Mountain pass solutions to equations of p-Laplacian type

Pablo De Nápoli^� and María Cristina Mariani^y

Universidad de Buenos Aires FCEyN - Departamento de Matemática

Ciudad Universitaria, Pabellón I (1428) Buenos Aires, Argentina e-mail: pdenapo@dm.uba.ar, mcmarian@dm.uba.ar

Abstract

This work is devoted to study the existence of solutions to equations of the p-Laplacian type. We prove the existence of at least one solution, and under further assumptions, the existence of infinitely many solutions. In order to apply mountain pass results, we introduce a notion of uniformly convex functional that generalizes the notion of uniformly convex norm.

Keywords: p-Laplacian, multiple solutions, Mountain pass Theroem, uniform convexity, Clarkson inequality.

1 Introduction

In the literature the mountain pass theorem ([3]) has been applied to find solutions to quasilinear elliptic equations of p-Laplacian type. More specifically, in [9] Dinca, Jebelean and Mawhin used it to solve the nonlinear Dirichlet problem { −Δ_pu = f (x, u) in Ω u = 0 on ∂Ω

with Ω ⊂ R^n a bounded domain, n ≥ 2 and f satisfying natural growth conditions (see also [10]). In [4] existence results are obtained for more general quasilinear equations in the framework of Orlicz-Sobolev spaces. In [2] another minimax theorem: Rabinowitz’ saddle point theorem, is applied to prove a Landesman-Lazer type result for a problem involving a p-Laplacian. For other related results, see for example [7], [8], [11], [12].

�Partially supported by Ubacyt, Argentina. yPartially supported by Conicet and Ubacyt, Argentina

In this work, we obtain existence and multiplicity results for equations involving more general elliptic operators in divergence form: −div(a(x, ∇u)) = f (x, u) (1) Such operators arise, for example, from the expression of the p-Laplacian in curvilinear coordinates. In order to apply the mountain pass theorem to this kind of equations, it is necessary to check that the associated functional verifies the Palais-Smale condition. In the case of the p-Laplacian, this is usually achieved by using the uniform convexity of the Sobolev space W^{1,p}_0 (Ω) with the norm

‖u‖_W 1,p_{0 (Ω} = (∫ Ω |∇u|^p dx )_{1/p} (2) In order to extend this idea to more general equations, we introduce a notion of uniformly convex functional. Under suitable assumptions, we prove the existence of at least one solution to equation (1) with Dirichlet condition (theorem 3.1). Finally, for f and a odd in their second argument, we prove the existence of infinitely many solutions (theorem 4.1).

2 Uniformly Convex Functionals

In this section, X denotes a Banach space.

Definition 2.1 We shall say that the convex functional A : X → R is uniformly convex on the (convex) set C ⊂ X if for any ε > 0 there exists δ(ε) > 0 such that A ( x + y 2 ) ≤ 1 2 A(x) + 1 2 A(y) − δ(ε) for x, y ∈ C and ‖x − y‖ > ε. If A is uniformly convex on every ball of X, we shall say that A is locally uniformly convex.

Remark 2.1 X is uniformly convex if and only if its norm is locally uniformly convex.

The uniform convexity of W^{1,p}_0 (Ω) with the norm (2) is proved for p ≥ 2, using the first Clarkson inequality (see [1], theorem 2.28): ‖ ‖ ‖ ‖ u + v 2 ‖ ‖ ‖ ‖ p p + ‖ ‖ ‖ ‖ u − v 2 ‖ ‖ ‖ ‖ p p ≤ 1 2 ‖u‖^p + 1 2 ‖v‖^p ∀ u, v ∈ L^p(Ω) (For 1 < p < 2, W^{1,p}_0 (Ω) is still uniformly convex, but a different inequality is used for proving that.) In order to give examples of uniformly convex functionals, we give some conditions for a functional to satisfy an analogous inequality.

Lemma 2.1 Let F : R → R be a C^1 function and 1 < p < ∞. Assume that F^′ is strongly p-monotone in the following sense:

F^′(y) − F^′(x) (y − x)^{p−1} ≥ c ∀x, y ∈ R such that y > x then F verifies the following Clarkson type inequality: F ( x + y 2 ) ≤ 1 2 F (x) + 1 2 F (y) − c 2^{p+1} |x − y|^p (3) Proof: Let z =^{x+y}_2 . We have F (y) − F (z) = ∫_y z F^′(t)dt

F (z) − F (x) = ∫_z x F^′(s)ds Subtracting and setting t = s +^{y−x}_2 , we conclude that: 1 2 F (x) + 1 2 F (y) − F (z) = 1 2 ∫_z x [ F^′ ( s + y − x 2 ) − F^′(s) ] ds On the other hand, F^′ ( s + y − x 2 ) − F^′(s) ≥ c ( y − x 2 )_{p−1}

We deduce that: 1 2 F (x) + 1 2 F (y) − F (z) ≥ c 2 ( y − x 2 )_p

and the proof is complete.

Example: x → x^p is strongly p-monotone if p ≥ 2.

Definition 2.2 Let F : R → R be a C^1 function. If F verifies an inequality of the form (3) for some constant c > 0, we shall say that it is p-uniformly convex.

Corollary 2.1 Assume that F : R → R verifies that |F (x)| ≤ c(1 + |x|^p), and that it is strongly p-monotone. For u ∈ L^p(Ω) let us define A(u) = ∫ Ω F (u), then A is a locally uniformly convex functional.

The following lemma generalizes the first Clarkson inequality.

Lemma 2.2 Assume that A is a p-uniformly convex function and that α > 1, then A(x)^α is q-uniformly convex with q = αp.

Proof: By assumption A is p-uniformly convex, then there exists a constant c > 0 such that: A ( x + y 2 ) + c | | | | x − y 2 | | | | p ≤ 1 2 A(x) + 1 2 A(y) Since α > 1, we have s^α + t^α ≤ (s + t)^α ∀s, t ≥ 0

Choosing s = A (_{x+y} 2 ) and t = c | |^{x−y}_2 | |^p we have: A ( x + y 2 )_α + c^α | | | | x − y 2 | | | | q ≤ [ A ( x + y 2 ) + c | | | | x − y 2 | | | | p]_α

Note that x → x^α is increasing, therefore we deduce that: A ( x + y 2 )_α + c^α | | | x − y 2 | | | q ≤ [ 1 2 A(x) + 1 2 A(y) ]_α

Now as x → x^α is convex, we have that: A ( x + y 2 )_α + c^α | | |x − y 2 | | |^q ≤ 1 2 A(x)^α + 1 2 A(y)^α This means that A^α is q-uniformly convex.

Examples: 1) If we take A(x) = |x|^2 we see that |x|^p is p-uniformly convex if p ≥ 2, and then we obtain the usual Clarkson inequality. In fact, we have: | | | x + y 2 | | | p + | | | x − y 2 | | | p ≤ |x|^p 2 + |y|^p 2 2) If A ∈ R^{n×n} is a symmetric positive definite matrix and Q(x) = ⟨Ax, x⟩ is the associated quadratic form, then Q is 2-uniformly convex. In fact, using the polarization formula: Q ( x + y 2 ) + Q ( x − y 2 ) = 1 2 Q(x) + 1 2 Q(y) A is definite positive, then: Q ( x − y 2 ) ≥ c|x − y|^2 It follows that Q ( x + y 2 ) ≤ 1 2 Q(x) + 1 2 Q(y) − c|x − y|^2 We conclude that Q is 2-uniformly convex. By the previous lemma Q(x)^{p/2} is p-uniformly convex when p ≥ 2. A more general way to get uniformly convex functionals is given by the following lemma:

Lemma 2.3 Let A : X → R be a functional of class C^2. Assume that D^2A is uniformly positive definite, i.e.: there exists a constant c > 0 such that D^2A(x)(ξ, ξ) ≥ c|ξ|^2 ∀ x, ξ ∈ X then A is 2-uniformly convex.

Proof: For x, y ∈ X, we define g : [0, 1] → R, g(t) = A((1 − t)x + ty). Then: g^′(t) = DA((1 − t)x + ty)(y − x) g^{′′}(t) = D^2A((1 − t)x + ty)(y − x, y − x) ≥ c|x − y|^2 by hypothesis. From the mean value theorem, for s, t ∈ [0, 1] g^′(s) − g^′(t) s − t = g^{′′}(θ) ≥ c|x − y|^2 (for some θ ∈ [0, 1] ). By lemma (2.1) we deduce that: g ( s + t 2 ) ≤ g(s) + g(t) − c 4 |x − y|^2|s − t|^2 Choosing s = 1 and t = 0, we obtain: A ( x + y 2 ) ≤ 1 2 A(x) + 1 2 A(y) − c 4 |x − y|^2 We conclude that A is 2-uniformly convex.

2.1 The (S+) condition

Definition 2.3 An operator a : X → X^∗ verifies the (S_+) condition if for any sequence (x_n)_{n∈}N such that x_n ⇀ x and lim sup_{n→∞} ⟨a(x_n), x_n − x⟩ ≤ 0 we have that x_n → x strongly.

Proposition 2.1 Suppose that A : X → R is a C^1 locally uniformly convex functional that is locally bounded. Then a = DA : X → X^∗ verifies the (S_+) condition.

Proof: Let (x_n) be a sequence in X such that x_n ⇀ x and lim sup_{n→∞} ⟨a(x_n), x_n − x⟩ ≤ 0 As (x_n) is weakly convergent, it is bounded: ‖x_n‖ < R. Since A is locally bounded, we deduce that A(x_n) is bounded. For a subsequence, we may assume that A(x_n) → c. By weakly lower semicontinuity: A(x) ≤ lim inf A(x_n) = c

On the other hand, since A is convex, its graphic lies above the tangent hyperplane at x_n: A(x) ≥ A(x_n) + ⟨a(x_n), x − x_n⟩ Using that lim sup_{n→∞} ⟨a(x_n), x_n − x⟩ ≤ 0, we deduce that A(x) ≥ c, then, A(x) = c. Also we have that^{xn+x}_2 ⇀ x, and again by lower weakly semicontinuity:

c = A(x) ≤ lim inf A ( x + x_n 2 ) (4) If we suppose that (x_n) does not converge strongly to x, then there exists ε > 0 and a subsequence (x_{nk} ) that verifies ‖x − x_{nk} ‖ ≥ ε. Let δ > 0 corresponding to ε by uniform convexity of A over the ball B(0, R). Then: 1 2 A(x) + 1 2 A(x_{nk} ) − A ( x + x_{nk} 2 ) ≥ δ(ε) As k → ∞, we have that:

lim sup A ( x + x_{nk} 2 ) ≤ c − δ(ε) which contradicts (4).

3 Applications to p-Laplacian type equations

Theorem 3.1 Let us assume that the following conditions hold:

1. p > 1 and Ω ⊂ R^N is a bounded domain.

2. Let A : Ω × R^N → R, A = A(x, ξ) be a continuous function in Ω × R^N , with continuous derivative with respect to ξ, a = DA = A^′, and suppose that the following conditions hold:

(a) A(x, 0) = 0 ∀ x ∈ Ω.

(b) a satisfies the growth condition: |a(x, ξ)| ≤ c_1(1 + |ξ|^{p−1}) ∀ x ∈ Ω, ξ ∈ R^N (5) for some constant c_1 > 0.

(c) A is p-uniformly convex: There exists a constant k > 0 such that: A ( x, ξ + η 2 ) ≤ 1 2 A (x, ξ) + 1 2 A(x, η) − k|ξ − η|^p ∀ x ∈ Ω, ξ, η ∈ R^N (d) A is p-subhomogeneous: 0 ≤ a(x, ξ) · ξ ≤ pA(x, ξ) ∀ x ∈ Ω, ξ ∈ R^N (6)

(e) A satisfies the ellipticity condition: A(x, ξ) ≥ Λ|ξ|^p ∀ x ∈ Ω, ξ ∈ R^N (7) with Λ > 0 a constant.

3. f : Ω × R → R is a continuous function that verifies:

(a) the subcritical growth condition: |f (x, s)| ≤ c(1 + |s|^{q−1}) ∀ x ∈ Ω, s ∈ R (8) where p < q < p^∗ =^{Np}_{N−p} if p < N, or p < q < +∞ if p ≥ N.

(b) the Ambrosetti-Rabinowitz condition: F (x, s) = ∫_s 0 f (x, t) dt is θ- superhomogeneous at infinity, i.e.: There exists s_0 > 0 such that 0 < θF (x, s) ≤ f (x, s)s ∀s ∈ R such that |s| ≥ s_0, x ∈ Ω (9) where θ > p.

4. We assume that lim sup s→0 f (x, s) |s|^{p−2}s ≤ λ (10) uniformly for x ∈ Ω, where λ < λ_{1,p}(Ω)pΛ Then the Dirichlet problem: { −div(a(x, ∇u)) = f (x, u) in Ω u = 0 in ∂Ω (11) has at least one nontrivial weak solution in W^{1,p}_0 (Ω).

Some Examples:

1. A(x, s) =^1_p |s|^p, a(x, s) = |s|^{p−2}s with p ≥ 2, and we get the usual p- Laplacian.

2. Let (a^{ij} (x)) ∈ C(Ω, R^{N×N} ) be a symmetric positive definite matrix: a^{ij} (x) = a^{ji}(x) N∑ i,j=1 a^{ij} (x) ξ_iξ_j ≥ c|ξ|^2 ∀ x ∈ Ω, ξ ∈ R^N and c > 0 then, setting A(x, ξ) = 1 2 N∑ i,j=1 a^{ij} (x) ξ_iξ_j we obtain that the previous theorem can be applied to the linear elliptic operator in divergence form: L[u] = N∑ i,j=1 ∂ ∂x_j ( a^{ij} (x) ∂u ∂x_i )

Remark 3.1 These two cases have already been considered in the literature, but our result gives a unified approach to them, and other cases like the following.

3. Let p ≥ 2. If we consider A(x, s) =^1_p [ (1 + |s|^2)^{p/2} − 1 ] we get the generalized mean curvature operator

div((1 + |∇u|^2)^{(p−2)/2}∇u)

To see that A is p-uniformly convex, note that the function 1 + |s|^2 is 2-uniformly convex, so by proposition 2.2, the function (1 + |s|^2)^{p/2} is p-uniformly convex, and we conclude that A is also p-uniformly convex. Hence our result can be applied to this operator. It generalizes the prescribed mean curvature operator for a nonparametric surface, which corresponds to the case p = 1 ([5], [6]).

3.1 Some remarks on our assumptions

Remark 3.2 Integrating (5) we deduce that A verifies the growth condition: |A(x, ξ)| ≤ c_2(|ξ| + |ξ|^p) ∀ x ∈ Ω, ξ ∈ R^N (12) for some constant c_2 > 0.

In fact, we have: A(x, ξ) = ∫_1 0 d dt A(x, tξ) dt = ∫_1 0 a(x, tξ) · ξ dt From (5), we deduce that: A(x, ξ) ≤ c_1 ∫_1 0 (1 + |ξ|^{p−1}t^{p−1})|ξ|dt ≤ c_1|ξ| + c_1 p |ξ|^p Remark 3.3 Condition (6) implies that A(x, sξ) ≤ A(x, ξ)s^p ∀s ≥ 1, x ∈ Ω, ξ ∈ R^N To see that, let us define g(t) = A(x, tξ), then g^′(t) = a(x, tξ) · ξ = 1 t a(x, tξ) · (tξ) ≤ p t A(x, tξ) = p t g(t) g^′(t) g(t) ≤ p t Integrating, we have: log g(s) − log g(1) ≤ p log s then g(s) g(1) ≤ s^p and we obtain that: A(x, s ξ) ≤ A(x, ξ)s^p In a similar way, we have:

Remark 3.4 Condition (9) implies that: F (x, sv) ≥ F (x, v)s^θ ∀v such that |v| ≥ s_0, s ≥ 1, x ∈ Ω 3.2 Proof of theorem 3.1

Under the assumptions of theorem 3.1, we define the functional: J(u) = ∫ Ω A(x, ∇u) − ∫ Ω F (x, u) J : W^{1,p}_0 (Ω) → R is well defined and C^1. Its derivative is given by: ⟨J^′(u), φ⟩ = ∫ Ω a(x, ∇u) · ∇φ − ∫ Ω f (x, u)φ In order to prove theorem 3.1, we apply to this functional the mountain pass theorem. In the next two lemmas, we shall verify the mountain pass theorem conditions

Lemma 3.1 J verifies the Palais-Smale condition.

Proof: Let (u_n) ⊂ W^{1,p}_0 (Ω) be a Palais-Smale sequence, i.e: J(u_n) → c and J^′(u_n) → 0. We first show that (u_n) is bounded: J(u_n) − 1 θ ⟨J^′(u_n), u_n⟩ = ∫ Ω [ A(x, ∇u_n) − 1 θ a(x, ∇u_n) · ∇u_n ] + ∫ Ω [ 1 θ f (x, u_n)u_n − F (x, u_n) ]

From condition (6), we see that: J(u_n) − 1 θ ⟨J^′(u_n), u_n⟩ ≥ ( 1 − p θ ) ∫ Ω A(x, ∇u_n)+ ∫ Ω [ 1 θ f (x, u_n)u_n − F (x, u_n) ] then ( 1 − p θ ) ∫ Ω A(x, ∇u_n) ≤ J(u_n) − 1 θ ⟨J^′(u_n), u_n⟩ − ∫ {x∈Ω:|u_n(x)|>s0} [ 1 θ f (x, u_n)u_n − F (x, u_n) ] + M|Ω| where M = sup{ |_1 θ f (x, s)s − F (x, s) | : x ∈ Ω, |s| ≤ s_0}. From the Ambrosetti- Rabinowitz condition (9), we deduce that: ( 1 − p θ ) ∫ Ω A(x, ∇u_n) ≤ J(u_n) − 1 θ ⟨J^′(u_n), u_n⟩ + M|Ω| From the ellipticity condition (7), we deduce that: C ∫ Ω |∇u_n|^p ≤ J(u_n) − θ ⟨J^′(u_n), u_n⟩ + M|Ω| with C = ( 1 −^p_θ ) Λ > 0, or:

C ‖u_n‖^p_{W 1,p0 (Ω)} ≤ J(u_n) + θ ‖J^′(u_n)‖ ‖u_n‖_W 1,p_{0 (Ω)} + M|Ω|

If (u_n) is not bounded, we may assume, for a subsequence, that: ‖u_n‖_W 1,p_{0 (Ω)} → ∞. Then dividing by ‖u_n‖_W 1,p_{0 (Ω)} and letting n → ∞, we obtain a contradiction. We conclude that (u_n) is bounded.

From the reflexivity of W^{1,p}_0 (Ω) we may extract a weakly convergent subsequence, that for simplicity we call (u_n). So we may assume that u_n ⇀ u. To prove that (u_n) converges strongly to u, we note that A is p-uniformly convex. Therefore, by proposition 2.1, it follows that if we define the functional:

J_0(u) = ∫ Ω A(x, ∇u) then J^′_0 verifies the (S_+) condition; so it is enough to prove that:

lim sup n→∞ ∫ Ω a(x, ∇u_n) · (∇u_n − ∇u) ≤ 0 We have that ∫ Ω a(x, ∇u_n) · (∇u_n − ∇u) = ⟨J^′(u_n), u_n − u⟩ + ∫ Ω f (x, u_n) · (u_n − u) Now, since the Sobolev embedding W^{1,p}_0 (Ω) → L^q(Ω), with q as in (8), is compact, we get (for a subsequence) that u_n → u strongly in L^q(Ω), and by the growth condition on f, f (x, u_n) is bounded in L^{q′} (Ω). It follows that: ∫ Ω f (x, u_n) · (u_n − u) → 0

On the other hand, since J^′(u_n) → 0 by assumption, and u_n − u is bounded in W^{1,p}_0 (Ω), we deduce that ⟨J^′(u_n), u_n − u⟩ → 0 We conclude that: ∫ Ω a(x, ∇u_n) · (∇u_n − ∇u) → 0 and then from condition (S_+), u_n → u strongly.

Lemma 3.2 J has the geometry of the mountain pass lemma, i.e.:

1. There exists r > 0 such that: inf ‖u‖=r J(u) = b > 0

2. There exists u_0 ∈ W^{1,p}_0 (Ω) such that J(tu_0) → −∞ as t → ∞ Proof: 1. We choose ε > 0 small enough, verifying: Λ > λ + ε pλ_{1,p} then by condition (10), there exists δ > 0 such that: f (x, s) |s|^{p−2}s ≤ λ + ε for |s| ≤ δ, ∀x ∈ Ω and we obtain that: f (x, s) { ≤ (λ + ε)s^{p−1} if s > 0 ≥ −(λ + ε)|s|^{p−1} if s < 0 Integrating, we deduce that: F (x, s) ≤ 1 p (λ + ε)|s|^p for |s| ≤ δ As a consequence, using hypothesis (8) and the Sobolev embedding for q < p^∗ if p < N, or q < ∞ if p ≥ N: J(u) ≥ ∫ Ω A(x, ∇u) − ∫ {x∈Ω:|u|≤δ} (λ + ε) p |u|^p − ∫ {x∈Ω:|u|>δ} C|u|^q

≥ Λ ∫ Ω |∇u|^p − λ + ε pλ_{1,p} ∫ Ω |∇u|^p − C (∫ Ω |∇u|^p )_{q/p} = ϕ(r) with r = ∫ Ω |∇u|^p. Moreover ϕ(r) > 0 for r > 0 small enough, since q > p.

2. Being A p-subhomogeneous, and F (x, s) θ-superhomogeneous if |s| ≥ s_0, for t > 1, we have that: J(tu_0) = ∫ Ω A(x, t∇u_0) − ∫ Ω F (x, tu_0)

≤ t^p ∫ Ω A(x, ∇u) − t^θ ∫ {x∈Ω:|u0|≥s0} F (x, u_0) + M|Ω| with M = sup {|F (x, s)| : x ∈ Ω, |s| ≤ s_0}. Since θ > p, choosing u_0 such that |{x ∈ Ω : u_0(x) ≥ s_0}| > 0 and using condition (9), we deduce that J(tu_0) → −∞ as t → +∞.

4 Multiple Solutions

In this section, we prove the existence of infinitely many solutions. Our main result is:

Theorem 4.1 Assume that the Carathéodory functions a : Ω × R^N → R^N and f : Ω × R → R are odd with respect to the second argument: f (x, −s) = −f (x, s) and a(x, −s) = −a(x, s) and that the conditions of theorem 3.1 are satisfied. Then problem (11) has infinitely many solutions.

We shall need the following ”Z_2-symmetric” version (for even functionals) of the mountain pass theorem (see [13], theorem 9.12).

Theorem 4.2 Let X be an infinite dimensional real Banach space and let I ∈ C^1(X, R) be even, satisfying the (P S) condition and I(0) = 0. Suppose that:

• (I_1) There exist constants ρ, α > 0 such that I(x) ≥ α if ‖x‖ = ρ. • (I_2) For each finite dimensional subspace X_1 ⊂ X, the set {x ∈ X_1 :

I(x) ≥ 0} is bounded.

then I has an unbounded sequence of critical values. In order to prove this result, we need the following lemma:

Lemma 4.1 The conditions of the theorem imply that if X_1 ⊂ W^{1,p}_0 (Ω) is a finite dimensional subspace, the set S = {u ∈ X_1 : J(u) ≥ 0} is bounded in W^{1,p}_0 (Ω).

Proof: From condition (8), F satisfies: |F (x, s)| ≤ C_1(|s|^q + 1) ∀x ∈ Ω, s ∈ R (13) We claim that there exists γ ∈ L^∞(Ω), γ > 0 in Ω, such that: F (x, s) ≥ γ(x)|s|^θ ∀x ∈ Ω, |s| ≥ s_0 (14) In fact, since F is θ-superhomogeneous, we have that: F (x, s) ≥ γ_1(x)|s|^θ ∀x ∈ Ω, s ≥ s_0 where γ_1(x) =^{F (x,s0)}_{sθ0} . By condition (13), γ_1 ∈ L^∞(Ω) and from condition (9) we conclude that γ_1 > 0 in Ω. In a similar way, it follows that F (x, s) ≥ γ_2(x)|s|^θ ∀x ∈ Ω, s ≤ −s_0 with γ_2 =^{F (x,−s0)}_{sθ0} . Again γ_2 ∈ L^∞(Ω) and γ_2 > 0. Then (14) holds with γ(x) = min(γ_1(x), γ_2(x)) for x ∈ Ω, as we have claimed. We shall prove that J satisfies an estimate of the form:

J(u) ≤ c_3 ‖u‖^p_{W 1,p0 (Ω)} + c_4‖u‖_W 1,p_{0 (Ω)} − ∫ Ω γ(x)|u|^θ + K ∀u ∈ W^{1,p}_0 (Ω) (15) with c_3, c_4 and K non negative constants. Let v ∈ W^{1,p}_0 (Ω) arbitrary, and let us denote: Ω_< = {x ∈ Ω : |v(x)| < s_0} Ω_≥ = Ω − Ω_< From condition (13), we conclude that: ∫ Ω_< F (x, v) ≥ −C_1 ∫ Ω_<

(|v|^q + 1) ≥ −C_1 ∫ Ω (s^q_0 + 1) = −C_1(s^q_0 + 1)|Ω| = K_1 and by (14), we have that: ∫ Ω_≥ F (x, v) ≥ ∫ Ω_≥ γ(x)|v|^θ Then by (12): J(v) = ∫ Ω A(x, ∇v) − (∫ Ω_< F (x, v) + ∫ Ω_≥ F (x, v) )

J(v) ≤ c_2 ‖v‖^p_{W 1,p0 (Ω)} + c_2‖∇v‖_1 − ∫ Ω_≥ γ(x)|v|^θ − K_1 = ≤ c_2 ‖v‖^p_W 1,p_{0 (Ω)} + c_2|Ω|^{1/p′} ‖v‖_W 1,p_{0 (Ω)} − ∫ Ω γ(x)|v|^θ + ∫ Ω_< γ(x)|v|^θ − K_1

≤ c_2 ‖v‖^p_{W 1,p0 (Ω)} + c_3‖v‖_W 1,p_{0 (Ω)} − ∫ Ω γ(x)|v|^θ + K with K = ‖γ‖_L∞ s^θ_0|Ω|−K_1 and c_3 = c_2|Ω|^{1/p′} , so (15) is proved. The functional ‖·‖_γ : W^{1,p}_0 (Ω) → R defined by

‖v‖_γ = (∫ Ω γ(x)|v|^θ )_{1/θ}

is a norm in W^{1,p}_0 (Ω). In the finite dimensional subspace X_1 the norms ‖·‖_W 1,p_{0 (Ω)} and ‖·‖_γ are equivalent, so there exists a constant K̃ = K̃(X_1) such that:

‖v‖_W 1,p_{0 (Ω)} ≤ K̃ (∫ Ω γ(x)|v|^θ )_{1/θ}

As a consequence, in X_1 we have that: J(v) ≤ c_2K̃^p ‖v‖^p_γ + c_3K̃ ‖v‖_γ − ‖v‖^θ_γ + K Hence c_2K̃^p ‖v‖^p_γ + c_3K̃‖v‖_γ − ‖v‖^θ_γ + K ≥ 0 ∀v ∈ S and since θ > p, we conclude that S is bounded.

Proof of Theorem 4.1: Since the functions a and f are odd in the second argument, the functional J is even. J verifies also that J(0) = 0. By lemma 3.1, J satisfies the (P S) condition. From lemma 3.2, there exist constants α, ρ > 0 such that J(u) ≥ α if ‖u‖_W 1,p_{0 (Ω)} = ρ. By the previous lemma {v ∈ X_1 : J(u) ≥ 0} is bounded whenever X_1 is a finite dimensional subspace of W^{1,p}_0 (Ω). Then theorem 4.2 can be applied to the functional J. This ends the proof.

ACKNOWLEDGEMENT The authors thank specially Prof. J. Mawhin and Prof P. Amster for their careful reading of the manuscript and their fruitful suggestions and remarks.

References

[1] R. Adams Sobolev Spaces. Academic Press, (1975).

[2] D. Arcoya, L. Orsina. Landesman-lazer conditions and quasilinear elliptic equations. Nonlinear Anal., Theory Methods Appl. 28, No.10, 1623-1632 (1997)

[3] A. Ambrosetti, P. Rabinowitz. Dual Variational Methods in Critical Point Theory and Applications. Journal Functional Analysis, (14), pp. 349–381, (1973).

[4] Ph. Clément, M. García-Huidobro, R. Manásevich, K. Schmitt. Mountain pass type solutions for quasilinear elliptic equations. Calc. Var. Partial Differ. Equ. 11, No.1, 33-62.

[5] P. Amster, M.C. Mariani. The prescribed mean curvature equation for nonparametric surfaces. To appear in Nonlinear Analysis.

[6] P. Amster, M. Cassinelli, M.C. Mariani, D.F. Rial. Existence and regularity of weak solutions to the prescribed mean curvature equation for a nonparametric surface. To appear in Abstract and Applied Analysis.

[7] P. De Nápoli, M.C. Mariani. Three solutions of some quasilinear equations

in R^n near resonance. Electron. J. Diff. Eqns., Conf. 06, 2001, pp. 131-140.

[8] P. De Nápoli, M.C. Mariani. Quasilinear Elliptic Systems of Resonant Type and Nonlinear Eigenvalue Problems. Abstract and Applied Analysis 7:3 (2002) 155-167.

[9] J. Mawhin, G. Dinca, P.Jebelean. A result of Ambrosetti-Rabinowitz type for p-Laplacian. Corduneanu, C. (ed.), Qualitative problems for differential equations and control theory. Dedicated to Aristide Halanay on occasion of his 70th birthday. Singapore: World Scientific. 231-242 (1995).

[10] J. Mawhin, G. Dinca, P.Jebelean. Variational and topological methods for Dirichlet problems with p-Laplacian. Port. Math. (N.S.) 58, No.3, 339-378 (2001).

[11] J.-P. Gossez. Some Remarks on the Antimaximum Principle. Revista de la Unión Matemática Argentina vol. 41, 1 (1998) pp. 79-84

[12] João Marcos B. do Ó. Solutions to Perturbed Eigenvalue Problems of the p-Laplacian in R^n . Electronic Journal of Diff. Eq., Volumen 1997, Nro. 1, pp. 1–15, (1997).

[13] P. Rabinowitz. Minimax Methods in Critical Point Theory with Applications to Differential Equations. Expository Lectures from the CBMS Regional Conference held at the University of Miami. American Mathematical Society, (1984).

[14] M. Willem. Minimax Theorems. Birkhäuser, Boston, (1996).