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I. INTRODUCTION i

7,

The trace T say of a central or noncentral Wishart matrix appears
in connection with a number of problems in multivariale analysis. These
include principal components analysis, where the trace of a sample
covariance matrix is used in estimating the total variance of the population
principal components, and problems with symmctries in the covariance
structure, For example, when the covariance matrix £ of a multivariate
normal distribution has the intraclass-correlation structure ¥ = o2 [(1 —p)
I+4p I 1‘], it is well known that the maximum likelihood estimators of

R

e gt

p—

L T

; 6® and” e involve the tracc of a Wishart matrix. Also, the moments
4‘{: and distribution of the likelihood ratio statistic for testing sphericity,
:% ic., £ =n2[, depend on rcpresentations of the distribution of the trace
'ﬁ of a Wishart matrix.

In the central case Khatri and Srivastava [I] havc expressed thc

density of T in terms ol zonal polynomials, while in the noncentral case,
three cxpressions are available from Mathai and Pillai [S]. One of these
expressions is in terms of zonal polynomials, another in terms of a
confluent hypergeometric function, and a third in terms of finite sums
of gamma densitics when the degrees of freedom is odd.

(*) Department of Statistics The Pennsylvania State University.
(**) Mathematical Sciences The University of Texas at Dallas,
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In the general case (i.e., when the degrees of freedom is cither even
or odd), these representations, while exact, arc numerically intractable
in view of the computational problems involved in computing relevant
zonal polynomials or multiple serics.

One could of course usz the moments of T given in Mathai [3] to
obtain various moment-based approximations; but the accuracy of any
such approximation would have to be assessed in terms of errors from
the exact vaiucs,

In this paper we obtain a single gamma series representation for the
exact density of 7. The coefficients of the series are casily computed
by a simple, stable recurrence relation, thus yiclding an cxpression which
is computationally more sound than the above ones (even in the case
that the degrees of freedom is odd). This representation can reduce to
a mixturc representation, an important advantage of which is the case
with which bounds for the truncation error can be derived. Finally,
the mixing distribution is identified as that of a finite sum of independent
random variables each of which is the sum of a Poisson and a Poisson
mixture of a negative binomials. This might be thought of as the
multivariatc analog of a well known property of the noncentral chi-
square distribution.

The motivation in our approach has been the fact that, as noted
in Mathai [3], the distribution of T is associated with that of a lincar
combination of (central or nonceniral) chi-square variables, and thus it
admits single series representations, see Ruben [8] and Kotz er af. {2].
To obtain our series however, we employ a direct method of inverting
the moment generating function of T, that is closer in spirit to that in
Mathai [4] and Moschopoulos [6].

2. THE EXACT DENSITY OF TIE TRACE

Let X;,..., X» be independent random vectors with X; following a
p-variate normal distribution N (i, &), where p;is a p X 1 (real) vector,
% is a p X p positive definite matrix, and n > p. Set X = (X;,..., X%)
and M = (y,,..., #n). Then the p X p random matrix XX" (where X’
denotes the transpose of X) has a noncentral Wishart distribution W,
(n, £, Q) with n degrees of freedom, parameter matrix %, and noncen-
trality parameter Q =1/2 ST M ST, When M =0, the distri-
butien of X X' is a central Wishart Wp(n, ).
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Let now @ be a p X p orthogonal matrix that diagonalizes X,
that is

Q' ZQ = A=diag(y,..., M),

where 7, i=1,...,p arc the cigenvalues of . Then, denoting by T
the trace of XX’ we obtain

=rXX) =0 {(Q XX Q)= (Y¥)= 3% 3 G @.n
fu=] jre}
where Y = Q' X = (1;,..., Y,,), Yi=y, .., Y)si=1,...,n. Since
Yy,..., Yy are independent and ¥; ~ N, (Q’ ws, A), we have that Yy
f=1,..,p,/=1,.,n arc independent and normally distributed.
Hence, (2.1) entails that

por 1 2
T= 5 5 Y3~ Z N30, 2.2
fel jurl f=1
where %2 ®),..., 0 (by) are independent random variables and % (b))
has a noncentral chi-square distribution with » degrees of freedom and
noncentrality parameter 5;, the ith diagonal element of Q' Q Q.
Recalling that the moment generating function of a 72 (5) distribution
is (1—20""" exp {2611 —21)_1} it follows immediately from (2.2)
that the moment generating function of T is

Mr(f)xexps ’le nl(x—zx " exp (3 b,-(I—?.)\,-r)"lg (2.3)
TR

for t <min {1/@n): j=1,...,p}.

Below, we derive a series expansion for Afy (r) in powers of
(1 —2x1y"" for an arbitrary A > 0. The density of T is then obtained
by term by term inversion.

Using the identity

I —2%t1=(—2A0 0/l — U —a/2)d—2207
and letting for convenience z = (I — 21 ¢)™", (2.3) becomes

M;(t)—— ex,)\— O ) A H O f 2y

b
S

iy H— (=22 ™ exp ) & by ) z[l — (1 —af2) 2T l.
jort s 5
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Hence for # </ 1/(23) and max {|1 — /3| j=1,...,p} <1—2nt
we have

log My (1)Y= C + £ (nf2)logll — (1 — /0 2™ !
=1

_1_

.2”: By 3) 2l — (1 —n/2) 2

=c+ E£@E 0~

5 b,-(;\/l,- (1—117\ £t c+ SIS (2.4)
je=l = ]

where C = — 1. by +log {2 11 (4 /2)™"*1 and
j=1

= [n[QR] 5 (1= a3 +2 z G2y Q=23 (.9)

jel

fork=1,2,....

8

Now, by expanding exp§ T d; z"'i in a power scries we have
3

where the coefficients 8, satisfy the recurrence relation

k41
Stma=1[(k+1) B jdidrs1my, k=0,1,... (2.6)
j=1
with 8, =1 (see also Moschopoulos [6]). Then (2.4) gives

Mp(t) = exps-— g b,—e i (g /N 5 3. (1 — 2™ R
(57 -

The exact distribution of 7 is now available from (2.7) by term by
term inversion (which is possible here), noting that (1 — 2n 7)™~ "/#+5 5
the moment generating function of a gamma variable with parameters
npl2-+k,2x. The density of T is given in the following:

THEOREM 2.1. The density of the trace of a noncentral Wishart
matrix can be expressed in the form

JE =5 cgleinpl24+k,20, x>0, where 0 <A < 0o (2.8)
=0

ST TR T TR T STy M e e e Sy
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is arbitrary, g(x;np/2 + k,23) is the gamma density with parameters
npf24+k, 2%, and

€, = exp 3 — Sil by _Ijil oINS, k=0 1,... (2.9)
i= j=

with b; and 8; as in (2.2) and (2.6) respectively.

We thus see that (2.8) is very suitable for computational purposes
since the coefficients 8, (required for the computation of ¢) are easily
computed by the simple recurrence relation (2.6). 1t also follows from
Theorem 2.1 that the exact distribution function of the trace is readily
obtainable in terms of incomplete gamma functions. Routines for the
computation of the latter are widely available e.g. the IMSL routine
MDGAM. The value of » may be adjusted to make the convergence
of the series in (2.8) faster.

In the central case (i.e. when M = 0), we have bi=0,/=1,...,p
and thus & and hence 8 and ¢ simplify considerably.

3. MIXTURE REPRESENTATIONS

For A< min{an:j=1,...,p}= Ay it follows from (2.5), (2.6),
and (2.9) that the coefficients ¢, are all positive (except in the central
case with 2 =12, j=1,...,p which trivially gives =1, =20,
k=1,2,...), and hence (2.8) becomes a mixture representation since

[--]
necessarily X ¢, = 1. Besides their analytical importance, mixture repre-
kw0

sentations are also useful in practice as they lead to readily obtainable
upper bounds for the truncation error. For example, denoting by ¢
the error committed in approximating the distribution function F (x) of
T by the first / terms of the mixture representation we immediately
obtain from (2.8)

a=3cafg;np2+k, 20 de
bt
© ¥ —1
S(E c;.) /g(t;;rp/2—§—1,2?\)drs 1— X ¢,
=t f, b

0
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where the first inequality follows from the fact that the chi-square distri-
bution is stochastically increasing in its degrees of freedom. For more
details see Robbins and Pitman [7] and Ruben [8]. ‘

It is now of interest to identify the mixing distribution giving ris¢ to
the coeflicients-probabilities ¢, k =0,1,... (for 0 < A < Xu). This
is done in the sequel. To this end, we first introduce a bit of notation.
Let ..., 4w, m < p, be the distinct eigenvalues of ¥, n; be the multipli-
city of /;, % be the sum of those bi's for which Y=ty and o=
Then (2.2) can be written as

T~ B 0T (3. 3.1

Let also P (8), N B (s, «) denote a Poisson variable with parameter 520
(with the understanding that if § =0 the variable degenerates at Zero)
and a negative binomial variable with parameters s >0, 0<<a <1,
respectively. The following Theorem 3.1 shows that ¢, == P (K = k).

THEOREM 3.1, LetO << min{d:j=1,...,p}. Then, the den-
sity of the trace of a noncentral Wishart matrix can be expressed in
the form

[ =3 PK=hginp/2+k,2%, x>0, (3.2
B0

where K = i (Ki +- ;) and (K;, S are independent random vectors

ir=

- such that K; ~ P(f;) and conditionally on X, = k;,

Si~e NB([2 + ki, [ 8), i=1,...,m.

Proor. Let (K;,S8),i=1,...,m be as in the statement of the
theorem. Let also V,,..., V. be independent random variables such
that conditionally on K; = &; and S; = s;, ¥; is distributed as (central
chi-square) '/.ﬁ,!,.-,mﬁz_;!_. Then it follows from results in Robbins and
Pitman [7] that the (unconditional) distribution of ¥; is that of ;I»

’ xfsl (B, i=1,,..,m and hencc on referring to (3.1) we obtain
T~x+ ...+ Va). (3.3)

Now, conditionally on K; = k;, S;=s;,i=1,...,m, V= i+ ...+ Va

[ Syt e A LTI SL EYR mT gri
. A AR TR T T T T T AU T L R
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is distributed as a chi-square with degrees of freedom np -2 & (ki + 5)
i=1
(by independence of ¥.’s). Hence the density of ¥ is

Al L)
M)y =X .. X P(Ki=ki,Si=s,i=1,...,n)
i‘lw'o -!m==0

glx;npf2 f§1 (k. + 5. 2)
= %L PK=kgx;npi2+k,2), x>0,
k=Q

which is in view of (3.3) eatails (3.2).
Note that for p=1 and A =2, (3.2) reduces to the well known

representation of the noncentral chi-square density as a Poisson mixture

of central chi-square densities.

KEY WORDS AND PHRASES:

Noncentral Wishart matrix; exact distribution; series representation; mixture
representation.
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SUMMARY

It is shown that the density of the trace of a roncentral Wishart matrix has a
single ganuma series representation. whose coeflicients are casily computed by a stable
recurrence relation.  This representation can reduce 1o a mixture representation. The
mixing distribution is then identified as that of a finite sum of independent random
variables. each of which is the sum of a Poisson and a Poisson mixture of negative
binomials. Some advantages of the present representation are also indicated.

RIASSUNTO

Si dimostra che la densita della traccia di una matrice non centrale tipo Wishart
possicde una figurazione di seriec gamma singola, i cui cocflicienti vengono facilmente
computati tramite un rapporto di ricorrenza siabile, Tale rappresentazione pud ridursi
a una figurazione di mistura. La distribuzione di mistura & in seguito identificata
come quella di una somma finita di variabili casuali indipendenti. ciascuna delle quali
& la somma di una Poisson ¢ di una mistura Poisson di binomi ncgativi. Si indicano

poi certi vantaggi della rappresentazione proposta.

ZUSAMMENFASSUNG

Es wird gezeigt, dass dic Dichte der Spur der nichtzentrierten Wishart Matrix
mit Hilfe einer cinfachen Gammareihe dargestellt werden kann, deren Koeffizienten
sich mit Hiife einer stabilen Rekurrenzrelation berechnen lassen. Dicse Darstellung
reduziertsich zu c¢iner gemischien Representation. Die gemischte Verteilung ist cine
endliche Summe von Zufallsvariablen, die sich von eisem negative Poisson und cinem
gemischten negativen Poisson Binom zusammensclzen. Es wird auf gewisse Vorteile
dieser Representation hingewicsen.

PR ST T




