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In this paper a new form of multivariate gamma is defined whose components are
positively correlated and have a three parameter gamma distribution. Explicit forms
of moments, moment generating function, conditional moments, and density
representations are derived. Several properties of the distribution are established.
Included are also, approximations, asymptotic results and Chebyshev's type
inequalities. Applications of the model and estimation of parameters are discussed.
© 199 Academic Press, Inc.

1. INTRODUCTION

The three parameter real gamma distribution with shape, scale, and
location parameters o, f§, and y, respectively, has density

(x=y)"" ' exp(— (x—)/B)
peI(e) ’

flx o, B, y)= x>y, a>0,8>0, (1)

and zero elsewhere. This distribution, which is Type III of Pearson’s system
of curves, is widety applicable as a model in reliability analysis™and life-
distribution studies. A comprehensive account of the properties of this
distribution, including characterizations and estimation of its parameters
is available in Johnson and Kotz [5]. The two-parameter (shape-scale)
gamma, the standard gamma ($=1, y=0), and the exponential are clearly
.- particular forms of (1). ‘
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Several multivariate extensions of the standard gamma are available in
the literature. Prominent among these are distributions whose marginals
are standard gamma, see Johnson and Kotz [6]. In their simplest form
they are constructed as follows. Let X/'s be mutually independent and have
standard gamma density functions

fix)={reyy-! x¥~temv, x>0 0,>0;j=0, ..k,

and let ¥;=X,+X},j=1, .., k. Then, the joint distribution of ¥, .., ¥ is
defined to be a multivariate gamma. The marginals are standard gamma
but correlated. Krishnaiah and Rao [9] define a multivariate gamma as
the joint distribution of the diagonal elements of a Wishart matrix. They
call it a multivariate chi-square. In connection with rainmaking experiments
Moran [14] discusses the need for multivariate models where the
marginals are preferably three-parameter gammas with different param-
eters. In dealing with lifetimes of components of operating systems when
the components are subjected to shocks Becker and Roux [1] and Steel
and Roux [16] introduce bivariate gamma models. Gaver [3] builds up a
multivariate gamma model from gamma marginals by a mixing procedure.
Negative binomial mixtures are considered. More specifically he defines a
multivariate gamma density / as one for which the Laplace transform is
given by

L5y, s sk)=(a/[(1 +a)jl:_'11 (1+5,)— 1]):;

for k>0, > 0. Various forms of bivariate gammas, mostly developed from
linear combinations of independent gamma variables, may be found in
Eagleson [2], Ghirtis [4], Kibble [7], Miller ez 4/ [11], Moran [12,13],
and Sarmanov [15].

In this article we introduce a multivariate gamma model as the joint dis-
tribution of certain linear combinations of independent gamma variables. |
Our model will be applicable to the following general situation. Suppose
that there is a k-variate system (X, .., X;), where the X}'s are identically
distributed except for a scaling factor. Suppose that the components are .
subjected to disturbances (g, .., &) such that the new system is
(X1 + &1y Xi+ ), Where the g’s and X)’s are mutually independently
distributed gamma variables.

Our model can also describe the following situation. To start
with, one has the system (Yi,.., Yi), where the ¥s are independent
gamma variables. These could be runoffs to a dam from & different
streams. The Y/s are disturbed so that the new components are
Z ={(Y,+6,X, .., Yo+ 6,X), where the d/s are constants and X is a new
gamma random variable which is distributed independently of Yy, .., ¥,
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where (') denotes the transpose. In the situation of runoffs into a dam, X
could be the contribution from a new rainfall in the region and the d;'s
could be interpreted as the coefficients representing the catchment areas of
the various streams. We would like to study Z.

As another application consider a stochastic routing problem or a
stochastic travelling salesman problem. Suppose that a transportation com-
pany has k routes at its disposal for going from point 4 to point B. Then
Y, could represent the travel time on the jth route or cost variable or any
such factor for j=1,..,%k Gamma models for travel time are very
reasonable. A new obstruction has created a disturbance in ¥; so that Y,
is shifted to ¥,+3,X, where J; is a constant and X is another gamma
random variable independent of the Y;'s. Here X could be coming from
a problem at a common node or a common arc of the routes. Thus the
vector of interest is Z.

In this paper we study the properties of such a model and derive:
(i) moment generating function; (ii} general product moments; (iii) variances
and covariances of the components; (iv) conditional moments; (v} muitiple
correlation; (vi) the general density; (vii) approximations and asymptotic
results; (viii) estimation of parameters; and (ix) Chebyshev's type
inequalities.

2. DEFINITION AND Basic PROPERTIES

When the random variable X is distributed like (1), we will write
X ~ G(a, B, v). We give the following definition.

DeriNiTioN 1 (A multivariate gamma). Let ¥, ~ G{a, B, 7:), { =
0, 1, ..., k, where the ¥;'s are mutually independent and let

Z Biy vv. i1,k

A

The density of the vector Z'=(Z,, .., Z,) will be called a multivariate
gamima.

Several properties of the distribution will follow directly from the defini-
tion or the moment generating funétion of Z. The latter is readily available
from that of X in (1): ‘

M (1) =E(e")= J‘oo (x—7)*~!exp(—(x—7)/B) exp{tx) p o

, () B* =g
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Hence,

M(1) = ("2 + %)
- E(etlfﬂo)(ﬂlrl+ +J?krkrVo) E(e" Vl) , --E(e"‘y“)
g (0/BYBLiL+ - ok BrtidgiLild -
TG+ o+ BT (T= i) (1= frti)™

exp (g + (yo/Bo) b)Y t] (2)
(1 =Wty T, (1= 8,00

where b= (B, ., Bu), 8= (71, v Vi) t=1{t1, s 1) | Biti] <1, for all i and
|bt| < 1.

The following properties are now easily obtained directly from the defini-
tion or from the moment generating function:

(i) Z;~Glao+a;, i (7o/Bo) Bit.2:)
(i) E(Z,))=(ag+a;) Bi+ (70/Bo) Bit7i
(i) Var(Z,)= (o +;) BE.

(iv) Cov(Z;, Z;)=uof:B;, i %]

It is evident from (iv) that Z; and Z, for {(i+/) are positively correlated.
Reproductive propertics are stated in the following.

TuEOREM 2.1. The class of multivariate gamma is closed under: (a)
transformations of the form W=Z+d, d'=(d,, .., d;); (b} convolutions
Z,+Z,, where Z,,Z, are independent, L, is multivariate gamma with
parameters o, B, v, i=0,1, ., k, and Z, is multivariate gamma with
parameters o}, B, vi, i=0,1, ., k.

Proof. (a) The moment generating function of W is
k
M., (t)=exp ( )y dffi) Mt}
i=1
which is of the form (2} with y,+ 4, in place of y, for i=1,.., k.
{b) The moment generating function of Z,+Z, is
le-!- Z;(t) = Mz;(t) Mzg(t)

and hence it is of the form (2) with the same f; parameters, «, + o} in place
of ; and 7,47/ in place of 7, for i=0, 1, .., k.
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3. MoMENTS AND CUMULANTS

Moments of the form E(Z7') and product moments E(Z7'Z7) will be
evaluated directly from the definition. Their evaluation requires the
moments E(F7") which are available from the moment generating function
of ¥;. We have

M, (f)=e""(1 —B,)~%

gm M,,,(t) k.’i"( )({ a::l( -—ﬁ,oz)—af}{z;’:, e(?n}}).

Hence, putting £=0 we obtain

m

M™=E(V")= Z (?)ai(“i+1)"'(as+kl—l)ﬁ?l'f?—kl
0 1

k=

= 3 () @aprrr, (3)

k=0

where (a),=ala+ 1)---(@+n—1), {a)y = L. Using the above, we now have
sarea(f o) o[ (YT )

2, (7)) zoor e

2 (NG5 2 () conssri

<3 (") DBl @)

By the same procedure as above one aiso can derive the product moments
directly. For example,

Bzr 2= ([ Vo V) (#re+n))

LN 0
LN () e
LN (s o

3
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where MV for i=1,.,k are available from (3). To compute the
cumulants of Z we need the logarithm of the moment generating function.
From (2) we have

1nM=(:)=-—a01n(1—’k2;3,.:,.)mf —Bit) +E(;‘;ﬁ.+v)

i=1 i= 1

From this it easily follows that for m, = 2 the cumulants of Z are

K,.= pre (lnM (t))!_t=D
={ aglm,— 1) B -+oc(m — 1 [5”"’}[
(1=Bity— - =Bt (1=Fit)™ =0
= (m;— 1)1 B{eto + 20,)- (6)

Also, the joint cumulants are obtained as

Hrmi+ (In Mz(t))t =gyo(m; +m;— 1)! [))?”B:fw' (7)

orrory 1=0

Km;mj =
The last equation gives, for example,
Kyo= (2 +2,) f7 = Var(Z,)
Kll““()ﬂ Bj COV Z.I’Z)’ 17&.]

From these one can write the covariance matrix of Z'=(Zy, .., Z,),
denoted by 2, as

Z“ 2:‘12)
Cov(Z)y=2= cr,--)=(
B=2=00=\s, I

Ui;=(°50+af))3;2a 0'.;;=“oﬁ;‘18ja i #J, Zu=011=(°‘0+“1)ﬁf-

If the multiple correlation of Z, on Z,, .., Z, is denoted by Ryz...p,

then
| 2]

— R, L =———
! a0 o | Enl

This can be shown to have a very simple form in our model. Note that
Z':DAD, where D'—"dlag(ﬂls Ty ﬁA ): ag) a!f_a0+a|" au = g, I?ﬁ,]
Thus | Z|=pf2.--B2| Al and

|A|=(°‘2"‘%)[(%"‘“1)“*"%951(1/9‘2"' o+ Loy )]
=Z {ogary -+~ e}

n
E Y CTTRERE T B T PRREE- 7% & SR + (2oaty o oty )y
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where 3 (200, - -- &) denotes the sum of all products of ay«, - - -« delet-
ing one of the /s each time. Thus

PART Y./ RCAREN
(1)
and then

| 22| =ﬂ§ﬂ§2 (ootty -~ e )
(1)

Hence

I_R%(z---k)=(%+a1)ﬁ1 Z (oo, "'“k)/z (ogoy « v g ). (8)
(1) (1)

4. CONDITIONAL DENSITIES AND CONDITIONAL EXPECTATIONS

In this section we derive conditional expectations of the type E(Z,|Z;)
and conditional variances Var(Z,]Z,). These will be obtained from
Theorem 4.1 below that gives the rth conditional moment E(Z7| Z,). We
will also indicate that the same techniques can lead to the evaluation of
moments of the type E(Z% Z%| Z,) and we will illustrate the evaluation for
ki=k,=1.

Trorem 4.1 Let w=(Bo/B2)(z:=v2) =70 and 8=7o+ (Bo/B1) 1.
Then, the rth conditional moment E(Z7|Z,) is given by

Nz =L s (T r=rta)
E(Z]izz)—r(‘xll)rzo ("1) JirS

3 (1) 2tk snengn

Fa) (g + %),

rp=0

Proof. Consider the joint density of ¥, ¥V, and Vs,

_ 2 (vi_?'i)ar-;lexP('“(Us_}'r)/ﬁr)
f(v(): Uy, 02) = il;[o { : o) ﬂ?‘l }

The joint density of Z; = (B1/Bo) Vo+ Vi, Zo=(Ba/Bo) Vo + Vs is
o~ 1
21221, 23)=¢ j (vo—7yo ) e (0wl (21 —& vy — ?1)
) o ﬂo

ﬁ sa—1
« g~ (a1~ (Bifoy w—yt VA (22 — _ﬁ_z v _-},2)
0 .

x g~ (72— (Ba/Bo}eo 1)/ B2 dvo ,
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where
2 -1
c={l—[ I"(a,-)ﬁ‘,’."} .
i=0
Since Z, ~ Gt + @2, Ba2s 72+ 70o(B2/Bo)), the conditional density of
(Z,12;) is

€y
g112(z1122) = po Y P ;
' (25— 72— Yol BalBo)) T e~ 277 olB2/Bal)ip2

XJ‘ (vo—70)° "

vy
2 'B . %=1
—(to— 7 - __}_ " — (o —y :
w g —(®0 o)fﬁuﬂ{(‘j_ﬁ UO'—U‘) e~ BifBo}ro 1)/.5}} dvo,
i=1 ¢
’ 9)

where
B3 (2 + 23)
BEBA (o) I2y) I{a)

Now, to evaluate E(Z}|Z,), we first express Z; as

ae{fmpren) o]
-5 (-] "G

Then, interchanging mtegrals in (9) we obtain

;=

ry

r o tra o
A O L
r — o
E(21|22)_ (:7_-_ o 'T'"'o(ﬁz/ﬁ ) zo+:n I g—{zz—v2— (B2l B}V

xr =1
% (32"‘&”0"'}'2) e—t::—-[ﬁzzBo]t‘o—'.'z)/Bz
ﬁl =1
XI (ZL—B—UO_?I) e = 1= (Bufo) o —31)if) dz, dv,
Sl 0

r .
¢y Z:‘=°(rl) Tr—r +a) x4

= % A2 — — [z~ = af ] (10
a7 ol Ba/Bo)yo ) & B )
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where

o

r
(UD_%)ao—l e—(vo—vo)/ﬁo (E}. g +.},i)
0 Bo

B2 2t
X(Zz"'ﬁ'vo—h g — (=2~ {BafBod vo— v2)/F2 dv,.
o

The last integral is easily evaluated. Let y = v, —7y,, Then,

"%‘Evo—h:%

where ( < y <, and hence the integral becomes

smemon () (B0)7 [Pt (1-2) g,

where 8=1vo+ (Bo/B,)7,. Finally, the transformation y=wt0<t<1,
gives

n a—1 t
A=e“"/ﬁ°(&) (Eﬁ) ot [l - et (or+ 8) di

Z3 (w=y)

Bo fo )

= p—@/fo E_l. " &)az_l w+a2 -1
m(g) () oo
& (1 Iog+r2) = r2oare
X,Eg(":)”%"'az*'?’z)a @

Upon substituting in (10) and simplifying, we obtain the resuit as stated in
the theorem.

The conditional expectation E(Z,|Z,=z,) which may be called the
regression of Z, on Z, is immediately obtained from the theorem for r=1.

CoroLLARY 1. The conditional expectation FE(Z1Z,=2z,} is the
Jfollowing linear function in z,

E(Z,|Zy=2,)= By+ Bi(z,— E(£,)),

where

Y
=By

BO=E(Z1)=(%+-°‘1)ﬁ1+T1+ﬁ
0.

CoW(Z,Z)) | aoby
e Var(Z,) mﬁz(ao'f'az)l
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Conditional variances of the type Var{Z,|Z,=z,) are available from the
general conditional moment E(Z}]Z,=2z,) given by Theorem 4.1. Hence,
we will consider moments of the type E(Z% Z%|Z,=z,). The same tech-
nique will work for any ki, k,; hence, we will illustrate the method for
k,=k,=1. The marginal density of Z; is given by

i B3 2p+x3—1
(ZB_B—}’O_%) ¢~ 3= WBsibo) so~walbsy
0

) )
Consider the joint density of ¥, 2y, Z;, Z5,

o — )0t e —tro—s0ifo
f(v()szhzbzﬁi):( ¢ ‘)03) S
J=o B7 (%)

2 B, B B0y o= 5B
xl—_[ {(zj-—ﬁ—uo—?j) g~ ‘T PRI
Py 0

The joint conditional density of Z,, Z, given Z, =1z, is

Ugs Dy S9, 290 Y
gs(z, 72l ) = | L% o ) &
T -

Hence,

.1
BZZo\Zy=2)= = | | [ 202 f 0,21, 22, 23) drsdiadse. (1)

Let

Then,
B B2 8
2132=(?—'1“"'1'Uo—}'1 52"_00—}’2)‘* :1—"_190“}’1)(&00'5'?2)
0 0 0 0

(o (o) (g )@ )

Using the above, the integral {11) is evaluated upon evaluating the four
integrals corresponding to the four terms in the expression for z,z,. Since
these integrals are of the same type, we illustrate the evaluation of one of
them corresponding to the first term. All others are evaluated in a similar
way:
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A= (zs)j.,o L, L (Z‘ "”‘)(“‘%”""”2) |

(Uo""'}’o)“o_l e—(vo—vo)fﬂn
3 :
IT-0 ﬁ”-"F (o)
aj—l
% H {( '""_Uo ,},}) e—(zj_(ﬂjfﬂo)ﬂﬂ—?j)/ﬁj} dzl dzz dvo
0

_rwl
P B ey + 1)) ,[ (v
ano ﬂf"r(%‘) glzy)

. a3—1
% e—(vo—?u)/ﬂo (23 _% vy — .},3) e——(Zs— {B3/Bo) vo—va)/B3 duo
V]

oY)}

_d1dzﬁlﬁz(ﬁ3/ﬁo)“3-1wgo+m3—le—w3/ﬂo 1 ot .
T BPY (%) M) 8(2s) J, - oear

(where ma—%;(zzi_%)—?o)

_%1%f, Ba(Ba/Bo) ™ wP* s te~ ¥ (o) et )
BB () r(“a)g(zs)r(ao‘*'“a)

Similarly, the other three integrals can be evaluated to compute
E(Z,Z,|Z,). It should be noted that the same procedure will work for
E(z% 25| Z,=2,), once Z% and Z%* are expressed in terms of the powers
of z;— (B/Bo) vo—7,,7=1,2. Since the expressions will be complicated
these will not be given here.

=005, 85

5. THE DENSITY OF THE MULTIVARIATE GAMMA

In this section we consider representations for the density of the multi-
variate gamma. Consider the transformations

_B
“1= 8, A
From the joint density of the £+ 1 mutually independent random

variables ¥y, Vy, .., V), we can obtain the joint density of Z,, .., Z,, Z, ;.
Note that the transformation above has Jacobian =1 and that

B
Bo

Vot Veo  izlk  Zisy=Ve

Z,' Zk+1"" Vr, l‘=1, ey k.
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Thus, the joint density of Z,, Z,, .., Z; ., is

Era1(Z1s o Zes 2 )

=C(zg41—70)™ ' exp ( —Z"—"‘k+};_%)
0

O T

where

k -1
c={psrin 11 prris))

j=t1

In (12), put u=z; ,;— Yo, #;= fio/b’,)( =¥ )—vorJ=1, .., k. Then

gk+1(”1: oy Hpey ?J)-—-C H (g;)xf_l u““‘lexp(__g..)

0

XH { =)t lexp( u’;;ﬂ},

where O<u<minf{u,..,u,}. The joint density of uy,.,u, is now
available by integrating out u, ie.,

min . o g} U
ity vy HA-)=C1J um_lexP(__)
Bo

}j { u, —u)’f“‘exp( ”ﬁo )}du, (13)

where
i ()

It follows from the above that the density is of different form for each of
the k! orderings of u, ..., #;. For example, for u, <u,< .-+ <u,,

8ty s )
=¢ [ ue exp(‘i) e
0 Bo

x exp(— [(oy — ) + <+ + (1 — u)1/Bo) e
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=C, {jljln u}‘—"l} J‘:l uo~! exP( —~uffo) (1 -—%)al_ l (

{2 -2

k

d 1
=C1{l_[ u,?“'“}ﬂi‘“f y““‘exp(—“-y)(l yya!
j=1 ¢

Bo

u, \2! ( i )ak_l.
1 ——L {12
x( “2y) uky _

147

u ap—1
1__._.___
Uy

xexp{—é[ul(l—y)+u2(1-z——;y)+ +uk(1—z—;y):|}dy.

Expanding the exponentials in series forms we obtain

gk(uls ey uk)

k
=C1 {H u;}_l}
=1

=] =]

XHI.)Z Z Z ‘ul/ﬁo)m( ul/ﬂo)rl (‘“k/ﬁo)rk

1
rg=0 ri=0 re=0 Fi:

% Il yao+ra—l(1.__y)a1+r1—.1
[}

aztrz—1 o+ rg— 1
x(l_i‘.}.y) ...(1__94_1},) @,
Uy Uy
Since w<uyfu;<1,j=1,.., k

ity oy )

I o) il
[ ﬁ“fra,)]{n“ }“‘

<0 o

% z Z Z( ul/ﬁo (—“1/130)““_

r=1 r=0

¥ t
r=0 1+
{—up/Bo)™ I'etg+1o) F(O‘1+’1)

rg! Dog+ro+a,+ry)

. U
x Fp (oc0+ro;oc2+r2, g U Pyl g+ Fot oy 41—
2
where F, is the Lauricella function, see Mathai and Saxena [10]

3 very

rrs

Uy

U

1

__),
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Now, let (i, &, .., iy ) be a permutation of the integers (1,2, ..., k) such
that u;, <u, < --- <u,. Then, the density has the form:

ity o 1) = L (BilBo) ! {ﬁ u;j_i}

Foo LB T(a)] |
nE F LR u../ﬁo) (—ua/Bo)
=0 rn=>0 =0 rl!
x(—“fk/ﬁo)’kr“o'f'ro)r(fx:‘i‘h)
! Iag+ro+a,+r;)
: . . Rl U
XFD fxo+r0,ot,-z+r2,...,ot,-k+?‘k,0t0+r0+cq=+ri,u—,...,u— .
i i

For each permutation (i, f,, .., i) of the integers (1,2, .., k) such that
u; <u,< -~ <u,, we have a part of the density in the above form. The
Lauricella function F, has a convergent series representation for
logfuyl <1,j=2,..,k, and R(ae)>0, R(2;}>0. These conditions are
satisfied here since u;, <u,< --- <u, and xq, %y, .., &, are parameters of
the gamma densities.

Linear combinations such as ¢, Z,+ -+ +a,Z,, where 4y, .., a, are
constants, can be handled by rewriting them as linear combinations of the
mutually independent gamma variables V, V4, ..., ¥,. Several techniques
are available for working out the density of a linear function of indepen-
dent gamma variables. Quite a large literature is available on this topic.
For a brief introduction see Johnson and Kotz [5].

Remarks. (1) In Definition I, ¥, may be replaced by a sum of inde-
pendent gamma variables with the same f8,. The structure of the problem
remains unchanged. {2). Definition 1 may also be modified to replace
(B,/Bo) V, by a linear function of independent gamma random variables.
The coefficients of the linear function may be selected so that Z; still
remains a gamma. This will lead to a form of the joint distribution of
Z,, . Z; that is more comphcated but it can also be handled by the .
techniques of this paper.

6. APPROXIMATIONS AND ASYMPTOTIC RESULTS

The m.gf. of Z, is given by

M_(1;)=Eexp {r,- (g—' Vo+ V,-)} = eHtBiifol FEI(| B g Y=t )
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Consider the standardized Z,, that is,
— Z,—-E(Z)) - Z;— [(ag+a,) B+ (vo/Bo) Bit+7il
JVar(Z)) B/ (oo +t,)
Z; Yo Yi
— |/ . . 14
B/ (g +a;) [ (ot a)® " ] (%)

BO\/(% +a;) ﬁ:\/(% + ;)
The m.gf. of ¥, is

— (e +ai)
Myf(l',-) = g~ tiv/tmotar) (1 ___ﬁ__)

NACIS -5

and

I
In My (t)=++0 as  o; — .

2 1 )

2 (\/ (oo + ;)

Thus we have the following

 LEmMa 6.1. When a,— o the standardized Z; as defined in (14) is

asymptoytically a standard normal irrespective of the value of ay>0.
Consider the vector of standardized Z's, that is, let Y = (¥4, .., ¥}),

where Y, is defined in (14). The m.gf. of Y is then ‘

k t.Z
My(tys t,,)=Eexp{ —

r=1ﬁ\/(°‘0+“£

- $ [ Veera et )
=e—z’f=lr;m|:l_ i 1 ]—ao

1 @+ )
xH( ;5) | (15)

(so+ o

and without loss of generality one can expand In My{t, .., ¢ ) into a
power series to obtain

In My(ty, .. 1) = _’i;‘ :,.\/E.gll‘a_)io Zl i(i W)
a2 |

,
o A e

(16)
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From (16) one may note that In M can be approximated in a number
of ways. If o, is a finite fixed quantity but «;,— 00, i=1,.,k then
In My{ty, tk)-azz, (2 But if «y also goes to oo such that
ofeg o m;< o0, i=1, .., k, then

10 My(ty, oo 1 {,);11 +§”/—\/ﬁm‘}

Thus we have the following theorem.

THEOREM 6.1. The vector Y of the standardized Z}s is asympiotically a
multivariate normal

(i) N0, 1) :foc,-—» o, i=1,.., k and ¢y is a fixed finite quantity,

(i) N(0,Q), Q2=(2,),2;= IQ--1/«/1+m«/1+m ikj if

o, =00, i=0,1,.. ksuchthara/ocoﬁm <oo,i=1,.

Thus when «;, i=1, .., k, are large and o, is finite, one can approximate
the density of Y by a standardized multinormal density. When
o;=0,1,..,. &k are large one can approximate by a multinormal density
N (0, Q).

A situation in Theorem 6.1(ii) can arise when a s;mple random sample of
size n is taken from Z'=(Z,, .., Z;) and then the standardized sample
mean vector of the coordinates is taken as Y. Then look at the distribution
of Y for n-» o0 with o;, 71=0, 1, .., &, fixed. A situation in Theorem 6.1(i}
can arise if we take a simple random sample of size »; from V,, i=1, .., k,
and replace Z; of Definition 1 by Z}, where

Z?‘—-%- Vot Vi,

n;pg

where ¥, is the sample mean of the sample from ¥,. Now form the vector
Y from Z}, i=1,..,k and look at the asymptotic distribution of Y
for m;—~oco, i=1,..,k with «, i=0,.,k, fixed. Thus Lemma 6.1 and
Theorem 6.1 can be given meaningful interpretations.

7. ESTIMATION OF PARAMETERS

If data are available on the compenent gamma variables Vy, ..., ¥ then
all the parameters o, 8;, v, 1 =0, .., k, can be estimated by using one of the
standard methods. Since gamma functions are involved it would be easier
to get the estimates by the method of moments. But when a multivariate
model is fitted usually data are available only on the coordinates
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Z,i=1,.,k Hence we will look for a method of estimating the
parameters by using data on the Zs, Let m®, m{, m{?, m{) denote the
sample cumulants on Z,, i=1,..k. The correspondmg population
cumulants are available from (6). Let Sy denote the sample covariance
between Z; and Z;. By the method of moments one has

mg)=(&o+&r)5? (17)
m$) =24, +4,) B2, (18)

where ~ denotes the estimated value. From (17) and (18),

mi) .
ﬁ,-=b,', b,'=m, IEI’ ey k’ (19)
2
and
. s m
o+ d;=a, a; R i=1, .,k (20)

020=Srz/brbz- (21)

. S1a .
d;=a; bibs i=1,..,k (22)
Note that
E(Z;)=(ag+o;) ﬁi+?ﬁi+?i
4]
and hence
8ob,+7,=m{ —afb:, S0="0/Bo. (23)

Note that 8,8,+ v, is the location parameter for Z, and hence the smallest
order statistic from Z,, denoted by Z ’”, can also estimate 3,5, +y;. Also
one can get a different moment estimate for f; by combining the third and
fourth sample cumulants. Denoting this estimate by J, one has

Bi=m®3mid,

It should be noted that with probability one, §,#b, If f,=5b, for a
given sample, combine higher cumulants to get an estimate of §, different
from &,. Thus we can have

503;+)?f=zf?)- (24)
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From (23) and (24) one has ‘
8o=(ZW—~mD +ab)(Bi~b:),  Fi=Z{— 0B (25)

Since y,/8, appears as a ratio in the multivariate model the above equa-
tions (17)~(25), complete the estimation of all parameters.

8. CHEBYSHEV'S TYPE INEQUALITIES

Since the components Z;, i=1, .., k, of our multivariate gamma model
are positive random variables for 7,20, i=0, 1, .., k, one can construct
Chebyshev type inequalities on various probabihty contents under our
model, The exact probabilities can be computed by using the exact density
given in Section 5. We state the following known results as lemmas.

Lemma 8.1, Fet Ay, .., A, be events in the same sample space. Let A
denote the complement of A; and P(A;) the probability of the event
Apnj=1, .., k. Then

Hf(h a1 (O a)1-f e oo

LemMa 82. Let U be a nonnegative real scalar random variable with
E(U)< w. Then

P{USSY<EWYS,  8>0. 27

Now consider the events 4,={Z;<8§,,6;,>0}, j=1,.., k. By applying
Lemmas 8.1 and 8.2 and using the expression for the expected value of Z;
one has the following.

TreoReM 8.1. Let §,>0,j=1,..,k, be arbitrary real constants. Let
{Z,j=1,.,k} be the components of the multivariate gamma model of .
Sectwn.’l wath 7;,20,/=0,1, ... k. Then

(i) P{(Z,K68,,., Zy<d,)}2 1 —él {[(oco+ ;) ﬁ,+%—‘(’-) ﬁ,+yj]/éj}
(28}

; 1 {[(%"‘“)B;"‘(:’o/ﬁo)ﬁ +?,r]

(i) P{(Z,268, .. 2 20,)}< T

(29)
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Proof. (i)is obvious from Lemmas 8.1 and 8.2 by noting that E(Z;)=
(oo + ;) B+ (vo/Bo) B,+7v;. For proving (ii) observe the following:
For nonnegative real scalar random variables U,,.., U, the event
{U,;28,8,20,i=1,.,k} implies that {T¥_ | U;>¥%.,6,}. Now apply
Lemma 8.2 to establish the result.

ACKNOWLEDGMENT

The authors would like to thank the Natural Sciences and Engineering Research Council
of Canada and the University of Texas at El Paso for financial assistance which enabled them
to collaborate on this project.

REFERENCES

[1] Becksr, P. I, aNDp Roux, J. J. J. (1981). A bivariate extension of the gamma distribu-
tion. South African Statist. J. 15 1-12.
[2] Eacreson, G. K. (1964). Polynomial expansions of bivariate distributions. Ann. of
Math. Statist. 35 1208-1215.
[3] Gaver, Jr.,, D. P. (1970). Multivariate gamma distributions generated by mixture.
Sankhya Ser. A 32 123-126.
[4] Gurrs, G. C. (1967). Some problems of statistical inference relating to double gamma
distribution. Trabajos Estadist. 18 67-87.
[5] Jomnson, N. L., aNp Kotz, 8. (1970). Distributions in Statistics, Vol. 1. Houghton
Mifflin, Boston. )
[6]Jounson, N. L., anp Kotz, S. (1972). Disributions in Statistics, Vol. 4. Houghton
Mifflin, Boston,
[7] XiesLE, W. F. (1941). A two-variate gamma distribution. Sankhya 5 137-150.
[8] KrisunalaH, P. R., Hacis, P., AND STEINBERG, L. (1963). A note on the bivariate chi
distribution. SIAM Rev. 5 140144,
[9] KrisHnatad, P. R, aND Rao, M. M. (196i). Remarks on a multivariate gamma
distribution, Amer. Math. Monthly 68 342-346.
[10] Marual, A. M., aND Saxena, R. K. (1978). The H-Function with Applications in
Statistics and Other Disciplines. Wiley New York.
[11] MiLLER, K. 8., BERNSTEIN, R. I AND BLUMENSON, L. E. (1958). Generalized Rayleigh
processes, Quart. J. Appl. Math. 16 137-145; correction. 20 395,
[12] Moran, P. A. P. (1967). Testing for correlation between non-negative variates.
Biometrika 54 385-394.
[13] Moran, P. A. P. (1969). Statistical inference with bivariate gamma distributions.
Biomerrika 56 627634,
[14] Moran, P, A, P. (1970). The methodology of rain making experiments. Rev. Internat.
Statist, Inst. 38 105-115.
[15] SarManov, 1. O. (1970). Gamma correlation process and its properties, Dokl Akad.
Nauk SSSR 191 30-32. [Russian]
[16] SteEL, S. J., aNDp Le Roux, N. J. (1987). A reparametrisation of a bivariate gamma
extension. Comm. Statist. Theory Methods 16, No. 1 293-305.

Printed by Catherine Press, Ltd., Tempelhof 41, B-8000 Brugge, Belgium




