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A paper providing all the filler details, background, and cited sources is 

currently in preparation.
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And so, in order to talk seriously about mathematics and how it is 

learned by young mindsðand, especially, about ñmathematical habits 

of mindò ð we must talk at least a bit about the nature of those minds.
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*ALL* learning involves the building and adjusting of categories one 

abstracts from experiences around one. This is most easily noticed with 

children before they get to school, who experience a veritable tsunami 

of chaotic sensory input, filter and classify it in various ways, attach 

arbitrary sounds (words) to bits and pieces of it, and make all kinds of 

observations and claims that only they would ever have thought of.  

This is an act of abstraction and knowledge building not anywhere 

nearly as orderly as what we do in mathematics, but represents the 

mental ability without which mathematics would be impossible. 

Mathematics is a refinement of, not a departure from, this early 

abstraction which is absolutely natural and universally built in as our 

evolutionary version of teeth and claws.

Last bullet: orientation of objects is irrelevant (regardless of spatial 

orientation, the object is recognized as the same) in *all* of life. Except 

print! In print, b, p, q, and d are not the same object, despite being the 

same shape rotated or reflected, and WAS Í SAW. Mathematical 

concepts (at least through early high school) mostly behave according 

to the physical world, with order and orientation playing only the roles 

they do with objects. Mathematical notation (a syntactic world) is where 

one must think twice about order. Commutative property is not about 

shoving objects together in either order on a table: it is a property of 

abstract tokens in a logical system. The ñsemantic senseò of addition 

having this property can be illustrated by moving objects, and that is all

that should probably be done with children, but the value is only to help 

them realize that the newly (and painfully) discovered departure of the 
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Before ñconservation of numberò begins to kick in (roughly between 

ages 4 and 6), quantity isnôt always stable for young children. At this 

stage, even if a child can successfully count eight objects, the child may 

tenaciously insist that when those objects are spread out, they are 

ñmoreò than when theyôre bunched closely together (and, if they are 

candy, will want the ñmoreò even if, upon actual counting the two 

groups, the child counts higher on the ñsmallerò group). If 8 doesnôt 

always equal 8, then the assertion that 5 + 3 = 8 has no logic to it at all.  

Neither do our names have logic, of course, and weôre capable of 

remembering them, but we donôt want mathematics to be built as a 

collection of arbitrary and illogical statements.  

The pre-conserving child may ñknowò that 5 + 3 is ñmoreò than 8, for 

example, and it doesnôt serve a learnerôs sense of depending on reason 

to say, in effect, ñyour reasoning is inadequate, so listen to mine.ò So, in 

order to learn arithmetic, the child must first acquire the algebraic ideas 

behind pulling apart and rearranging and reassembling the parts of 

numbers ð essentially an amalgam of what we call commutativity and 

associativity, but in the physical world of objects which doesnôt need 

those properties to be differentiated (or even articulated). Algebraic 

ideasïat least some of them ïprecede the ability to learn arithmetic. 

They develop ñnaturallyò with the child and not from instruction or 

cultural heritage; theyôre how we are evolved to make sense of the 

world.
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By contrast, language is alwaysconvention. Weôre built to be adept at 

learning it, but it is cultural and requires experience. Still not 

ñinstructionò but use in context; it does not arise spontaneously from 

experience only with the world; it requires experience with native users 

of the language.


