Chapter III

Research Design and Methodology

    The research was conducted at the University of Oklahoma. It was a comparison between two Linear Algebra classes: Math 3333 in fall 1999.  One was a traditional linear algebra class and the other was an experimental class using Mathematica Notebooks. 

Similarities between Classes

The two classes shared the common goal of having students understand the concepts of linear independence, spanning set and linear transformation and the ideas behind the concepts. Both classes were one hour and fifteen minute long. Office hours for the traditional group were from 2 to 3:15 on Mondays and Wednesdays, and for the experimental group were from 11 to 12 on Tuesdays, from 1 to 2 on Thursdays. In both classes, the same set of homework problems was collected once a week on Thursdays. If an exam fell on a Thursday, homework problems were collected on the following Tuesday. There was only one quiz given. The quiz consisted of one problem. Both had three exams covering the same topics. Four out of six questions in the second, the third exams and the final were the same. Both classes had similar and equal number of questions in the first exam. 

The investigator observed the classes to make sure topics covered went parallel. Students in both classes saw the concepts in the same order, and similar examples were given. The same text book, Elementary Linear Algebra by Roland E. Larson and Bruce H. Edwards, third edition, was used in both sections. Both classes covered the same chapters in the same order; chapter one to chapter seven, except chapter five on inner product spaces. There was not enough time to cover inner product spaces in the experimental group. Instructors would come into classroom a few minutes before starting time. They both would write, on the board, an agenda for the day, reminders, announcements, reading assignments, and homework assignments. Classes usually began with one or more of the following: a recap of the material covered the week or day before, going over a homework problem, giving hints on homework problems and/or answering students’ questions. 

Differences Between Classes

The main difference between the two classes lay in the treatment of concepts. A few examples are: 

1. Students in the traditional class learned the concepts; linear independence and spanning set through their formal definitions within two class times, whereas students in the experimental group spent one week on discovering characteristics of the concepts through two and three-dimensional Mathematica notebooks. They spent the following week discussing connections between the formal definitions and the observed characteristics.

2. In the traditional class, students were responsible only for their homework assignments, whereas students in the experimental group  were given Mathematica-related activities to work through both in class and outside the class time ( see Appendix C )

3. The experimental class mostly focused on interpreting the visual representations of concepts. The traditional group mostly focused on interpreting  the algebraic (formal) representations of concepts

4. The traditional group followed more formal (abstract) approach to the vector space concepts.

5. The experimental group discussed the connections between span of sets, linearly independent sets and bases of vector spaces in two and three-dimensional Mathematica demonstrations, whereas in the traditional class, these concepts were stated through remarks written on the black board.

6. In the experimental class, formal definition of linearly independent sets was introduced by means of tracing arrows on visual Mathematica demonstrations, and by means of solving the related homogeneous equations through analyzing visual representations of vectors. One should note that the numerical values of the vectors were not stated. In the traditional class, the formal definition of the concept was stated algebraically.

7. Right after seeing the formal definitions, the traditional class focused on procedural approaches. The experimental class did not focus on procedural solutions until after they have answered related questions through visual representations.

8. The experimental class first focused on the visual characteristics of linear transformations (see appendix C), kernel and image of linear transformations. These concepts were introduced through two and three-dimensional Mathematica demonstrations whereas the traditional class focused on their algebraic characteristics. The kernel and the image of linear transformations were introduced algebraically.

9. The experimental class discussed applications of basic concepts in social sciences such as economics and accounting through interactive Mathematica notebooks.

10. The experimental class approach was one of  "concept first, techniques later", whereas the traditional group combined concepts and techniques, emphasizing techniques (procedural knowledge).

The manipulative skills were comparatively less important in the experimental group. The traditional group concentrated on these skills for almost the entire semester compared to the experimental group. The experimental class spent one week on algebraic procedures showing whether a given set is linearly independent or a set is a spanning set for a given space.  Also, other class time was spent for procedures answering questions of whether a given set is a basis for a vector space. The experimental class mostly focused on understanding concepts through seeing their characteristics on visual representations. The traditional group focused on executing complete and accurate procedures whereas the experimental group focused on interpreting the results of the procedures, comparing them with their visual representations. In short, the experimental class used numerical, symbolic and mostly graphical representations, and the traditional class used mainly symbolic representation, with minimal numerical and graphical representations that were limited to the blackboard and paper-and-pencil drawings. 

In the experimental group, students were allowed to use Mathematica to do numerical computations such as gauss elimination, determinant of matrices and row reduced echelon form of matrices. As a result, students had more time to interpret the results of these calculations. Even though the use of Mathematica on computational problems was not required, the majority chose to use Mathematica.  In the traditional group, students were required to do computations by hand.

Participants

Both classes were regular size classes; twenty-six in the experimental group, and twenty-nine in the traditional group. Students enrolled in the class that fit their schedules. During the enrollment, the students in the experimental course were not informed of the nature of the class. However, they were told so on the first day of classes after enrollment; they were told that the class was going to be using a computer algebra software called Mathematica, and lectures were going to be in a computer laboratory where each student would be assigned to a computer. They also were told that no knowledge of Mathematica was required, and they were not expected to learn Mathematica, that Mathematica was going to be used as a tool to help learn basic linear algebra concepts better. After being informed of the nature of class, they were told that they had the option of switching to one of the other two linear algebra classes. The experimental group started out with 29 students, and the traditional group started out with 34 students. From those 29 students in the experimental group, none switched sections. Two of the 29, three weeks into the semester, dropped the course with the grade W. One of these students had to drop out the course due to a death in his family. In the traditional class, there were five students who dropped with the grade W. Of the remaining 29, three changed from credit to audit.

In both groups, the instructors informed the students that they were being part of  an experiment, and that all information to be gathered for the purpose of the study would be kept confidential. They were also voluntarily asked to sign a consent form. A copy of the consent form can be found in appendix B.  

The students in the traditional group were not allowed to use calculators in class or in the exams, whereas the students in the experimental group were encouraged to use technology such as calculators and computer algebra systems. Mathematica was the most preferred software among these students.  

Class Rooms

The traditional group used a typical classroom with a blackboard, tables and chairs. The room had an overhead projector and one long and two short blackboards. However, the overhead was not used at all. Some of the basic drawings such as two -dimensional coordinate systems and vectors in two-dimensions, were drawn on the blackboard. The distance between the instructor and the students was close enough that each student could hear the instructor with no difficulty. The instructor also could make eye contact with each student. 

The experimental group, however, had to change three classrooms within the second week of classes. The group met for the first two class time in a traditional classroom similar to the classroom the traditional group met through out the semester, and met for the next two class time in a computer laboratory located in the same building as the traditional class. However, due to problems on running Mathematica on computers in this laboratory, the instructor had to move to a different computer laboratory in a different building. The experimental group met in this lab for the rest of the semester. In this computer lab, there were thirty computers; one for each student. One of which was not working during the first week of the meeting. In addition, there were a white board and an overhead projector with a main computer located up front for the instructor’s use. The overhead screen was located in front of the white board, so it was not convenient for the instructor to use the white board and the overhead screen at the same time. The laboratory had a long rectangular shape. The distance between the instructor and the students varied depending on the location of a student. If the student sat up front then the distance was not much and the instructor could make eye contact with the student. If the student sat towards the end of the class, making an eye contact was almost impossible unless the instructor walked towards the back of the classroom.

The computers were loaded with Mathematica software as well as Netscape, Instant Messenger, and more. The students had access to the Internet through these computers, which, at times, stole students’ attention from lectures.

On the first day in the lab, the students were introduced to Mathematica. They were shown the basic Mathematica commands as well as how to open Mathematica, how to edit in Mathematica, how to run cells, and how to save files. They were also told that at the start of each class meeting, they would be provided with a diskette with the current Mathematica files on it, and that they would be required to open the files before the lecture started. These diskettes were labeled with students’ names for the purpose of keeping track off each student’s work on these files. They were asked to write their interpretations of each outcome of the Mathematica cells in to the preceding cells.   

Mathematica NoteBooks

Mathematica Notebooks were written interactive, guided supplements to the    lectures. They were mostly composed of interactive cells of examples and non- examples of the basic linear algebra concepts. Emphases were given mostly to the two and three-dimensional demonstrations of the basic vector space concepts. Each cell in a notebook was labeled as the example corresponding to the example discussed in class. Copies of selected notebooks can be found in Appendix C.

As the concepts were defined in class, and their formal definitions were written on the black board, the corresponding examples on the interactive Mathematica cells were run by the students. Students discussed the outcomes of the cells by comparing the characteristics of the demonstrated concepts through the visual demonstrations, and their formal definitions already stated on the board. More of similar interactive cells with different examples and non-examples of the same concept were run by students, and students wrote their interpretations in the proceeding cells. 

The students in the experimental group also asked to answer the concept related questions through analyzing visual outputs of the corresponding Mathematica cells. For example, in one particular Mathematica Notebook (see Appendix C) that covered the concept; linear independence, students were asked to solve; for the coefficients; a, b, and c, related homogeneous equations of the following type: 

a v + b w + c u = 0, by using the outputs of interactive cells whose outcomes showed the positions of the vectors v, w, and u with the use of different colors for each vector. In this activity, numerical values of the vectors purposely were not given so that students would be restricted to the two dimensional outcomes of these vectors to be able to solve the equations. The purpose of this activity was to get students have better understanding of the formal definition of a linearly independent set. The textbook uses solution types to the homogeneous equations as part of the formal (abstract) definition of the concept. The formal definition stated the following: 

“ A set of vectors S={v1, v2,,...,vk} in a vector space V is called linearly     independent   if the vector equation 

c1 v1+c2 v2+...+ck vk=0

has only the trivial solution, c1=0, c2=0,...,ck=0. If there are also nontrivial solutions, then S is called linearly dependent. “

Research Instrument and Data Collection

The data collected for this study consist of a background questionnaire, post questionnaire, pre-test, a quiz, exam, and final scores on the post-questions, interviews, observation notes and recorded lectures.

Background questionnaire

The background questionnaire was given during the first week of the semester. The experimental group took the questionnaire on the first day of classes. The traditional group took the questionnaire on the second day of classes.

The purpose of the questionnaire was to gather information on students’ backgrounds, particularly on factors that might influence the results used for comparison in the study.

The questionnaire gathered information on:

1. Previous high school mathematics courses and the years those courses were taken

2. Previous college mathematics courses and the years those classes were taken,

3. Experience with computer algebra systems,

4. Students’ opinion on mathematics, algebra, and the use of computer algebra systems in mathematics classes

5. Students’ opinion on their learning style and study habits

6. Students’ majors

7. Students’ course load and other responsibilities

8. Students’ ethnicity

A copy of the background questionnaire can be found in Appendix D.

Pretest

As part of the back ground questionnaire, five pretest questions were given. The pretest questions were aimed at testing students’ knowledge on basic prerequisite knowledge for the course. A copy of the questions can be found in Appendix D. The purpose of the pretest was to check compatibility of the two groups as well as pointing out any factors that might influence the results. The pretest consisted of basic short algebra questions. They were aimed at testing students’ ability to cope with symbolic representations. These questions were all free-response typed questions. The first question was addition of two vectors from a three dimensional space. The second was a question on determining derivative of a composite function at a given point based on the derivatives of the two functions at the same point. The third question was on solving an equation that use 2x2 matrices; the fourth question was on determining function value of a symbolic point “a”; and the fifth question was on solving an equation of variables for one of the variables.

Grading of the pre-test questions were done by the investigator because the questionnaire did not include students’ names or anything that would give a hint who each paper belonged to, except the section numbers. To eliminate the bias, before grading started, the investigator covered the section numbers with white tapes. 

The correct responses to these questions were counted as one point. If the response did not have the correct answer, zero was assigned. If the response was correct, without paying attention to how the answer was obtained, one point was assigned to the question indicating that the answer for the question was correct. In short, the questions were graded out of one point. One point was for the correct answer, and zero was for incorrect answer.

Interviews

One set of interviews was given during the last week of classes, and during the week before the finals week. Students from both groups volunteered for the interviews. The purpose of the interview was to help answer the research questions, and to have better insight on students’ responses on post-questions given in the quiz, the exam and the final.

Course Grades

The study used course grades only to classify students by ability into three groups: AB, CC and DF. Category AB represented those who got letter grade A or B; category CC represented those who got letter grade C; and category DF represented those with letter grade D or F.  The variable ability was used for statistical purposes to account for some of the within–group variability. The effect of the treatment also was tested by eliminating the differences due to students’ abilities.

Nationality

On the variable nationality, the two groups were significantly different hence the variable was included in GLM models as a dummy variable. Students’ nationalities were categorized as 1=: American, and 0=: International (not American). The effect of the treatment was tested by eliminating the effect due to students’ nationalities.

Attendance

The in-class observations indicated that attendance in the traditional group differed due to the fact that the traditional group met at 1:30 AM, and the experimental group met at 9:00 AM. Since Mathematica demonstrations mostly were restricted to in-class activities, students attendance in the experimental group might affect the results of the study. As a result, students’ attendance from both groups was included in the study. Students’ attendance was categorized as 1=: those who attended eighty percent of the time, and 0=: those who attended the class less than eighty percent of the time. The effect of the treatment was tested by eliminating the effects of students’ attendance. 

Gender

The groups had unequal number of male and female students. The experimental group had more female students than the traditional group. There were only 4 females in the traditional group, and 12 females in the experimental group. To equate the two groups on this variable, students’ gender was included in the study. Students’ genders were categorized as 1=: Male students, and 0=: Female students. The effect of the treatment was tested by eliminating the effects of students’ genders. 

Observation Notes

The investigator took notes of relevant aspects to the study either immediately after classes or immediately after informal encounters with students outside the class. Some of the in-class observations were used to make sure that both classes covered the same subjects around the same time with similar examples. They were also used to make sure similar homework problems were assigned, and collected at the same day. 

Methodology

Two combined research methodologies, quantitative and qualitative, were chosen to be used in this study in an attempt to determine significance of results and also to discover students’ thinking patterns, strengths and weakness. Here, it should be noted that students’ final grades were assigned separately by each instructor. The interviewer however made sure the assignments of final letter grades of the two groups did not have much difference by going through students’ final letter grades and their numerical grades obtained by adding homework, exam and the final grades 

(Maximum was 500 points in both classes). For each letter grade, both instructors used almost the same upper and lower bounds varying by 10 points.

Quantitative Analysis

For the pretest questions, since the sample sizes were not equal, an Aspin-Welch-Satterthwaite (AWS) t’ statistic (Toothaker, 1996) with the assumption of unequal variances was applied to test the hypothesis that there is no difference between the mean scores: H0: m1=m2. 

Analysis of the after-treatment scores was performed using two tests, an AWS t’ and a non-orthogonal two-way analysis of variance. The independent variables were treatment and controlled variables. The role of the controlled variables was that of blocking variables used to lessen the variability within each group and between the groups (Maxwell & Delaney, 1990). 

Two levels of the independent variable teaching/learning method entered the experiment:

1. A traditional approach, which for this experiment meant predominantly use of symbolic representations and no use of technology, and

2. A reform approach, which for this study meant use of Mathematica notebooks to introduce basic linear algebra concepts.

For the non-orthogonal two-way analysis of variance, the concern is to test whether or not the treatment explains a significant amount of the variability. This test is performed with the SAS package, using a General Linear Model (GLM) and Type III Sums of Squares. The model comparison for the test eliminating the effect of each of the controlled variables is:

y=(+(+(+(    ( Full Model )

y=(+    (+(     ( Reduced Model )

 Here, ( is the treatment effect, ( is the controlled variables to equate the two groups, and to eliminate some of the within group variability, and y is students’ scores on the post-questions used to test the research question. Also, ( is the grand mean common to all observations, and ( represents the error. 

 Grading of each question was done by the interviewer and by one of the four graduate students from the mathematics departments. These graduate students were either about to start in the Ph.D. Program, had successfully completed their master program and passed their qualifying examinations, or they were already working on their doctorate degree. To maintain reliability of the measurement, for each question, a 5-point rubric (Carlson, 1998), was made, and given to each grader before grading started. Also, to eliminate possible bias, and maintain reliability of the grading, the names of the students were covered with white types.  The students’ papers also were mixed before the grading. The second graders were not associated with either of the groups, and they did not know any of the students, nor their sections. During or after the grading, whenever it was necessary, the interviewer and the second graders got together to discuss grading issues. To test the consistency between the graders, for each question, Pearson correlation coefficients were used to find the correlation between each grader’s scores. One should note here that one of the graders for each question was the interviewer. Correlation was evaluated between the interviewer’s scores and the scores of one of the four graduate students.

Post-Questions

Five questions were used in the study. One of which was given on a quiz taken right after introducing vector space concepts. Two of them were given on the second exam, one of them was given on the third exam, and the last one was given on the final. The purpose of these questions was to help answer the research question.

Question 1:
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This question was a conceptual question for both traditional and experimental groups. Purpose of question 1a was to investigate if students could recognize 2x2 matrices as objects of the given set, and also was aimed at investigating whether students were able to write related proofs (Carlson, 1997). Question stated the following:

 Let S be the set of matrices of the form                 where  a and b are any real numbers.
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a.    Show that S is a subspace of  
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b.    Find a basis for S.

This question was aimed at testing whether the students were able to recognize vectors of the set correctly, and to write a complete proof. The question was graded based on the following 5-point rubrics:

      5pts:

              Complete and correct response. 

Use of correct form o f the vectors in S 

Use of correct statements of the conditions (closeness under addition and

closeness under scalar multiplication). 

      4pts:

Correct statements of the two conditions (closeness under addition and closeness         under scalar multiplication). 

Use of correct form of vectors. 

Use of the same vector in the sum.

Use of numerical values for entries of matrices (correct form is used) in S.

3pts:

Correct statement of conditions.

Use of incorrect 2x2 form for the matrices.

Represent S as a single matrix in the correct form. 

Identifying resulting vectors as vectors of M, not as of S

2pts:  

No mention of the two conditions. 

Use of correct form of matrices in S.  

Defining the set S as set of symmetric matrices. 

Mentioning closeness but no explanation on the two conditions.

1pt:

Some work but nothing is correct.

     0pt:

No work shown.

Question 1b is a conceptual and mostly visual based question. It was aimed at testing students’ knowledge of the concept; basis, and their ability to recognize vectors in the set correctly.  The question was graded based on the following 5-point rubric.    

5pts:

Have complete and correct response:

A basis should be written as a set. Set notation is used.

Matrices are written correctly, and has numeric entries

The linear independence and spanning set requirements should be shown for the basis.

    4 pts:

Basis is written as described above

The linear independence and spanning set requirements should be mentioned

The linear independence and spanning set requirements are not shown.

    3pts:

Have correct matrices stated as the vectors of a basis, but not basis is written as a set.

Written in a set but no mention of linear independence and spanning set requirements.

Entries of matrices defined by using variables (correct form used) given in a set or not.

    2pts:

One of the matrices given as a basis (with numeric or variable entries)

A basis for M22 is given as a basis for S

    1pt:

Some work shown, but none is correct.

    0 pt:

No work shown

Question 2:

The question investigated if students were able to carry out computational problems involving procedures. The question stated the following:

For the vectors below,

a=(0,-1,1), b=(2,1,1), c=(2,0,2),  d=(1,0,1)

i.  Is the set  {a, b, c} linearly independent (justify your answer)?

         ii.  What is the dimension of Span {a, b, c}(justify your answer)?
          iii.  Is the vector (1,2,3) in Span {a, b, c} (Justify your answer)?

         The question 2i is a typical procedural (computational) question in linear algebra. This question could be answered through following a procedure that uses row reduce-echelon form of matrices. Or, it could be answered just by observing that the vector c is the sum of the other two vectors; a and b. The purpose of the question was to test how well students answer procedural questions. The following 5-point rubric was used to grade the problem:

    5 pts:

Complete and correct response:

Carry out the procedure correctly

Interpret the result of the procedure correctly

    4pts:

Responses that falling in between 3 and 5.

Correct answer with correct reasons given for all aspects of the concept, but lack of symbolic representations.

    3pts:

Carry out the procedure correctly, but could not have an accurate interpretation.

Have the echelon form of the correct matrix but did not state an answer.

    2 pts:

Responses that falling in between 1 and 3.

Signs of understanding of the concept but none of the aspects are stated.   
No attempt to use the procedure (Finding row-echelon form of the matrix).                      

    1 pt:

There is some work shown but none is relevant.

No sign of understanding.

    0 pt:

No work is shown.

The question 2ii was aimed at testing whether the students were able to combine their knowledge of linear independence and span of a set to find dimension of span of the same set. It was a conceptual question targeting students understanding of the three concepts of linear independence, span of a set, and a basis of a vector space, and their ability to make the connection between them. The question was graded based on the following 5-point rubric:

    5 pts:

Correct and complete response:

    4 pts:

Correct answer with complete explanation.

Lack of the correct use of symbolic representation.

    3 pts:

Correct answer with incomplete explanation,

Lack of the correct use of symbolic representation. 

Reference to the response given on part 2i which leads to a wrong answer.

    2 pts:

Signs of understanding the concept.

Incorrect answers.

    1 pt: 

There is some work shown, but none is relevant.

    0 pt:

No work is shown.

The question 2iii is both conceptual and procedural. It requires both skills. The question was aimed at testing students’ ability to combine their knowledge of span of a set, linear combinations, and ability to carry out the required procedure to reach to the correct and complete response. The question was graded based on the following 5-point rubric:

    5 pts:

Correct and complete response:

Statement of linear combination

Statement of span of the set

Carry out the procedure correctly (Solving the vector equation correctly)

     4 pts:

Correct and complete response

Lack of the correct use of symbolic representations

Referring back to the responses given on the parts 2i and 2ii of the question

    3 pts:

Correct answer with incomplete explanation

Lack of the correct use of symbolic representation. 

Correct answer is stated with no explanation.

In correct answer due to minor algebra and calculation mistakes. 

    2 pts:

Wrong answer, 

In complete explanation.

There are some signs of understanding of the concept.

    1 pt: 

There is some work shown, but none is relevant.

    0 pt: 

     No work was shown.

Question 3:

This question was a conceptual question. It could be answered through memorization however. It investigated students' concept images of the concepts; linear independence and spanning set. It was aimed at comparing the formal definitions of the concepts and how students perceived them. The question stated the following:

Define the following terms:

a. Linearly independent set

b.   Spanning set

Question 3a was graded based on the following 5-point rubric:

    5pts:

Complete response:

Correct statement of formal definition or informal definition that shows all aspects of the concept.

    4pts:

Responses that falling in between 3 and 4

    3pts:

Any formal or informal statements which are not complete:

Do not show all aspects of the concept but shows signs of understanding. 

Use of the symbol  "[ "  as a set notation or a vector notation

    2pts:

Responses that falling in between 3 and 1

    1pt:

There is some work shown but none is relevant.

    0pt:

No work shown.

            The following 5-point rubric was used to grade question 3b:

    5 pts:

      Complete and correct response:

      Correct statement of the definition that shows all aspects of the concept

    4 pts:

Responses that falling in between 3 and 4.

    3 pts:

Defining the concept by stating that S spans V, or Span(S)=V.

    2 pts:

Defining the concept of span of a set incorrectly, 

No mention of the statement:

     Span(S)=V or S spans V.

Responses that falling in between 3 and 1.

    1 pt:

Some work sown but none is relevant.

    0 pt:

No work shown.

    Question 4:

This question was aimed at investigating whether students were able to apply their knowledge of vector space concepts into linear transformations. The question stated the following:
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Given a linear transformation T: R3->R2 by T(v)=A v  where  

a. Find a basis for Ker(T)

b. What is the dim (Image(T)) (Justify your answer)?
The question 4a is both conceptual and procedural. It requires conceptual knowledge to be able to interpret the outcome of the procedure. Knowledge of the concept kernel of a linear transformation is also required. Another aspect of this question is that it requires students to be able to recognize objects of kernel of the transformation as vectors in three-dimensional space, but not in two-dimensional space. The question was graded based on the following 5-point rubric:

    5 pts:

Complete responses showing all aspects of the concept:

Process of row-echelon form is given 

A parameter is chosen

Basis is defined as a set that contains one vector with three components.

    4 pts:

Correct answer but lacking on some of the symbolic representations:

Not having the set notation written

      Using the parameter as part of the definition 
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      such as {t( -2,1,1)}, {(-2t, t, t)} or 

      Small algebra mistakes (calculation errors) that lead to wrong vectors. 

    3 pts:

Have the correct procedure (row-reduction).

Have the vector  (or slightly different one due to algebra mistakes) 

Basis is not stated, instead the following statement is given: 

     Ker(T)={t (-2,1,1) | t  is  any real number }.

    2 pts:

Have signs of understanding, but nothing is completed:

Starts with the correct procedure (row-reduction) but could not finish it.

Have vectors of the wrong type (vectors of every kind but vectors of three components) as vectors of the basis.

    1 pt:

There is some work shown but none is relevant.

    0 pt:

No work shown.

The question 4b is a conceptual question. Students were tested to see if they could use their understanding of linear transformations correctly to decide on the dimension of the image of the linear transformation. The following 5-point rubric was used to grade the question:

    5-pts:

Complete response showing all aspects of the concept:

Use of the theorem that has the following statement:

               # of columns of A – Dim(Ker(A))= Dim( Range(A)) 

Use of argument of number of leading ones in A based on the theorem that has the following statement:

“ Column space of the matrix is the same as the range of the linear transformation “

    4 pts: 

Responses that fall in between 5 and 3

    3 pts:

Signs of understanding of the concept

     No correct answer is given

Correct answer is given for the wrong reasons  

Recalling the theorem stated above for the 5 pts, but does not know dim(Ker(T))

Recalling the # of leading ones in A as the dim(Range (T)) but can not  read # of leading ones correctly.      

    2 pts:

Have signs of understanding 

Responses that falling in between 3 and 1.     

    1 pt:

Some work shown but none is relevant.

    0 pt:

No work shown.

    Question 5:

      This question was purely a conceptual question investigating whether the students were able to make the connection between a linearly dependent set and a spanning set. It also was aimed at investigating whether students were able to use the formal definitions of the concepts to write logical statements. The question stated the following: 

 Suppose that Span {v1, v2, v3, …….., vn} = V  and  w is a vector  in V.

 Is the set {v1, v2, v3,…, vn,  w}  linearly independent ( Justify your answer)?

The following 5-point rubric was used to grade the question:

    5 pts:

Complete arguments on all aspects of the problem:

Statement on span of a set, and on a linearly dependent set

Statement on how span of a set and linearly dependent set are related

    4pts:

Correct response:

Incorrect representations of the notations: Representation of a set and a vector.

The relationship between span of a set and a linearly depended set is not stated directly, but there are signs of understanding the relationship.

    3pts:

Sign of understanding of the relationship between the two concepts

But the definition of span of a set is not used as part of the argument.  

Answers that falling in between 4 and 2. 

    2pts:

Wrong answer due to not having a good grasp on the definition of a linearly independence set. 

Right answer with wrong reasons.

Use of the dimension argument: Since one more vector was added to the number of vectors, the set is linearly dependent.

    1pt:

Use of matrices (row reduction operations)

Irrelevant works. 

    0pt:

No work shown.

Qualitative Analysis

        With each volunteer, exactly one interview was conducted lasting approximately one hour. The interview was aimed at examining possible connections between students' mental images of the concepts of linear combination, linear independence and spanning sets, and their ability to answer related questions varying from computational problems to problems of explaining abstract statements.

The goal of the interview was to get more insight on students' responses to the post-questions that were given in the quiz, the exams, and the final, and to see if there were any unanticipated factors that could affect students' responses on the post-questions.

Questions were given in varying orders. For most questions, the order was decided at the time of the interview. In almost all interviews, question number four was given first, and question number two was given next. The rest were given in an order that was decided based on students’ responses on the fourth and the second questions.

Interview Questions
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Question 1:

             Type of solution to the equation 
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 is an algebraic  indication of  whether the set  is linearly  independent. Explain   why knowing the solution type to the equation above would indicate                         whether the set                         is linearly independent.                              

Objectives

· Describe students' methods of recognizing the relationship between the algebraic equation and its implication.

· Examine the approaches students use to explain the relationship.

Question 2:

Give a geometric illustration of a linearly independent set.

Objectives:

· Assess how students perceive definition of linear independence 

· Examine students' mental images, and its correlation to the text-book definition of the concept

· Examine what sources (Textbook definition, Mathematica demos) students use to come up with a graph.

Question 3:

Is  (2,3,1) in Span{(1,0,0), (0,1,0)}? 

Please explain your answer.

Objective

· Examine how students use their knowledge of  linear combination, and its relation to span of a set

Question 4:

Construct a geometric representation of a linear combination of two given vectors v1 and v2 stemming from the same point.

Objectives

· Examine the correlation between students' mental images, and the text book definition of linear combination.

· Assess how students recall the text book definition to construct a geometric representation of  the concept

Question 5:

Given the set S = { f(x)  in  C[0,1]  such that   f(1)=0  }

a. Describe a vector in S.

b. Is the set S a subspace of vector space C[0,1]? ( Explain your answer)

Objectives

· Assess how students perceive a vector in the set S.

· Examine how students use their knowledge of the set S to show the set is a subspace of vector space C[0,1].

· Examine possible connections between students' perception of a vector in the set and their ability to write a related proof.

Question 6:
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    Describe a vector in Range(T)  where  T(v)= Av   for a matrix                                                                               

Objectives

· Examine how students use their knowledge of vector space concepts to answer transformation-related problems.

· Assess how students make connection between the rows and columns of the matrix and a vector in the range of the linear transformation

Question 7:
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Explain why having a nontrivial solution for the equation                                                                                                                   

implies that the set                               is  linearly dependent.

Objectives

· Examine  whether students use their knowledge of  linear independent set , and  make connection between their knowledge  and  a nontrivial solution of a related equation

· Assess how students use solution type to the equation to decide whether the set is linearly dependent.

· Describe students' methods  of  recognizing the connection between solution type of the equation and a linearly dependent set

Question 8:

Would you recommend the use of Mathematica for the first year linear algebra classes?

Please give your reasons to why or why not you would recommend the use of  Mathematica for the first year linear algebra classes.

Objective

· Assess what students in the experimental group think of the use of  Mathematica in first year linear algebra classes.

Question 9:

What is your opinion on using computer activities in first year linear algebra classes?

Objective

· Assess what students in both experimental and control groups think of the use of computer activities in first year linear algebra classes
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