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ABSTRACT

The likelihood ratio test for the equality of k univariate normal
populations is extended to include the case in which the means are expressed
as simple linear regression functions involving two parameters. The
moments of the likelihood ratio statistic are derived, and an approximation
to the null distribution is obtained.

1. INTRODUCTION
The univariate version of the problem of testing the equality of k
normal populations is concerned with the hypothesis that, simultaneously,
the k means 1y are all cqual, and the k variances ar‘;’ are also equal; that is,

{: = = s = P gl =gl = v =
H: Bo=E fy 3 02 =0l at. (1.1)
Perhaps the best motivation for such a test is provided by Snedecor and

Cochran (1967, p. 324): Suppose that the means #; are the results ol various

treatments applied to otherwise homogeneous units, but that the treatment
effect is such that it results not only in uncqual means, but also in unequal
variances. In this case, testing of I is more appropriate than testing the
equality of means assuming the equality of variances.
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A similar motivation leads to an extension of the above problem to the
case where the means J; are expressed as simple linear regression functions

involving two parameters. Consider the k lincar regressions

¥ij= o+ Bl =% + g

fori=1,+,kj=1, -, Ni’ with all the errors Eij independent and

(1.2)

normally distributed with means 0 and variances ¢%, where ;‘:i- =K xij/Ni.
J

A hypothesis commonly tested in this case is the hypothesis that the
intercepts o, are all equal, and the slopes Bi are all equal, assuming the

equality of the variances af, i=1, -,k sce Graybill (1976, p. 297). This

hypothesis is important; for example, in economic applications one is
interested in testing the hypothesis that the same model applies, i.e.,
intercept and slope remain unchanged over various economic conditions.
Clearly, if the conditions are such that the variances may change as weli,
then one needs to test the equality of not only intercepts and slopes, but the
variances as well. This leads to the hypothesis

Hy: afi=a,ﬂi=ﬂ,af=o?,i=l,-o-,k {1.3)
where o, 5, and o? are unspecified constants.

Evidently, if the linear regression is not significant, then g, =0,

i=1,+-+,k and our hypothesis Hq reduces to H. The latter was first
considered in Neyman and Pearson (1931). For derivations associated
directly with this univariate version, the reader is referred to Mathai and
Rathie (1980), and for the multivariate analogue to Jain, Rathie and Shah
(1975}, and Chang, Krishnaiah and Lee (1977).

The likelihood ratio test for Hg is derived in Section 2, and its null and
non—null moments are obtained in Section 3. Section 4 gives approximations

to its null distribution.

2. THE LIKELIHOOD RATIO TEST FOR Ha
Let Yi i=1,,kj=1-,N be distributed as in {1.2), and let

N=DN+ Ny + ««+ + Nk be the total number of observations on all k

regressions. Then, the likelihood function is

e e e e oL
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L= L(O‘i, ﬁlv 0‘?1 i=1,---, l\r Yua i=1,+--, k’ j=11' ' ')Ni)

k Ny - vl
= 1 {Cemet) oty 5. ) e}, @

The parameter space is § = [(ai, B, o%) € R x R xR+, i=1,---,k}. The values

of &, ,Gi and cr? that maximize L under  are:
Nj

& = 9. =j21 yij/Ni (2.2)
. Nj i}
b= jﬁl G~ %) (2.3)
where
;= (xij - ii.)/di - (24)
N; )
4=z (xij - % )? (2.5)
j=1
ot = Sf/Ni ' (2.6)
where
1. Ni - - - 2
5? =j£1[yij_yi- —ﬂi(xij_xi-)] . {2.7)
" Hence, the supremum of the likelihood L under £ 1
; k N
sup L = (2n) N2 xp(oNy2) T (82 / Ny (2.8)
i=1

The parameter space specified by the null hypothesis  is
w={(e B, 07 eRxR xR*}, and the likelihood L is maximized at the

following values of o, 8 and o2.

k
a=y., =3 Ng. /N, . (2.9)
i=1
b= (a3 4y (2.10)
=1 {d E d. . 2.10
=1 =1 !
52 =S2YN (2.11)
where
k  Ni . \
2 = o= — OB, — X, . 2,12
5 151 jil [Y,J o ﬁ(\u Xl.)] (2.12)
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Hence, the supremum of the likelihood L under wis

sup L = (2rr)—l\zlz(s?/N)—I\'r/2 exp(—N/2) . (2.13)
w
The likelihood ratio is now obtained from (2.8) and (2.13) as
A= {NN/?/_E1 NiNi/z},EL(spNi/z/ N2 0<a <. (2.14)
i= i=
Thus, the test rejects Hpfor A < A oo such that, under Hg,
Pr(A ¢ ,\0_0) =ap. (2.15)

It will be convenient to express 52 in terms of S?, ('ri = S'i- and ﬁl We

have .
= B3y = Bl =%, )
ISP+ DN(ey, -, ) B (G- P, (2.16)
where

B= _E((li/;‘_) ) B, (2.17)
1

Thus, upon substituting S2 from (2.16), the likelihood ratio criterion A is
expressed as a function of Sf, c'vi =¥, and fj‘i, i=1, .-,k all mutually

independent with distributions as follows:
S'f/a? ~ A%y, n =N, -2, ‘ (2.18)

ﬂi ~ N(ﬁi, af/di) .

In summary, we have the following result.
Lemma [. The likelihood ratio test for Hg rejects Hg for A € '\0:0 where

o4 v
[ o] —
= (=)
— e

Pr(’\s’\a@) = aq when 1y is true; A is given in (2.14) with S5t and 52

expressed as in (2.7) and (2.16) respectively.
3. MOMENTS OF THE LIKELIHOOD RATIO
In this section we derive the moments of the likelihood ratio A. Since
0 <A<, it is well known that these moments uniquely determine the
distribution of A. The exact h—th moment E(/\h) can be obtained in the
most gencral case by integrating out over the joint densities of (2.18) —

LV ELET




e N i & gt i

P

3
I
¢
i

CONCOMITANT VARIABLES IN LINEAR MODELS 1739

(2.20). This is referred to as the non—-null moment (i.e. without assuming Hy

to be true). We have:

B = o J gj JJ Jﬁ..,JB (SQ)—Nh/‘.?iﬁl(S?)N;h/'z
st sy o B By N

k . ”
« 1 {(sg)“i/ 21 gep(-52/(20)/ {(26)"/ 7 T (ni/'.?)}} as?

i=l

k
i 1[(-zrrag/Ni)“‘/ 2 exp{~Ni(& — )2/ (202)}) iy
i=

k . .
x Il 1[(21&'0?/(!;)“1/2 exp{—d;(8; — )2/ 208}] d; (3.1)
i=

where \
a=nN2Zpn N2, (3.2)
i=1 -

To evaluate the above integral, we usc the following representation:

(5"")—Nh/ 2= [P(Nh/2))? J:zNh/ 2= exp(—252) dz , Re(Nh) > 0

= {[(Nh/2)]* erl]/le exp{—2L 5¢ —zZ Ni(&imy-_ )2
0 i i

-4 (8, — B} da. (3.3)

On substituting (3.3), (3.1) becomes:

B = aPr(Nn/2)) EZN“/ 21 L @)h()s(e)dz, (3.4)
where Ny
o
L=, o Js§ 1 (s 2 exp(-e3 5

k
1 1[(sg)“i”‘iexm—sy(zog))/{(20%)“” 2P(n,/2))) dS¢- -4 5

1=

K 1 X _
Iy(z) = J& o J&k iil{Nilz exp[-N;(& — ¢)?/203)(2r07) 1/2}

x exp{~z I Ni(& -7 )2t dag - diy s
i
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L , -1/2
Is(z) = L}l " L;k 1 {d/2 explay(3 - B2/ 2opl(250p) ™ ]

x exp{"z_zdi(Bi = )2} d.f}l T dBk .
1

The integral I,(z) is easily evaluated as a product of k gamma—type

integrals, i.e.,
[Sz]Nih/2+ni/2—1 —S'f(z+1/(2a‘f))
1 e

l\ .
i) = iilusgw (20977 T(n;/2)

dS'fJ

(3.5)

~—(Nih/2+ni/2) I‘[Nih/2 + ni/2] ]
i

(262)"1/% T(n,/2)

==
—

{tz+ 2oy

Following Mathai and Rathie (1980), we evaluate the integral Is(z) as
follows: Let,

- 1
Wi = (& = )N/ 2072, = (i, oo, W) (3.6)
A= (g oy = Ny = NINE, 2= NN £ (3.7)
D = diag(s, -+ , ), 6 = (208/N,)"2 (3.8)
a= (alf ‘ 'aak)’ ) ;‘;’= (&1;' : '1&1()'- (39)
Then, we have:
&= g+ Dw, (3.10)
EN(& -7, )% =Ad=o'Ag+20ADy + wDADy,  (3.11)
I
; {N.‘/2 expl=N.(& — a.)%/(203)) (202 /2] day, - - -diy
img L TG i/ 04Ty 1 k
=N W ay /()2 (3.12)
Hence,

L(z) = Tk/QJ 2(g'Ag + 2g°ADy + w'DADY) —w"w g,

=1+ zDADf' 2
xexp {~zg’Ag + 220" AD(I + 2DAD) DAg }. (3.13)
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Finally, we note that the integral I {z) is of the same form as Iq(z) with

3
d, instead of Ny, B, instead of a;, B (see (2.12)) instead of .. Let,

w = (B - )20 7 = gy (3.14)
B = (by) by = d, - [JL dj]ﬂld?’ by; = -—didj/‘}‘ dys i, (3.15)
D, = diagley - - G = (20?/? dj)‘/ﬁ, (3.16)
B=(Byr - B s B= B B - (3.17)

Then, in complete analogy with the previous result we obtain:
-1
Iy(z) = |1 + 2D, BD, | /2
wexp {2/ B + #BD (1 + :D,BD,)”'D,Bg}. (3.15)
Thus, the non—null moment is obtained by substituting Il(z), Iz(z) and Ig(z)

in (3.4), and it is given in the following:
Theoremy 1. The h—th non-null moment of A is given by

h n 5 I‘(Nih/2 + n;/2)

i=1 (20%)"i/? I‘(ni/‘z)g
_1]—(Nih/.‘2 +1,/2)

E(M)=a

k
where g= J"’Znh/2 Ly [(z + (20})
0 i=1

j=
«|1 + 2DAD| M2 exp (~zgAg + 22" AD(I + 2DAD) DA g }
12 , 1y g
|1 +2D,BD, | /2 exp{-aBD, (1 + 2D BD,) D B } d, (3.19)

with a as in (3.2) and A, D, & B, Dy, § defined in (3.7)—(3.9) and

(3.15)—(3.17) respectively.
The expression for the null moments now is easily available from the
ahove theorem. First, we note that under Hy. oy = ¢, ﬁi = f, a? = g for

some a, f, ¢® for i=1, . .k Thus, Ag = 0, BF = 0, and hence, the
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exponential part in g is cqual to 1. Also,

k—1 a 2 v k=1
[I +zDAD| = | (1+26%)=(1 + 20°z) , (3.20)
i=1
k-l ) 2 k1
[T+ leBDlj = I (1+2%) =1 +20°7)" " . {3.21)
i=1

Thus, the null moment, becomes

k T(N.hj2 + n./2
E(AY) =ah[r(Nh/Q)J“l(Qa?)N“/2_nl ! 'I/H_Jr. il
1= 1

xr zNh/?,—l(l " ,_)UQZ)—(Nh/Q+n/?-i—k—l)dz
0

where n = L n. In the above integral we put 20% = (1=v)/v. Then,
i

dz = —dv/(20%2), and we have:

J“’ZNh/H(I + 2022)—(Nh/2+n/2+k—1)dz
0

+ k I

= (o n—Nhj2 C(n —
= (207) F(l\h/%) : Y PAE T

2
Nhf2 +

Hence, we obtain the following result:
Theorem 2. 1t HO is assumed true, the moments ol A are given by

k [I‘(Nih/2+ n./2

WJ (3.22

hy_.h_ D/2 + %k — 1)
E() =a N2 372 ¥ k=) i£1

k i1k
wherenizNi—-Q,n= ) n,, a=Nr\/2/ | NiNi/g.
i=1 i=1

Replacing h/2 by &, expanding the gammas and then inverting by using the
inverse Mellin transform one can get the exact density of A2 but the
expressions will be complicated. Hence we will consider an approximation
here.

4. APPROXIMATIONS TO THE NULL DISTRIBUTION
Substituting n; = Ni —2,n=N=9%ip the null moment expression

(3.22), we ohbtain:

e S

A e
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i N1 +b)/2 -1]

aaly _ o b=l
BA)=Ce T[N{1+ h)/2-1] (1)

where C is such that E(AO) = 1
Various approximations to the null distribution of A are available by
approximating the gammas in (4.1) by using the formula (see Luke (1969),

Vol. 1):

I'(z+ &) = (27r)1/2 62 2~ b(z.d) , (4.2)
where

bz, = § (17 By (9406 + D21, (43)

and B _H(é) is a Bernoulli polynomial, This fermula is valid for large z and

bounded & Applying (4.1) withz = -%(1 + b} and é = —1, we obtain
N; 3
k . k . (L + h)—:
0 oS+ hy -1} = i {(2,1)'/2 [7?”—'(1 + h)] 2 2
i= i=1

wexp f~ (1 + b) - El(—l)‘ By (/010 + 1327}

T
N, 3 N 3k
/2 K 5(1 o+ h) = Mg ny—
= (20)"/2 igll(%)—g—( ) 2'](1_[_]1)7( +h) -5
ko (-1)'B_(-1)
N r+1
s ! h) - E ' N .
e\Pl“f( +h) e f(l'+1)[—.i>>—’(1'-}-h)]‘] (4.4)
Simitarly we obtain " 3
[ (1D — 3 Npy 3
o[ - et i
N @ (=B 1)
e I - E v . 5
C\I)[ 7(1 -+ ‘) =1 ['(l' + 1)[_%_(1 + h)]r (4 o)
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On combining {4.4) and (4.5) we obtain

_.3 —
EQOD) = Cr(1 + 1) 2tk1)

xexp{__ozo: (-1)° Br+1(“1)r [lﬁ 1 - 1 r]}
r=1 r(r+ 1)(1+ h)y [i=1(Ny/2) ( N/2)

3
s ~ k1) 2y 3 -3
= C(1 + h) {1 e TRE A v A O(N )] , (4.6)

where

k=1 [k
5 Nj/f 2 ~N
(27) I N 1/ Il

i=1

_1]

]—3/2

C/ =

(NN/ZS T ifi_lr 5 - 1
_ 13§ _
al_T{glu/ai) 1},

k k
=202 (/) =1} +5-(2 (/) -1)

and N, = 6iN . Letting now v = —2 InA ,we have

E(ehv) - E(e~—-2h lnz\) _ E(A—2h)

which is the moment generating function of v , and it is obtained from (4.6)

by replacing —2h for h.

3
E(e!) = C(1 ~ 2h) 2k

a a
x{l + L, 2 2+0(N*3)].
N(I-2h)  N2(1 - 2h)

By inverting the above we obtain a first approximation of the density of v
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given by

A1 e—(v/?)

v)=C’
g(v) )

and a second approximation given by

S v 12) }

ﬂC'
&) { ol 1 TN 2 (e

where [=3(k—-1)/2 .
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