abstract representation.

a. Students can understand the idea of representation

b. Students can deal with situations within a variety of domains.

       Findings of the survey also indicated that many of the application domains are not familiar to the students, and also indicated that high school and sophomore university students have serious difficulties understanding algebraic systems which do not have an easily accessible concrete or visual representation. Harel adds that many Linear Algebra textbooks contain applications whose domains are not familiar to the students.

 He continued with an example of definition of a vector space. He argued that the definition of a vector space concept is, in many linear algebra textbooks, stated and illustrated with one or two models; the concepts of vector dependence, independence and basis, are usually discussed in these models but not elsewhere. Moreover, he said,  concepts are always constructed  in an abstract  setting, so students often lack an understanding of the construction process, even though they may understand the resultant abstract. 
As a result, Harel developed a linear algebra program based on gradual introduction of abstraction, and construction of basic notions from a visual basis. His program introduced properties of vector space concepts first in R2, R3 and next in Rn. Harel claimed that introducing vector space concepts in this way helped students make the transition to abstraction easily. Results of his study based on a few high school and college students' exam scores seem to support his claim. However, there was no statistical analysis done other than observing the differences between the mean scores and one might question credibility of the study.

Use of Computer Algebra Systems

 There have been several computer programs used in teaching first year linear algebra classes. Roberts (1996) said: "Software tools such as MATLAB, Maple, MathCad, and Mathematica provide opportunities to enhance the instruction of undergraduate linear algebra." He explained that these software innovations allow students to investigate applications of linear algebra whose computations would be too difficult to perform by hand. He also added that graphics capabilities offered by computer algebra systems allow students to visualize these geometric concepts, thus giving new life to a subjects many students view as theoretical and not much of practical use. As Roberts stated, there have been movements on using computer algebra systems, but unfortunately, there has not been enough scientific evidence supporting the usefulness of using computer algebra systems in learning abstract mathematical definitions. The only scientific study on this issue is the one that investigated effect of using CABRI system in students' mental images of the concepts, both of linear combination and linear independence. The program was based on a geometric model of two-dimensional vector spaces within the dynamic Cabri-geometry II environment. In the study, students' responses from the CABRI class were qualitatively analyzed; it was neither a quantitative nor a comparison study. The study can only indicate possible effects of using CABRI in learning the vector space concepts for a particular group of students. It could not test how much learning occurred due to its implementation. For that, one needs to compare students’ gained knowledge by equating all variables, except the implementation, between the two groups. However, there has not been a study on comparing effects of using technology in linear algebra instructions with instructions that do not use technology. The present study will be one of the first studies that intend to compare two instructional approaches; one is the traditional approach, and the other is the Mathematica implemented approach.  
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