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ABSTRACT

C. Mc. Gordon conjectured that there is no prime, twist reduced diagram of the unknot with at least 2

twist regions and at least 2 crossings per twist region. We use dimension four to prove Gordon’s conjecture

by the positive in case all the linking numbers are even and greater or equal to 4.

1. Introduction

Let Kn be the n-twisted knot obtained from K along n trivial circles C1, ..., Ct.

Theorem 1.1. C1, ..., Ct intersects some minimal genus Seifert surface for Kn always in the same direction.

Conjecture 1.1 (Cameron C. Gordon)

If the twisting region of a reduced knot K has crossing number ci ≥ 2 for i = 1, 2, .., n. Then K is knotted.

We answer Conjecture 1 for ci ≥ 2 for i = 1, 2, .., n.

Let S be a Seifert surface for Kn that does intersect C always in the same direction. If the same direction, we can
add handles as in Figure 1, but this woud increase the genus of S. Now consider M = S3 − intN(Kn) and take a sutured
manifold decomposition

(M, ∅) −→S1 (M1, γ1)... −→Sn (Mn, γn)

∂Mn is a union of spheres.

Lemma 2.1. (see [6], [3] ) If (Mn, γn) is ∅-taut then S is ∅-taut, i.e. S is of minimal genus

Assume for a contradiction that (Mn, γn) is not taut. We consider the parametrizing surface (see [6] for definition)

Q which is the punctured (by C) disk bounded by K. We can see that ∂Q = K
[i=q

i=1
Ci (see Figure 2); where [∂Qi] = 1

n
.

If (Mn, γn) is taut, then there exists a 2-sphere in ∂Mn which contains more than one suture (see ....). We take then
the top disk D of this sphere. Consider now D ∩ D. We have the following lemma:

Lemma 2.2. Not many (< q) edges leave.

Proof. This χ(Q) < 1 − q. Then, the technics in Gabai’s proof of Property R applies her (see [3]).

Corrolary 1 If (Mn, γn) is not taut, then Q̂ contains a Scharlemann cycle.

Proof. By Lemma 2.2, let i be the end-point which does not leave. Then Q̂ contains a great i-cycle (see Figure 4).
This implies that Q̂ contains a Scharlemann cycle. This is a contradiction. Consequentely, (Mn, γn) is taut, and then
by Lemma 2.1 we have g(S) is minimal.
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Theorem 2.1. (D. Acosta [1], R. Fintushel[2], A. Yasuhara [8]) Let X be a smooth closed oriented simply connected
4-manifold with m = min(b+

2 (X), b−2 (X)) and M = max(b+
2 (X), b−2 (X)), and assume that m ≥ 2. Suppose Σ is an

embedded surface in X of genus g so that [Σ] is characteristic. Then

g ≥

8>>>>>>>><
>>>>>>>>:

| Σ.Σ − σ(X) |
8

+ 2 − M if Σ.Σ ≤ σ(X) ≤ 0 or 0 ≤ σ(X) ≤ Σ.Σ

9(| Σ.Σ − σ(X) |)
8

+ 2 − M if σ(X) ≤ Σ.Σ ≤ 0 or 0 ≤ Σ.Σ ≤ σ(X)

| Σ.Σ − σ(X) |
8

+ 2 − m if σ(X) ≤ 0 ≤ Σ.Σ or Σ.Σ ≤ 0 ≤ σ(X)

Theorem 2.2. (R. Robertello ) Let M be an oriented, compact 4-manifold with boundary a 3-sphere, and K a knot in
∂M . If K bounds a disk in M representing a characteristic element in H2(M, ∂M), then we have:

σ(M) − ξ.ξ

8
≡ Arf(K) (mod.2)

Main Theorem

K
(n1,2ε1)−→ K(n1)...

(np,2εp)−→ (n
′
1,2ε

′
1)−→ ...

(n
′
n,2ε

′
n)−→ K(n1, ..., nk) = KD,n.

With

(1) | εi |= 1 and | ε
′
j |= 1 for respectively i = 1, 2, ..., p and j = 1, 2, ..., n.

(2) ni ≥ 2 and even for i = 1, 2, ..., p.

(3) n
′
i ≤ −2 and even for i = 1, 2, ..., n.

(4) ni and n
′
i are even for respectively i = 1, 2, ..., p and i = 1, 2, ..., n.

Proof of Main Theorem

By Theorem 1.1, we can assume that εi = ε
′
n = 1, or equivalentely

K
(n1,2)−→ K(n1)...

(np,2)−→ (n
′
1,2)−→ ...

(n
′
n,2)−→ K(n1, ..., nk) = KD,n.

The condition of the main theorem implies that there exists a properley embedded disk. It was proved in [5] and [?],
using Kirby’s calculus on the Hopf link [4], that this yields the existence of a properly embedded disk D ⊂ S2 ×S2 −B4

such that

[D] =

i=pX
i=1

−2αi + niβi +
i=nX
i=1

2αi + niβi
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