CHAPTER V

RESULTS AND CONCLUSIONS

The purpose of the study was to compare two ways of teaching first year linear algebra to students. 

Conceptual Comparison: Hypothesis 1

Hypothesis 1 stated that there are no statistically significant differences between the control and experimental groups on the conceptual test scores. To investigate the hypothesis, four sub hypotheses were studied.

Sub hypothesis 1a stated that there are no statistically significant differences between the control and experimental groups on scores for the question addressing whether students can recognize a 2x2 matrix as an object of a given set, and be able to write a related proof.  

Students in the experimental group did significantly better on the conceptual part of the question (part b) where there was no procedure given. The interviews also indicated that the students in the experimental group were better at recognizing objects of given subsets of vector spaces, which may be the reason for the significant result favoring the experimental group.

 The first part (part a) of the question could be done through a procedure given in both groups. The majority in both groups used the procedure to write a proof. The traditional group did slightly better at this question, but, the difference was not significant. The interviews also revealed that students could produce proofs for these types of questions without conceptual understanding of the subspace concept. 

Sub hypothesis 1b. There are no statistically significant differences between the control and the experimental groups on scores for the question addressing students’ concept images of linear independence and spanning set.

Even though this question was given to test students’ concept images of linear independence and spanning set, the interviews indicated that students’ responses did not seem to reveal their understanding of the concepts. The interviews showed that it is highly likely for students to produce formal or informal definitions of the concepts through memorization, and they may still not have conceptual understanding. 

The two groups seem to answer this question equally well. The results showed no significant difference on students’ scores.

Sub hypothesis 1c. There are no statistically significant differences between the control and experimental groups on scores for questions connecting a linearly independent set and a spanning set. 

The problems on dimension and basis were aimed at testing students’ ability to connect their knowledge of linear independence and spanning set. 

Even though for this hypothesis, problems were given to test students’ conceptual understanding of the concepts, the investigator observed that the majority of students in both groups used a row reduction approach (a procedure) to answer the problems. These questions also required students to interpret the outcomes of the procedures correctly. Students could interpret the results by recalling similar problems done in class, and still have no conceptual understanding of the concepts. Students in both groups seemed to have done equally well on these problems. The difference between students’ scores was not significant. Hence, the hypothesis is retained. There seems to be no significant difference between students’ ability to connect the two concepts. 

Sub hypothesis 1d. There are no statistically significant differences between the control and experimental groups on question connecting span of a set and writing a proof showing a set is linearly dependent.

The experimental group was slightly better on this question. However, the difference was not significant. The visible difference between responses of the two groups was that many of the students in the traditional group seemed to answer this question by incorrectly recalling theorems covered in class. This also seemed to indicate that some of their recollection was through memorization. On the other hand, students in the experimental group seemed to answer the question based on their understanding, not through memorization

Computational (Procedural) Comparison: Hypothesis 2.

Hypothesis 2 stated that there are no statistically significant differences between the traditional and the experimental groups on scores for computational (procedural) questions.

Computational questions were mostly those that required use of procedures; they required students to be able to carry out procedures correctly. On these questions with the exception of question 2i, the traditional group was slightly better. This can be attributed to the fact that the students in the traditional group, contrary to those in the experimental group, spent more time on carrying out procedures. However, there was no significant difference on students’ scores between the two groups. On question 2i, on the other hand, the experimental group was slightly better. No significant difference was found either.

Application of Concepts: Hypothesis 3.
Hypothesis 3 stated that there are no statistically significant differences between the control and experimental groups on scores for questions connecting linear transformations and spanning sets. 

The experimental group did significantly better on part b of this question. This question was also a conceptual type question; there was no procedure given in class for this type of questions. It required conceptual understanding of the kernel concept, and required for students to be able to correctly recognize the space where the kernel of the transformation is.  

On the scores for part a of the question, students in both groups seemed to do equally well. There was no significant difference between the two groups. Most students in both groups answered the question by using a procedure given in class. Over all, the results indicate that the experimental group did better on the conceptual questions for which no procedure was given in class. On questions that required procedural knowledge, students in both groups did equally well. There were also questions that required both procedural and conceptual knowledge. There was no significant difference between the two groups on these questions either.

Interviews indicated that better research questions should be used to understand students’ understanding of basic linear algebra concepts. The questions used in this study may not be revealing students’ conceptual understanding. For instance, students may answer the question 2 correctly by carrying out the related procedures, but they may still not have good conceptual understanding. This seemed to appear on responses through memorization. Interviews and students’ responses on the post questions indicated that memorization seemed to happen mostly among traditional students. Questions like the last question on the post questionnaire, if given on interviews, might help better understand students’ perception of the basic concepts. 

Non-Hypothesized Visual-Oriented Question

A non-hypothesized visual question was given on the post questionnaire. It was aimed at testing students’ graphical understanding of linear independence. The investigator found that the students in the experimental group did much better on this question than those in the traditional group. Comparing students’ performances on the post question tested students’ concept image, and on the non-hypothesized visual question, the investigator found that the experimental group, contrary to the traditional group, did equally well on both questions. Even though the traditional group did slightly better on the related post questions than the experimental group, they did poorly on the visual question. The interviews also supported these findings; those who learned the formal definitions symbolically seemed to misinterpret definitions, and also seemed to insist on using their misinterpretations (Edwards, 1997).  

Discussion

Previous studies suggested that linear algebra students experience difficulties understanding abstract definitions of basic linear algebra concepts (Hillel and Sierpienska, 1994; Arshavsky 1999). The present study, by including a new learning style, went one step ahead and investigated students’ understanding on questions similar to those used in previous studies. Mathematica was implemented in one of the sections compared in this study. Students’ responses in each group were compared to test the effect of the implementation on students’ understanding of basic linear algebra concepts. 

The investigator found that the implementation of the technology helped ease some of the learning difficulties. It seemed to help students conceptually understand the abstract definitions better. The investigator also found that students in the experimental group made fewer definition-related errors than those in the traditional group. These students in the experimental group seemed to make better judgments based on abstract definitions whereas the students in the traditional group seemed to repeat what was memorized. These students in the traditional group also seem to insist on using the results of theorems, and mostly recall them incorrectly.

From the interviews and the analysis of the post questions, the investigator found that even though students in the experimental group had better conceptual understanding of the basic concepts and definitions, they were not as good at procedural knowledge. However, they, compared to the students in the traditional group, did equally well on the procedural questions too. Some students in the experimental group expressed that they would like to have little more time on learning procedures. They indicated that they had to spend little more time to learn the procedures by themselves, which, they stated, was frustrating at times.

Use of correct terms among the experimental group seemed to be another issue that should be mentioned here. These students seemed to come up with their own terminology, and use them correctly. To the investigator, this result is not surprising. Since these students were mostly exposed to Mathematica notebook demonstrations of the basic definitions, it was expected that the students would adopt terms they saw happening in these demonstrations. These terms seemed to stay with them longer than the book notations that were introduced afterward. Comparing both groups, letting students make their own terminology, as long as it is done correctly, seemed to be more helpful on understanding the concepts involved than asking students learn the terms as the related definitions are introduced. 

           The experimental group also indicated that the textbook used in this class did not go parallel with the Mathematica notebooks. If a right book, they stated, were used, the Mathematica activities would be more helpful on learning the basic concepts. Both groups, however, expressed that homework assignments were harder than the examples given in class. The investigator thinks that this should not be considered as an effect of the implementation. Responses to the question on whether there should be a lab section for Mathematica activities were mixed. Half the class stated that activities should be covered during class time as the concepts are introduced, and the other half stated that having activities during class time was destructive so they should be covered in a laboratory environment where there is no lecturing involved.

Implementation of Mathematica (it should be noted that two different instructors taught the classes. Thus, this fact may have also had influence on students’ motivation) seemed to have positive effect on students’ motivation. More students in the experimental group indicated that they enjoyed the class than the number of traditional students with the same opinion. The experimental group thought that Mathematica activities were more helpful than lectures. The investigator does not find the result surprising since most of the learning was done through Mathematica activities, and lecturing was done at a minimum level.

The interviews indicated that Mathematica activities may have long-term effect on remembering the basic concepts. The experimental group indicated that they would remember the basic definitions in long-term (The investigator feels that this should be further investigated) whereas the traditional group could not remember the definitions during the interviews even though they had an exam the next day based on these definitions. They indicated that they would, a night before the exam, sit down and memorize them. It should be noted here that these students were mostly “B” students. Here is an outline of some of the indications the investigator observed.

· The notations and symbols do not seem to be affecting students’ learning of the basic concepts, assuming the concepts are learned first, not their abstract definitions.

· Students in the group with technology implementation still seem to need more in-class time on learning procedures.

· Over all, technology seems to have positive effect on learning concepts, but not procedures.

Recommendations

The results of this study lead to five main recommendations on teaching linear algebra with technology:

· Enough time should be spent on covering procedures.

·  Better computer systems should be used to control students’ activities on their computers during lectures.

· One should use laboratory settings that meet basic learning requirements such as allowing eye contact with students, and having less distance between the instructor and the student sitting at the back of the classroom.

· Computers with enough memory to handle visual-based activities should be used.

· Enough emphasis should be given to students’ previous misconception of the vector concept.

Future Research Questions

While this study addressed several issues in its area of concern, many issues remain to be addressed. These include:

· There is a need for further study with a change of the textbook to one that goes hand in hand with the implementation.

· Some of the questions used in the study did not seem to reflect students’ conceptual understanding, hence there is a need to repeat the study with questions better reflecting students’ conceptual understanding.

· There is a need to investigate the long-term effect of the implementation. The present study addressed only comparatively short-term effects.  

Threats to Validity

There are several issues that can be threats to validity of the research. These threats can be listed as history, maturation, selection, experimental mortality, diffusion of treatments, compensatory equalization of treatments, compensatory rivalry by subjects and resentful demoralization of subjects.

  The first threat is history. This occurs when an event not part of the treatment takes place between the pretest and the posttest. Both groups experienced the same external events. Internally, the experimental group experienced two changes of classrooms and computer malfunctions throughout the semester. No extraordinary event occurred in the traditional group. The internal events occurred in the experimental group may have affected the results of the study. Hence this is probably one of the serious threats occurring in this study.

  The other serious threat is selection. This threat occurs when different types of people enter each group. The two groups had unequal number of American and non-American students. Compared to the traditional group, the experimental group had more international and female students. The traditional group on the other hand had more American students. Additionally, the two groups were not equal on number of students who liked algebra, and students with experience in use of technologies. The experimental group had more students who stated that algebra is their favorite subject, and also had more students with less experience with use of technologies. Even though, students were informed of the nature of the experimental group, and told, at the start of the semester, that they could change sections without penalty, the investigator did not observe any transfer between the sections.  It should be noted that the two groups did not differ significantly on their pretest scores. 

Experimental mortality occurs when subjects do not complete the study.

     This threat is plausible in this study because subjects were able to drop the course during the first two-thirds of the study. Students in the experimental group dropped the course during the first week of the semester. In the traditional group, students dropped or changed from credit to audit later in the semester, and those who dropped the course were failing the course at the time of the drop.   

Another threat to validity is diffusion of treatments. This threat occurs when subjects in two groups communicate with each other. The investigator did not find any indication that there was communication between the two groups.  

Compensatory rivalry occurs when subjects in the traditional group become motivated to diminish the expected differences between the experimental and the traditional groups. There was no evidence of this threat found in this study. The traditional group was not told that the experimental treatment was better.

Compensatory equalization of treatments may have occurred because the post questions were discussed with the instructors. It is possible that both instructors chose problems of similar types to discuss in class. The investigator observed that the instructor in the traditional group went out of his/her way to give some graphical demonstrations of concepts to compensate the traditional group for not receiving the treatment. However, these demos were restricted to the blackboard drawings. The magnitude of effect of this compensation can not be determined. This threat was a concern of the study. 

The last threat of the list is resentful demoralization of subjects. This threat occurs when subjects in the traditional group intentionally perform poorly. No evidence of this threat appeared to the investigator.

In short, there are some threats to the internal validity of this study, specifically, history, selection, mortality, and compensatory equalization of treatments. Selection appears to be the most serious one, and the one most difficult to control in this type of study. One solution to reduce these threats would be to repeat the study in a true experimental format, specifically with random assignment of subjects. However, in this setting, random assignment of subjects would be difficult, while maintaining the other characteristics of the study.

The threats of history and compensatory equalization of treatments can be reduced easily. Not repeating computer-related problems, the threat of history can be reduced. One way to deal with the threat of compensatory equalization of treatments is to make sure the instructors see post questions while given on the test, not before. Assigning one instructor for both groups might be an alternative to reduce the threat. However, it is possible that even this one instructor may, unintentionally, feel for the students in the traditional group, and try to compensate for the treatment.

                                          Conclusion

  The present study found evidence that the experimental group performed significantly better than the traditional group in tasks involving only conceptual knowledge. The most noticeable differences in understanding were found in applying basic vector space concepts into linear transformations, also found in writing bases for subspaces by recognizing objects of the subspace as vectors. No significant evidence was found to support the belief that the experimental group performed less well than the traditional group in questions that required procedural knowledge or in questions that required both procedural and conceptual knowledge. 
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