Analysis and Results of Post-Questions

These questions were posed to gather data late in each course. The results indicate understanding after one of the approaches to linear algebra instructions.

Question 1 
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The purpose of the question was to investigate whether students could recognize 2x2 matrices defined in the question as objects of the set, and be able to write a proof stating the subset as a subspace of the vector space, set of all 2x2 matrices. Question 1 stated the following:
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Let S be the set of matrices of the form          where  a and b are any real numbers.
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a. Show that S is a subspace of   
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b. Find a basis for S.                                  

This question, in both groups, was given on a quiz during the week right after vector space and subspace concepts were covered. Students in the traditional group had seen vector space and subspace concepts through abstract definitions written on the blackboard. Subspaces of familiar vector spaces R2 and R3 were also stated on the blackboard. They had seen visual descriptions of the concepts at a minimum level; a few drawings for subspaces limited to one-dimensional objects in R2 were done on the blackboard. In addition to the drawings on the blackboard, students in the experimental group had seen visual Mathematica demonstrations of examples and non-examples of two and three dimensional vector spaces and subspaces. These students also experimented with their own examples and non-examples of the concepts on ready Mathematica cells. The subject of this question, the set of all nxn matrices as a vector space, was stated on the blackboard. On the other hand, visual examples of subspaces of the vector space, set of all continuous functions, were demonstrated through Mathematica notebooks. The objects of subsets of the vector space were drawn on the same graphs through interactive Mathematica notebooks, and students were asked to discuss whether the subsets were subspaces or not based on their observations of the graphs. Until after seeing three or four demonstrations, students were not introduced, or expected to use any algebraic procedures that can show whether subsets are subspaces. 

    Part a of the question mostly required procedural knowledge. Both groups had seen similar problems discussed in class. The traditional group had focused on carrying out the procedures, and the experimental group focused mostly on the conceptual aspects of the concepts through visual demonstrations. The students in the experimental group were given the procedures after seeing related demonstrations but they did not spend as much time on carrying out the procedures. Table 11a and 11b summarize the results of the data analyses on students’ scores. 

 Table 11a
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  Results on vector spaces and subspaces
  Group       n    Mean      SD      Median 
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       T          31    3.77      1.09       4  

       E          24    3.35      1.37       3
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 Part b of the question required conceptual knowledge of the concept, basis, and also required students to be able to recognize 2x2 matrices with the conditions given in the question as the objects of the set.  

The difference between the two groups on the question (part a) requiring conceptual knowledge on vector spaces and subspaces was not significant (t’=1.29, p=0.203, df=43).  Table 11a summarizes the results. A non-orthogonal two-way analysis of variance was performed to adjust for the controlled variables, attendance, nationality, gender and ability. Results of these tests were also non-significant. The results of the test of treatment effect eliminating the effect of each of the controlled variables are given on table 11b. (Table 11b shows F-values for the treatment effect eliminating the effect of each of the controlled variables). 
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         Table 11b
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         Results on vector spaces eliminating the effect of controlled variables.

   Controlled          F        p-value      df
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   Variables

   Ability             3.44        0.069    (1, 50)

   Nationality      2.09        0.154    (1, 51)  

   Attendance      1.68        0.20      (1,51)

   Gender            1.35         0.249    (1,51)                                           


Students, in both groups, who showed the set as a subspace of the vector space      

     , used the same procedure. They first showed that the set was not empty by writing a matrix in the set; next they took symbolic representations of two matrices from the set and showed that their sum was also in the set. They also showed that scalar times any matrix in the set was still in the set. Two students in the traditional and the experimental groups used matrices with numerical entries to show the closeness. In addition, ten students in the traditional and two students in the experimental group showed the closeness by showing that the sum and the product were in the vector space, M2, 2. And, three students in the traditional group and two students in the experimental group used incorrect objects as the vectors of the subset.   

Interviews revealed that those in the traditional group who gave complete and correct proofs might still not have had accurate understanding of the subspace concept (see Appendix A). Even though, student A had a complete and correct proof for an interview problem addressing that the set of all continuous functions whose value at 1 is zero is a subspace of the vector space of all continuous functions, his/her concept image of a subspace was not accurate. To him/her, any subset of a vector space was a subspace as long as the subset contained the zero vector. Here is how he/she described a subspace:

“A: ...It is (pause) in two dimensions. If I have x and y, if my space is that a subspace like a subset looks like that (pointing his drawing on his paper). Something like that, three dimension of this big blub or lesser blub..”

The difference between the traditional group and the experimental group on part b of the question was significant (t’= -2.38, p=0.021, df=42.4). Table 12a summarizes the results.

A non-orthogonal two-way analysis of variance was also performed to adjust for the controlled variables; attendance, nationality, gender and ability. Results of these tests were also significant. The results of the test of treatment effect eliminating the effect of each of the controlled variables are given on table 12b. (Table 12b shows F-values for the treatment effect eliminating the effect of each of the controlled variables). 

There were two students in the traditional and one student in the experimental group who left out this part of the question. One student in each group gave the standard basis of the vector space; M2,2, as a basis for the subspace, or wrote one

 Table 12a

 Results on vector spaces and bases

   Group        n    Means    SD     Median   

     T           31   2.12      1.31     3                  

     E           23   3.09      1.56     3


vector of the basis correctly. Eleven students in the traditional group and four students in the experimental group gave a basis with unrelated vectors. Six students in the
         Table 12b

         Results on vector spaces and bases eliminating the effect of controlled variables.

  Controlled       F          p-value        df
  Variables


  Ability            5.89       0.018      (1,50)  

  Nationality     7.63       0.0079    (1,51)  

  Attendance     7.36       0.0091    (1,51)

  Gender           8.27        0.0059    (1,51)


experimental group wrote a basis with parameters attached to the vectors of the basis. For example, one student gave the following set as a basis for the subspace:

“ A basis must span the set. It also must be linearly independent.

                                   “   

Interviews revealed that those who wrote n-tuples (vectors in Rn) as the vectors of their bases seemed to use them because they did not recognize matrices or any other forms such as functions (see appendix A) as vectors. To them, vectors could only be those with components, and they could only be the objects of Rn, n is any positive integer. This can be observed in a student’s response to an interview problem:

“  Okay I confess that I am not sure how to think of a vector in S. Umm (pause) because S is a set of functions Umm...In Physics, I was given a very restricted definition of vector, (referring to his instructor) has been discussing a very general abstract definition of a vector ... Specifically my problem I think of a vector as look like v one comma  v two comma up till v n. When someone say says ohh this set is composed of functions now describe a vector in that set I say okay there is functions in that set I don’t think there is vectors in that set.......” 

Conflicts between the student’s previous knowledge of vectors and the abstract definition of the concept seems to be causing learning difficulties (Edwards, 1997;  

Rosnick & Clement, 1980).  

    Question 2

 Second question was a final exam-question. The traditional and the experimental groups had seen similar problems in class. The traditional group focused mostly on the procedural knowledge of the concept, whereas the experimental group focused on the conceptual knowledge. Students in the experimental group had seen two and three-dimensional Mathematica demonstrations of examples and non- examples of linearly independent sets, span of sets and bases of vector spaces. The traditional group spent more time on carrying out the procedures on similar questions than the experimental group. On the other hand, the experimental group spent more time on discussing outcomes of demonstrations, and discovering characteristics of the concepts through observing visual outcomes. On the final, the students in the experimental group, unlike those in the traditional group, were allowed to use calculators or Mathematica to carry out the computations or procedures such as row-reduction of matrices. Question 2 stated the following: 

              Given the following vectors in R3.

a=(0,-1,1), b=(2,1,1), c=(2,0,2),  d=(1,0,1)

i. Is the set  {a, b, c} linearly independent (justify your answer)?

ii. What is the dimension of Span{a, b, c}(justify your answer)?
iii. Is the vector (1,2,3) in Span{a, b, c} (Justify your answer)?

The purpose of question 2i was to examine students’ ability to carry out the required procedures, and to see if students could interpret the results of the procedures correctly. 

Table 13a

 Results on the computational (procedural) problem 

  

    Group      n    Means    SD      Median   


     T            26     3.80     1.44       4                

     E            25     3.97     1.36       5                         


Nineteen of the traditional students and ten of the experimental students used the row-reduction procedure to answer the question. In addition, eight students in the experimental group as opposed to two students in the traditional group answered the question by making the observation, without using the row-reduction approach, that the vector c is the sum of the vectors a and b. Furthermore, two students in both groups used the determinant argument (if determinant of the related matrix is zero then the related vectors are linearly dependent). 

On the scores of the question, the difference between the two groups was not significant (t’=-0.39, p= 0.7005, df=49). Table 13a summarizes the results. A non-orthogonal two-way analysis of variance was performed to adjust for the controlled variables; attendance, nationality, gender and ability. Results of these tests were not significant either. The results of the test of treatment effect eliminating the effect of each of the controlled variables are given on table 13b. (Table 13b shows F-values for the treatment effect eliminating the effect of each of the controlled variables). 

Part 2ii of the question aimed at testing students’ ability to combine their conceptual knowledge of linearly independent set and span of a set, with their knowledge of the dimension concept. This question required either conceptual knowledge or procedural knowledge. Students could answer the question by applying the row-reduction procedure of the matrix whose rows consisted of the vectors of the set.

          Table 13b

         Results on the computational problem eliminating the effect of controlled variables.                     

   Controlled     F       p-value         df 

   Variables

   Ability          0.00      0.97         (1,47)

   Nationality   0.03      0.85         (1,48)

   Attendance   0.26      0.61         (1,48)

   Gender          0.51     0.47          (1,48)     


Similar problems were discussed in both groups. The traditional group discussed these types of problems through stating, on the blackboard, the connections between the concepts, whereas the experimental group discussed the connections through seeing concrete visual Mathematica demonstrations.
No significant difference for (= 0.05 was found between the traditional and the experimental groups (t’=0.67, p=0.50, df=48.2). Table 14a summarizes the results.  
       Table 14a

        Results on combining knowledge of linearly independent set, span of a set and

        dimension  

                   Group        n    Mean    SD      Median   

         

                      T            26    2.92      1.44        3                   

     E            25    2.70      1.57        2  


A non-orthogonal analysis was performed to adjust for the controlled variables; attendance, nationality, gender and ability. Results of these tests were not significant either. The results of the test of treatment effect eliminating the effect of each of the controlled variables are given on table 14b. (Table 14b shows F-values for the treatment effect eliminating the effect of each of the controlled variables).

Seven students in the traditional group and six students in the experimental group used row-reduction process to answer the question. Five and eleven students in traditional and the experimental group respectively, referred to their responses on part i, and six students in the traditional and one student in the experimental group answered the question correctly with no explanation. 

The purpose of the question 2iii was to examine students’ ability to use their knowledge of span of a set. This question required conceptual and procedural knowledge, and the use of the definition of the concept; span of a set. Students could answer this question by just using their conceptual knowledge or combining their conceptual and procedural knowledge. 

         Table 14b

          Results on combining knowledge of linearly independent set, span of a set and dimension eliminating the effect of controlled variables

    Controlled       F          p-value         df
    Variables

    Ability             0.85       0.36         (1,47)

    Nationality      0.00       0.98         (1,48)

    Attendance      0.29       0.59         (1,48)

    Gender            0.40       0.52          (1,48)


The traditional group had seen similar questions through using procedures such as the use of row-reduction process. The experimental group was introduced to procedures after covering the related concepts through two and three-dimensional Mathematica demonstrations. Students were first expected to develop their own definition of the concept, and then, they were introduced to the procedures. The traditional group spent more time on learning procedures than the experimental group.

There was no significant difference found between the two groups (t’=0.64, p=0.52, df=46). Table 15a summarizes the results. A non-orthogonal analysis was 

Table 15a

Results on using definition of span of a set

     Group     n    Mean     SD     Median   


      T           26    3.50      1.27      3               

      E           25    3.24      1.58      3     

performed to adjust for the controlled variables; attendance, nationality and ability. Results of these tests showed no significance either. The results of the test of treatment effect eliminating the effect of each of the controlled variables are given on table 15b. (Table 15b shows F-values for the treatment effect eliminating the effect of each of the controlled variables).

          Table 15b

          Results on using definition of span of a set eliminating the effect of controlled variables

  Controlled       F        p-value      df
  Variables

  Ability             0.82     0.36       (1,47)

  Nationality      0.57     0.45       (1,48)   

  Attendance      0.25     0.61       (1,48)

   Gender           1.15     0.28       (1,48) 


Twelve students in the traditional group and six students in the experimental group used row-reduction process to answer the question. Seven students in the experimental group as opposed to one student in the traditional group were able to see that any vector in the span of the set can only be a vector of the form that had non-zero first and second components, but zero third component. Furthermore, three and seven students in the traditional and the experimental groups, respectively, referred back to their responses on part ii to answer the question. Among unrelated responses (i.e. correct answers with wrong reasoning), there were a few responses that seemed to reveal students’ interpretation of the concept. For example, a student from the traditional group wrote down the following as his/her reason to why the vector (1,2,3) was not in the span {a, b, c}:

“    No   -from part ii) we know the dim(span{a,b,c})=2 ( dim(1,2,3)=3 “

As the interviews revealed, this student may as well be considering number of components on a vector as the dimension of the vector space. None of the students in the experimental group stated reasons similar to the one above. However, some of them had incorrect answers due to incorrect responses they gave on the previous parts of the question, or due to algebraic mistakes in carrying out the row-reduction process. One should also note that there were six students in the traditional group and three in the experimental group whose responses for part 2i were correct, but had incorrect responses for part 2ii. There were also three students in the traditional group (none in the experimental group) who had correct responses for part 2ii, but had incorrect responses for 2i.

     Question 3

 Question 3 was given on the second exam. The purpose of the question was to examine students’ concept images of linearly independent sets and spanning sets. The question also tested how students were recalling, and interpreting the formal definitions of the concepts. Both groups had seen the formal definitions. The experimental group had seen the definitions while going through various Mathematica demonstrations, and discovering some of the characteristics of the concepts through observing, and discussing the outcomes of the demonstrations. The traditional group had first seen statements of the formal definitions, and then, continued with related proofs. These students were expected to discover characteristics of the concepts through proving related statements. Question 3 stated the following:

Define the following terms, and give an example for each term.

a. Linearly independent set

b. Spanning set

The experimental group had seen demonstrations that attempted to show relationships between the solution of the abstract vector equation used in the formal definition of the concept; linearly independent set, and linear independence of the sets. To achieve the goal, students in the experimental group were given two and three dimensional visual representations of vectors whose positions were shown with respect to each other (see Appendix C for a sample demo), and asked to solve related linear vector equations by tracing through the vectors’ visual representations.  

Difference between the two groups on the definition of a linearly independent set was not significant (t’=-0.26, p=0.792, df=51.9). Table 16a summarizes the results.  A non-orthogonal two-way analysis of variance was performed to adjust for the controlled variables; attendance, nationality, gender and ability. Results of these tests were not significant either. The results of the test of treatment effect eliminating the effect of each of the controlled variables are given on table 16b. (Table 16b shows F-values for the treatment effect eliminating the effect of each of the controlled variables).

Table 16a

 Results on definition of linearly independent set

          

    Group      n     Mean      SD     Median  


       T          28      3.75      1.35     4                  

       E          26      3.84      1.31     4   


 There were two approaches that the students in both groups used to answer this question. Seven students in the traditional group and eight students in the experimental
     group used the formal definition of the concept, and 14 traditional students and 10
Table 16b

Results on definition of linearly independent set eliminating the effect of                             

Controlled variables

  Controlled       F           p-value        df 

  Variables

   Ability            2.34       0.13           (1,49)      

   Nationality      0.00       0.99          (1,50)     

   Attendance     0.03       0.85          (1,50) 

   Gender            0.00       0.96          (1,50)    

   

experimental students used the informal definition of the concept. Here is a typical informal definition given by some students:

“ A set of vectors is linearly independent if none of the vectors in the set can be written as linear combinations of the other vectors in the set.” 

There were also different terms used in stating the informal definition such as “representing a vector in terms of the others”,  “obtaining one from the others “, and

    “ writing a vector in terms of  the others “.

 Interviews with a few students from both groups revealed that students may be able to write either formal or informal definition of the concept, however, they may still lack on conceptual understanding of the concept. One student during the interview geometrically interpreted the definition of the concept as those vectors that had nonzero angles in between, and another interpreted it as those vectors whose angles in between were exactly 90 degrees.  Both students were, however, able to recall the algebraic definition of the concept correctly. Students in the experimental group had written similar definitions for the concept, but they seemed to have better geometric understanding.  

The question 3b examined students’ concept image of spanning set. The traditional group had only seen the formal definition of the related concepts, and continued with related proofs. These students were expected to discover characteristics of the concepts through understanding the formal definition and through writing proofs. On the contrary, the students in the experimental group were exposed to two and three dimensional Mathematica demonstrations of the concepts (see Appendix C), and they were expected to discover characteristics of the concepts through their visual demonstrations. 

Students in both groups had similar responses to this question. A typical response was:

“A spanning set is a subset of a vector space in which all vectors of the vector space can be written as linear combinations of the vectors of the set “. 

There were also slightly different statements of the concept such as “ A spanning set is a set that spans the vector space”, and “ a spanning set S is a set such that Span(S)=V” (V was not defined, the investigator assumed that students were using V to represent a vector space ).  

Table 17a

 Results on definition of spanning set

                                                                                                                                                           

    Group     n       Means    SD      Med.                                             

    T            28     3.42     1.50       3.5                   

    E            25     3.10     1.39        3 


 There was no significant difference (t’= 0.98, p=0.334, df=50.9) between the two groups on the question stating definition of a spanning set. Table 17a summarizes the results. After a non-orthogonal two-way analysis of variance was performed to adjust for the controlled variables; attendance, nationality, gender and ability, no significant difference was found between the two groups. The results of the test of treatment effect eliminating the effect of each of the controlled variables are given on table 17b. (Table 17b shows F-values for the treatment effect eliminating the effect of each of the controlled variables).

         Table 17b

         Results on definition of spanning set eliminating the effect of controlled variables

   Controlled        F        p-value      df   

   Variables 


   Ability            2.82     0.099         (1,49)     

   Nationality     0.16     0.688         (1,50)    

   Attendance     0.77     0.385        (1,50) 

   Gender           0.58     0.45           (1,50)

     Question 4    

 Question 4 was aimed at examining students’ ability to apply their knowledge of the concepts; linearly independent set, span of a set and dimension of a vector space, to linear transformations. The question was given on the third exam. Both groups had seen similar questions. The experimental group also had seen two and three-dimensional demonstrations of domain, range and kernel of linear transformations. They discussed dimension and bases of subspaces through the demonstrations. They were given the demonstrations and asked to answer related questions such as dimension of kernel of a transformation based on two and three- dimensional graphs. At that level, students were not given algebraic descriptions of the concepts. Their answers were based only on the graphs. Both groups had seen the effects of elementary matrices as linear transformations on basic geometric shapes such as unit squares and triangles. The traditional group had seen two-dimensional drawings of the shapes on the blackboard, whereas the experimental group had seen two- and three-dimensional colored graphs through Mathematica notebooks. They also had chances to observe the effects of their own examples of matrices on the basic geometric shapes.  

The experimental group, by tracing through each color, had observed how linear transformations were mapping points on lines. They also, by observing the paths of colors, discussed kernel, domain, range and their dimensions. Through observations, students attempted to write algebraic descriptions of kernel and range of linear transformations. 

         On the other hand, the traditional group had first seen procedures to write algebraic descriptions of the concepts, and expected to learn more about these concepts through these descriptions. Question 4 stated the following:

           

        Given a linear transformation T: R3->R2 by T(v)=A v  where  

a. Find a basis for Ker(T)

b. What is the dim(Image(T)) (Justify your answer)?

Question 4a was aimed at testing students’ ability to combine their knowledge of basis with kernel of linear transformations. This question could be done by use of a procedure (row-reduction process), and a basis could be found by interpreting algebraic description of the kernel. Furthermore, an algebraic description for a kernel could be obtained through the row reduction process.

The results of the data analysis did not show any significant difference (t’= 0.84, p=0.407, df=42.5) between the two groups on the question that examined students’ ability to write a basis for the kernel of the given linear transformation.
Table 18a

Results on linear transformations and vector spaces 

   Group        n    Means    SD     Median   

      

      T           28   3.20        1.19     3

      E           22   3.00        1.34     3    


Table 18a summarizes the results. A non-orthogonal analysis of variance performed to adjust for the controlled variables; attendance, nationality, gender and ability showed no significant difference. The results of the test of treatment effect eliminating the effect of each of the controlled variables are given on table 18b. (Table 18b shows F-values for the treatment effect eliminating the effect of each of the controlled variables).

                     Almost all of the students in the traditional and the experimental groups used the row-reduction procedure mentioned above. In both groups, some arrived at a slightly different answer due to algebra mistakes. Seven students in the traditional group and one student in the experimental group, even though they arrived at a correct description of the kernel, interpreted the description incorrectly. For example, one of

Table 18b

Results on linear transformations and vector spaces eliminating the effect of controlled variables.

  Controlled        F        p-value      df
   variables 

  Ability             2.94     0.09        (1,46)       

  Nationality      1.61     0.20        (1,47)

  Attendance      0.13     0.72        (1,47) 

  Gender            0.40     0.52        (1,47)  

these students stated the following:

“...Let z = t, y = t, x = -2 t. Ker(T)={ t(-2,1), t (R } ( a basis for 

ker(T) = {(-2,1)}.”

There was also wrong use of notations in both groups. 

Question 4b had a purpose similar to that of the question 4a. The purpose was to test students’ ability to apply their knowledge of vector space concepts to linear transformations. The difference between the two questions is that question 4b required more conceptual knowledge than procedural knowledge. Question 4a could be answered by applying a procedure, whereas there was no procedure given in both sections for question 4b type. Students, however, could use their knowledge of dimension of kernel of the linear transformation whose basis was given in part 4a.           Students in the traditional group had seen the concepts; dimension and range of linear transformations, in their abstract forms as stated on the blackboard. The connection between dimension and range had been discussed through the theorem stated below:
“  Let T:V->W be a linear transformation from an n-dimensional vector space V into a vector space W. Then the sum of the dimensions of the range and kernel is equal to the dimension of the domain. That is,

rank(T)+nullity(T)=n  or  dim(range)+dim(kernel)=dim(domain)“ 

and through an observation:

“ For a linear transformation T: Rn->Rm given by T(x)=Ax for an mxn matrix A,  dim(domain(T))=number of columns of A. “

Students in both groups were expected to combine the two to be able to answer the question. Contrary to the traditional students who were introduced to the theorem 

through its abstract statement, before the students in the experimental group were given the abstract statement of the theorem, they had gone through visual Mathematica activities, and attempted to discover the theorem with the guidance of their instructor. These activities consisted of two- and three-dimensional demonstrations of linear transformations. Furthermore, as each demo was ran, students were asked to decide on the domain, range and kernel of the linear transformations, and their dimensions based on the graphical representations. These students used terms such as “ input space “ for domain of linear transformations and “ target space” for the vector spaces into which the vectors in domains were mapped. 

The differences on the students’ scores between the two groups were significant (t’=-2.01, p=0.049, df=47.1). Table 19a summarizes the results.  

Table 19a

 Results on linear transformations, images and dimensions

    Group       n    Means    SD       Median   

             

     T             28    2.07       1.08       2.5                     

     E             22    2.59       0.73         3                            


  Table 19b

 Results on linear transformations, their images and dimension eliminating the effect of controlled variables

 Controlled        F    p-value     df

 Variables 

 Ability            4.41   0.04       (1,46)                 

 Nationality     4.80   0.033     (1,47) 

 Attendance    5.02    0.029    (1,47)    

 Gender            4.41   0.04       (1,47)     


             A non-orthogonal two-way analysis of variance was performed to adjust for the controlled variables; attendance, nationality, gender and ability. The results of these tests were also significant. The results of the test of treatment effect eliminating the effect of each of the controlled variables are given on table 19b. (Table 19b shows F-values for the treatment effect eliminating the effect of each of the controlled variables).

Question 5

The purpose of the question 5 was to examine whether students could write proofs for statements that required only the conceptual knowledge of the concepts; linearly independent sets and span of sets. This question was a strictly conceptual question. Students in both groups discussed connections between linearly independent sets and span of sets. The traditional group discussed the connections through algebraic statements on the blackboard, and the experimental group discussed these on their two- and three-dimensional visual Mathematica demonstrations. A typical demo started out with either set of linearly independent vectors or dependent vectors, and showed students their spans. Through these, students were expected to make observations on implications such as if the set was linearly independent then span of the set would have the dimension defined by the number of vectors in the set. They also were expected to observe that each vector in a linearly independent set created one dimension of the resulting vector space. Question 5 stated the following:

Suppose that Span v1, v2, v3, …, vn}=V  and  w is a  vector  in V.

Is the set { v1, v2, v3, …, vn,  w}  linearly independent ( Justify your answer)?

There was no significant difference (t’=-0.18, p=0.857, df=51.9) between the traditional group and the experimental group on the question that tested students’ ability to use their knowledge of basic vector space concepts to write related proofs. However, the results showed that the mean scores differed by 0.09 were favoring the experimental group. Table 20a summarizes the results. Also, there was a non-orthogonal analysis of variance performed to adjust for the controlled variables; attendance, nationality, gender and ability. The results of these tests showed a significant difference between the two groups testing the treatment effect eliminating the effect of the controlled variable ability. There was, however, no significant difference found for the tests of treatment effect eliminating the rest of the controlled variables. The results of the test of treatment effect eliminating the effect of each of the controlled variables are given on table 20b. (Table 20b shows F-values for the treatment effect eliminating the effect of each of the controlled variables).

To show that the resulting set was linearly dependent, four students in the traditional group and one student in the experimental group incorrectly used the

Table 20a

 Results on vector spaces and proofs   

     Group     n    Means    SD      Median   

        

     T            28      3.03    1.71      3                     

     E            26      3.12    1.53      4                             

 

argument; “ Since the set has one more vector, it is linearly dependent.” Even though, adding one more vector to an independent set may not, necessarily, result in a linearly dependent set. For example, one may consider V = Span {(1,0,0),  (0,1,0)} and adding the vector, (0,0,1), in to the set {(1,0,0), (0,1,0)}, will not make the set linearly 
              Table 20b

 Results on vector space and proof eliminating the effect of

               controlled variables 

 

  Controlled       F         p-value     df
  Variables 

  Ability            5.75      0.02      (1,48)           

  Nationality     1.03      0.316    (1,49) 

  Attendance     2.56      0.11      (1,49)   

  Gender           1.18       0.28      (1,49)  

dependent. Those who used the argument of number of vectors in the set did not state the fact that the vector was chosen from the span of the set therefore the resulting set was linearly dependent. Furthermore, eight students in the traditional group and four students in the experimental group attempted to apply the formal definition of linearly independent sets, and one student in the traditional group left out the question.
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