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All the contextualized problems in this 
presentation are from this article in 



Outline of Presentation

• Proportional Reasoning & Beginning Algebra

• Connecting Proportion to Algebra

• Pedagogical Suggestions

– Focus on Co-variation and Invariance

– Use of Non-proportional Situations



Proportional Reasoning

• Missing-value problems
Two different candles, P and Q, lighted at the same time were burning at 
different, but constant, rates.  When candle P had burned 16 mm, candle Q 
had burned 10 mm. When candle Q had burned 35 mm, how many mm 
would candle P have burned?

• Strategy 1: Setting up a proportion

Is this student reasoning proportionally? 

How do you think the student will solve this problem?

Two identical candles, A and B, lighted at different times were burning at 
the same constant rate.  When candle A had burned 20 mm, candle B 
had burned 12 mm. When candle B had burned 30 mm, how many mm 
would candle A have burned?



• Missing-value problems
Two different candles, P and Q, lighted at the same time were burning at 
different, but constant, rates.  When candle P had burned 16 mm, candle Q 
had burned 10 mm. When candle Q had burned 35 mm, how many mm 
would candle P have burned?

• Strategy 1: Setting up a proportion

• Strategy 2: Coordinating quantities
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Which strategy demonstrates proportional reasoning?    

Proportional Reasoning



Beginning Algebra

• Solving Linear Equations

– One-step:   3x = 20    or  x + 8 = 20

– Two-step:   3x + 8 = 20 

– Multi-step:  3x + 8 = 4(x – 3)

• Representing and Understanding Linear Functions
– Equation form (e.g., y = 3x + 8)

Graphical form
Numerical form 

– Slope 
y-intercept 



Proportion

Proportion-Algebra Connection 

Beginning Algebra

a x

b d
= y = mx + b

y = mx

Co-variation

Invariance
&



Pedagogical Suggestions

(a) Identify the quantities in this problem. 

Two different candles, P and Q, lighted at the same time were burning at 
different, but constant, rates.  When candle P had burned 16 mm, candle Q 
had burned 10 mm. When candle Q had burned 35 mm, how many mm 
would candle P have burned?

These are values of quantities, 
not quantities!

16 
35 
10 

?
The length burned for candle P at the first moment. (known) 

The length burned for candle Q at the first moment. (known) 
The length burned for candle Q at the second moment. (known) 

The length burned for candle P at the second moment. (unknown) 

• Build on Proportional Missing-value Problems

 Identifying quantities that change (i.e. variables)

mm
mm
mm These are numbers, 

not quantities!



Pedagogical Suggestions

• Build on Proportional Missing-value Problems

 Identifying quantities

(a) Identify the quantities in this problem. 

Two different candles, P and Q, lighted at the same time were burning at 
different, but constant, rates.  When candle P had burned 16 mm, candle Q 
had burned 10 mm. When candle Q had burned 35 mm, how many mm 
would candle P have burned?

that change (i.e. variables)
and how those quantities are related

(b) Let p represent the number of mm that candle P had burned when 
candle Q had burned q mm. Write an equation to relate p and q. 

 Focusing on Co-variation and Invariance

Students need to mentally act out the problem situation.

Encourage them to draw diagrams.



Which candle is skinner?

a. Candle P 

b. Candle Q

c. The same

P Q

16 mm 10 mm

1st moment

Two different candles, P and Q, lighted at the same time were burning at different, 
but constant, rates.  When candle P had burned 16 mm, candle Q had burned 10 
mm. When candle Q had burned 35 mm, how many mm would candle P have 
burned?

Whenever appropriate, pose questions to make students think.



P Q P Q

10 mm16 mm

P
Q

35 mm
?

Initially 1st moment 2nd moment

What is invariant in this problem? 

Two different candles, P and Q, lighted at the same time were burning at different, 
but constant, rates.  When candle P had burned 16 mm, candle Q had burned 10 
mm. When candle Q had burned 35 mm, how many mm would candle P have 
burned?

The burning rate of each candle.



Initially2nd moment

What is invariant in this problem? 

1st moment

Two different candles, P and Q, lighted at the same time were burning at different, 
but constant, rates.  When candle P had burned 16 mm, candle Q had burned 10 
mm. When candle Q had burned 35 mm, how many mm would candle P have 
burned?

The burning rate of each candle.



Initially 2nd moment

What is invariant in this problem? 

Two different candles, P and Q, lighted at the same time were burning at different, 
but constant, rates.  When candle P had burned 16 mm, candle Q had burned 10 
mm. When candle Q had burned 35 mm, how many mm would candle P have 
burned?

The burning rate of each candle.



P Q

Initially

P
Q

2nd moment

What else is invariant in this problem? 

The ratio of 16/10 is invariant.

What does the ratio 16/10, or the value 1.6, represent?

Two different candles, P and Q, lighted at the same time were burning at different, 
but constant, rates.  When candle P had burned 16 mm, candle Q had burned 10 
mm. When candle Q had burned 35 mm, how many mm would candle P have 
burned?



Length (mm) 
Burned by 
Candle P

0 1.6 16 x

Length (mm) 
Burned by 
Candle Q

0 1 10 35

Length (mm) 
Burned by 
Candle P

0 1.6 3.2 4.8 6.4 8 16 32 48 x

Length (mm) 
Burned by 
Candle Q

0 1 2 3 4 5 10 20 30 35

Two different candles, P and Q, lighted at the same time were burning at different, 
but constant, rates.  When candle P had burned 16 mm, candle Q had burned 10 
mm. When candle Q had burned 35 mm, how many mm would candle P have 
burned?

Candle P burned 1.6 mm for every 1mm burned by Candle Q.

What else is invariant in this problem? 

The ratio of 16/10 is invariant.

What does the ratio 16/10, or the value 1.6, represent?

p

q

q p

(b) Let p represent the number of mm that candle P had burned when 

candle Q had burned q mm. Write an equation to relate p and q. 

= 1.6



Pedagogical Suggestions

• Build on Proportional Missing-value Problems

 Focusing on co-variation and invariance

 Making connections among various representations



(c) How else can we show the relationship between the variables? 

Time

Length burned (mm)

35

10

16

Candle P

Candle Q

x

1st Moment 2nd Moment

Two different candles, P and Q, lighted at the same time were burning at different, 
but constant, rates.  When candle P had burned 16 mm, candle Q had burned 10 
mm. When candle Q had burned 35 mm, how many mm would candle P have 
burned?



Pedagogical Suggestions

• Build on Proportional Missing-value Problems

 Focusing on co-variation and invariance

 Making connections among various representations

 Interpreting slope meaningfully



Time

Length burned (mm)

35

10

16

Candle P

Candle Q

x

1st Moment 2nd Moment

What does the slope represent of each line represent?
The burning rate for each candle (value is unknown).    

How are the slopes related? 

10
16

T1

Candle P burned 1.6 times faster than Candle Q.

Slope of line for Candle P is 1.6 times that of Candle Q.

16

T1

10

T1

&

16 1.6

10 1
=

16

T1

10

T1

=



Pedagogical Suggestions

• Build on Proportional Missing-value Problems

 Focusing on co-variation and invariance

 Making connections among various representations

 Interpreting slope meaningfully

 Recognizing that ratio is invariant

16 35

10 x
=

16 p

10 q
=



p = 1.6q 16 35

10 x
=

10
16

Time

Length burned (mm)

10

16

35

Candle P

Candle Q

x

1st Moment 2nd Moment

x

35
=

p

q
=

p

q

16 1.6

10 1
=

x

35p

q



Pedagogical Suggestions

• Build on Proportional Missing-value Problems

 Focusing on co-variation and invariance

 Making connections among various representations

 Interpreting slope meaningfully

 Recognizing that ratio is invariant

• Include Non-proportional Missing-value Problems

“Part of understanding [proportionality] is knowing 
what it is not and when it does not apply.”     

(Lamon, 2007, p. 647)



Pedagogical Suggestions
Two identical candles, A and B, lighted at different times were burning at 
the same constant rate.  When candle A had burned 20 mm, candle B 
had burned 12 mm. When candle B had burned 30 mm, how many mm 
would candle A have burned?

 Invariant Difference

20 – 12 y – x = 8

(i.e., a linear function with a slope of 1)

• Include Non-proportional Missing-value Problems

8 mm difference

30 – x =



Pedagogical Suggestions
A candle is burning at a constant rate. 
When it has burned 30 mm, its height is 75 mm.
When it has burned 60 mm, what is the candle’s height?

 Invariant Difference

30 + 75 y + x = 105 

• Include Non-proportional Missing-value Problems

 Invariant Sum (i.e., a linear function with a slope of -1)

Original height of 105 mm

60 + x =



Pedagogical Suggestions
An altar in a church needs to be lighted, one special candle at a time 
continuously for a week-long festival.  If the church uses special 
candles that last 7 hours each, then the church needs 24 such candles. 
If the church uses special candles that last 8 hours each, 
how many such candles will the church need?

 Invariant Difference

x 8 = 24 7 xy = 168 

• Include Non-proportional Missing-value Problems

 Invariant Sum

 Invariant Product (i.e., a reciprocal function)



Pedagogical Suggestions

• Build on Proportional Missing-value Problems

 Focusing on co-variation and invariance

 Making connections among various representations

 Interpreting slope meaningfully

 Recognizing that ratio is invariant

• Include Non-proportional Missing-value Problems

 Invariant Difference

 Invariant Sum

 Invariant Product



• Invariant Quantity

• Invariant Difference

• Invariant Sum

• Invariant Product

Types of Non-proportional Missing-value Problems



• Invariant Quantity

• Invariant Difference

• Invariant Sum

• Invariant Product

Types of Non-proportional Missing-value Problems

• Invariant Shape (e.g. enlargement involving area)

Area
7 cm2

5 cm

12 cm

Area
x cm2

12
5

= 
x
7

2



• Invariant Quantity

• Invariant Difference

• Invariant Sum

• Invariant Product

Types of Non-proportional Missing-value Problems

• Invariant Shape (e.g. enlargement involving area)

• Affine Function (y = mx + b)

2 tables
10 chairs

6 tables
x chairs



• Other Non-linear Function

If the number of bacteria multiplies by a factor of 4 every 10 minutes, then 
the number of bacteria will multiply by a factor of __ every 20 minutes.

• Invariant Quantity

• Invariant Difference

• Invariant Sum

• Invariant Product

Types of Non-proportional Missing-value Problems

• Invariant Shape (e.g. enlargement involving area)

• Affine Function (y = mx + b)


