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Estimation Given Conditionals From an Exponential Family

Panagis MoscHOPOULOS and Joan G. STANISWALIS

Suppose we are given r independent observations (X,
Y1), ..., (X,, Y, from a conditionally specified distribu-
tion with density f(x,y). The problem of estimating the
unknown parameters of f(x, ¥) is complicated by the pres-
ence of an intractable normalizing constant that, in this
conditional approach, is chosen so that the density inte-
grates to 1. An approach to estimation is used here that
is known to result in asymptotically efficient estimators
of the unknown parameters when f(x,y) is from an ex-
ponential family. It is an application of a method that
has appeared in the literature and is due to J. K. Lind-
sey. It very conveniently avoids the dependence on the
normalizing constants in the joint distribution. The usual
maximum-likelihood estimates of the parameters can be
obtained using software readily available for Poisson re-
gression. The usefulness of this estimation method is il-
lustrated for a model resulting from specifying that the
corditionals are two-parameter, shape and scale, gamma.
It is assumed that only the scale parameter depends on
the conditioning variable, This model subsumes the BEC
class and several characteristics of the model extend those
of the BEC class.

KEY WORDS: Bivariate conditionals; Gamma condition-
als; Log-linear models.

1. CONDITIONALLY SPECIFIED MODELS

Let (X, Y) be a two-dimensional random variable and
denote the marginal and conditional densities of X and ¥

by fx (), fr(¥). fxir(x | ¥y and fyx(y | x). If these densities
exist, then

LW rx(y | X} =fr(3fxr(x | ) (1)

and the joint density fx y(x, y) may be defined from either
of the above products. _

In conditional specification, we assume that only the
conditional densities fxy(x | y) and fyjx(y | x} are speci-
fied and seek proper marginals fx(x) and fy( y) that satisfy
(1). If such marginals exist, then the joint density fy y(x, y)
may be defined again from either product in (1).

Not all pairs of conditional densities lead to legitimate
marginals, and therefore a characterization of the joint
density. Let Ny, = {(x,y): fxyr(x | ») > 0} and N, =
{(x,»: frx(y | x) > 0}. It can be shown that necessary
and sufficient conditions for the existence of fy{x) and
Jr(y) are that N, = Ny, and that the ratio of the conditionals
be factored into the ratio of two integrable functions u(x)
and v(y) that is,

FeirCe | W/ frix(y | x) = u(x)/v(y). 2
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See Arnold, Castillo, and Sarabia (1992). In such a case,
the conditional densities are compatible, and the joint den-
sity fx,¥(x,¥) can be completely characterized although it
may not necessarily be uniquely determined.

The usefulness of conditional specification in construct-
ing bivariate models stems from the fact that it is often eas-
ier to visualize conditional aspects of a problem rather than
characteristics of the marginal or the joint distribution. For
example, the lifetime X of a component may be exponen-
tially distributed with a mean depending on the lifetime
¥ of another component of the system. Such considera-
tions prompted considerable interest in the past few years.
Castillo and Galambos (1989) considered the case of nor-
mal conditionals, and they completely characterized the
resulting class of distributions. Arnold and Strauss (1987)
studied the class of all distributions with Pareto condi-
tionals. Arnold and Strauss {1988) considered a bivariate
class of models with exponential conditionals (BEC), and
Armnold and Strauss (1991) discussed models with con-
ditionals specified in the exponential family. Additional
models and related references can be found in Arnold,
Castillo, and Sarabia (1992).

One of the main difficulties in conditional specification
is that the resulting marginals fx(x) and fy(y) and also the
joint density fx y(x, y) all involve an intractable constant.
This is due to the requirement that the densities should in-
tegrate to 1. The integral involved in the process must be
evaluated numerically in almost all cases. For example,
even in the case of exponential conditionals, the constant
involves the exponential integral; see Arnold and Strauss
(1988). The consequence is that it becomes difficult to
obtain properties of such models; for example, moments,
moment-generating functions, and maximum-likelihood
estimates are not available in closed mathematical forms.
In particular, an optimal method of estimation is still lack-
ing even in the simplest cases. The problem is further
complicated by the fact that, in general, the parameters of
conditionally specified models are constrained, except in
some special cases. Thus it seems best to consider such
models on a case-by-case basis.

The estimation method of this paper is illustrated in a
model resulting from specifying that the conditionals are
two-parameter gamma, shape and scale, but we will as-
sume that only the scale parameter depends on the condi-
tioning variable. As we shall see, this results in a bivariate
model that may involve up to five unrestricted parame-
ters. Naturally this model subsumes the BEC class, and
several characteristics of the model extend those of the
BEC class; for example, the normalizing constant, a func-
tion of the exponential integral in the BEC class, now
involves a ¥(a, b; z) hypergeometric function.

‘We note that the functional form of the model (exclud-
ing the normalizing constant) can be derived from regres-
sion considerations [see Mardia (1970, chap. 6)], and it is
also a special case of the very general model with condi-
tionals in exponential families [see Arnold, Castillo, and
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Sarabia (1992, chap. 4)].‘ We develop this model in the
next section.

2. A FAMILY OF BIVARIATE DISTRIBUTIONS
WITH GAMMA CONDITIONALS

Suppose that (X, Y) is a two-dimensional random vector
withdensity fx y(x, y) with support in the positive quadrant,
and suppose that (X | ¥ = y) ~ G(r,p) and (¥ | X =
x) ~ G(s, ) where r and 5 are fixed parameters, p = u(y)
and v = v(x). Thus the conditional densities, assuming
r> 0,5 > 0,u(y) > 0and v(x) > 0, are assumed to
be two-parameter gamma densities for x > 0, and y > 0.
Note that only the scale parameters p and v are allowed
to depend on the conditioning variables. Thus we have

Srx(yx)= (I;(( ))) ylgm vy,
y>0 vx)>0,x>0 3)

and

ey g
Srx [y = T emHIE

x>0, u(y)>0,y>0. 4

For the sake of simplicity and completeness but also for
illustration purposes, we indicate here how one arrives at
a form of the underlying joint density. On substituting (3)
and (4)into (1), taking natural logarithms, and equating the
second-order partial derivatives 8(-)/8x8y of both sides
of (1), we obtain the necessary conditions

wy) =ay+f (5)
v(x) = cx +y (6)

for some o > 0, 8 > 0,y > 0. It can be readily seen that,
under (5) and (6), the two conditionals are compatible in
the sense of Section 1. It should be noted that the functions
() and v(x) have the same linear form as in the case of
the BEC distributions, that r = 5§ = 1. Now substituting
(3)—(6) in (1), we obtain

(cy + BY — 1 —(ayBx (ox + )
AN = e 2

Xy‘ 1 p=lextyly (7

It follows from the preceding form that except for the
normalizing constants, the densities have the forms

Ji) ox (ax+ )" e ™A,
Fr(y) o (ay+ B) "yl

Herea: > 0,8 > 0,7 > 0,r > 0, and s > . Substituting
(8) and (9) into (7), we obtain

x>0 (8)
y>0 ®

Foy(n,y) o x 1y lemBriman) (10)

forx >0,y >0, > 0,8 > 0, and v > 0. Note that the
case r = 5 = 1 leads to the BEC class (Arnold and Strauss
1988). Note also that, as in the BEC class, o = 0 implies
independence.
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3. THE NORMALIZING CONSTANTS

In order to write the explicit forms for the marging;
densities fx(x), fr(»), and the joint density fx y(x,¥), Wwe
need to evaluate the normalizing constant. Let us note
that if @ = 0, then the marginals are also gamma and
clearly independent. If o > 0, then it is convenient to
reparameterize letting

=580

in which case,

f (ax+9) "1 Prd
0

for some & > 0, (11

le o]
= f (B6x + )% e~ dx

= (B8 "y~ / YL+ e oy
0

=(ﬁ6)_r7—x9r,.\'(§)1 ‘ (12)
where '
8,,4(6) = f N1+ H e~ dt = DT, 6, 1/6),
(13)

c=r—s+1,and U(r,c; 1/6) is the confluent hypergeo-
metric function (Luke 1969) known as the ¥-function de-
fined by

U(r,c;1/8) = -f%;i/;m I+ e o (14)

Thus the marginal densities are given by

Sy = & ();)(ﬁaxn}-‘ B x>0 (15)
fely) = (”’(25)(763»“)—’ e, 50, (I6)

The joint density is given by

e, ¥) =) frx(y | 2y =fr(3) - fryrlx | 3)
— (ﬁé)’(ﬁﬁx—i— 1)_'\.x,~_1e_(ﬁx)

8, (6)
(Bydx +7Y s—1 o= (Bvbriyy
() Y
_ (ﬁé)r —1 g1, —{(Brtyy+ By bxy)
“g.orw” 2 ¢

forx,y > 0.
The family of joint densities of the form (17) will be
called a bivariate family with gamma conditionals (BGC).

4, SPECIAL CASES
41 g=7v=1

When the scale parameters are assumed equal to one,

r

Jx,p(e,y) = o X ly=lgmiria),

er, SOT(s)
x>0,y>0 (18

@)= —=1+)™ ™, x>0 (19

&
o, \(5)

)= (L4, 3> 0. QY

0, r(6)




42 pB=v=landr=s=1

This leads to the one-parameter BEC family. In this
case, the normalizing constant is

011 _] 1+ e -’/5—6f0w(1+5u)"'e"“du. 21)

Thus 8, 1(8) is expressed in terms of the exponential inte-
gral; that is,

-1
0(8) = 6/61,(8) = (f (1 +6u)™! ““)
= §e™!/° [[-E(1/6)] 22)
where N
~Ei(u) = f (€™ /w)ydw™ (23)

as in Arnold and Strauss (1988).
The BEC family restated in terms of #(5) as in Arnold
and Strauss (1988) 1s '

fe,r(x,y) = 0(8)e™ FHro),
Sx(x) = 0(8)(1 +dx)~ ) e,
Fe(y) = 06)(1 + &)~ e,

x>0y>0 (24)
x>0 25
y >0 (26)

5. ESTIMATION

One of the most viable approaches to estimation, espe-
cially when conditionals are in exponential families, is a
particular form of pseudolikelihood involving conditional
densities. In this approach the pseudolikelihood for the
sample is taken to be the product of the conditional den-
sities; that is, [Ty {frix(y: | xfr(x | ¥}, Note that
this product does not depend on the normalizing constant.
Arnold, Castillo, and Sarabia (1992) considered condi-
tional likelihood estimation in the case of Pareto condi-
tionals and in the BEC class. The resulting estimator is
not asymptotically efficient, but it was shown to be more
than 88% efficient for the one-parameter BEC distribution.

An approach to estimation is considered here that re-
sults. in asymptotically efficient estimators. It is due to
J. X. Lindsey (see Lindsey and Mersch, 1992 and earlier
papers referenced therein). With this approach, parameters
in the probability distributions from an exponential fam-
ily of the form f(x,y) = exp[c(x )+ 9h(x ¥} + s(8Y],
where # = (0y,...,6,) and £ : R? — R*, can be esti-
mated as the coefﬁc:ent in a log-linear P01ss0n regres-
sion model. The explanatory variables in the log-linear
Poisson regression models are given by the components
of Alx,y) = (hi(x, ¥), ..., m(x, y)¥. It very conveniently
avoids the dependence on the normalizing constants, in
the joint distribution. The usual maximum-likelihcod es-
timates of the parameters can be obtained. The method is
now described. .

Let R(A1, Ag)={R; sl o0 denote a partition of the sup-
port of f where each Ry = {(x,y) s.tx € (i~ 1) * &, i
Ajlandy € ((j— 1) * Az, 7 * A,]}. Hence each element
R;; in the partition R is a rectangle with area A4, and is
centered at the point (gy;, 82;) = (f — .5)A, (j — .5)A3).
Let n; denote the number of observations in the sample
(X1, Y1), - - -, (X, Ya) falling in Ry;.

Rather than maximizing the likelihood directly, con-
sider the multinomial likelibood based on the observed
counts ny. Clearly,

P((X,Y) € Ry) = A1 Az f(g1i, 82))

and hence the likelihood function based on the observed
counts 7;; is

L) = [ [[{Aa1221 (1 g0}
=1 j=1

Since 3 o oy D12 f(g1:;827) = 1, the likelihood L(6)
is cxpressed as

flg1, 825) ]"”
L(e) HH ]:Eu-l E ]f(glu:gZV)

i=l j=1

and for some large integer m

f(g1,82)) ]"’ 2
Lo = HH[E;;:! 2 (8w £27) P

i=l j=1

Note that in contrast with L(8) [, £(X:, ¥2), the preced-
ing does not depend on the normalizing constant for the
density.

Next, recognize that this multinomial likelihood is
equivalently the likelihood arising from the joint distri-
bution of nyy, - . . , Bmm conditional on 2_1 Yo By = 1,
where ny are 1ndependent Poisson random variates w1th
mean parameter uy = f(gi;, &) (Bishop, Feinberg, and
Holland 1975). Hence the n; may be modeled as Poisson
with mean p; having the log-linear model

In py = c(gi, 827) + Oh(g1s, 82) + 5(6).

In this framework, the estimate of the parameter @ is the

. estimate of the coefficients of the explanatory variables in

h, and () is the intercept. The term ¢ is an offset, an
explanatory variable with known coefficient 1. Note that
the normalizing constant for f drops out of the expression
for L(#) and does not enter into the Poisson regression
model. Hence, the asymptotic variance of the log-linear
model estimators for the partition R(A;, A,) can be easily
computed using the second-order partial derivatives of the
logarithm of (27).

Proceeding from the multinomial likelihood in (27), the
asymptotic covariance of the estimators of 8, and 6, de-
rived from the log-linear model is given by [nV ] ~1 where

E;- 21._] f(gll 3 g2j)hr(31n gZJ)hv(gln 821)

VF.\'
Zr_ Ej_lf(g]!} 32;
. H E;—] 2 _1f(g1r>321) (gIHng) (28)
p=ry s Ei:l z=lf(g111821)
forr,s =1, ...,k Knowledge of the normalizing constant

for the joint density is not needed to compute (28) since
the constant cancels from the numerator and denominator
of the expressions involving f.
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6. SIMULATIONS FOR THE BEC

Consider estimation for the one-parameter BEC distri-
bution, in which case f(x, ) = 8(§)exp[-x — y — bxy] for
x,¥,6 > 0. A small simulation study was conducted in or-
der to compare the finite sample variances of the log-linear
and conditional-likelihood estimators to the asymptotic
expressions for their variance. For this example, ¢(x, y) =
—x —y,k =1, and A(x, y) = —xy in the Jog-linear modei.

Figure 1 provides a comparison between the asymptotic
variance given by Equation (28) of the estimator fit using
the relation between the multinomial and Poisson distri-
butions {dashed) with A; = A, = .05 and the estimator
studied by Arnold, Castillo, and Sarabia (1992, p. 121) that
used conditional likelihoods (solid curve). Figure 1 also
shows the asymptotic variance of the maximum-likelihood
estimator (dotted curve) [62 + 26 — 8(6)(6(6) + & — 1)]/5*
(Arnold, Castillo, and Sarabia 1992, p. 119). Note that the
dotted and dashed curves are indistinguishable. Figure 2
is similar to Figure 1 except that the estimator fit using
the relation between the multinomial and Poisson distri-
butions used A; = .25 and A, = .2. This illustrates the
fact that a good choice for A, and A, depends on the value
of 8. Smaller values of A; and A, are needed for larger
value of §.

Five blocks of 500 realizations of samples of size n = 50
with § = .5 were generated. The SAS function RANEXP
was used to generate the data using the rejection method
(Devroye 1986, pp. 41-42). An SAS macro using Proc
NLIN (SAS Institute, Inc., 1990, vol. 2, p- 1168) was used
for the Poisson regression to fit the log-linear model with
Ay = .25and A; = .2. Tt is important that the partitions
im R with zero counts be included as data when comput-
ing the coefficients for the log-linear model. For these
values of 8, Ay, A,, the asymptotic efficiency of the esti-

10

20 05 10 15
Delta
Figura 1. Asymptotic Variances of Competing Estimators. Log-

linear model with Ay = Az = .05 (dashed curve), conditional likefi-
hood (solid curve), maximum likelihood (dottad curve).
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n X Variance

00 05 1.0 1.5
' Deita
Figure 2. Asymptotic Variances of Competing Estimators. Log-

linear model with A, = .25, and A, = .2 (dashed curve), conditional
likelihood (solid curva}, maximum likefihood (dotted curve).

- mator derived from the log-linear model is .99 versus .94

for the estimator derived using the conditional likelihood,
The estimates using the conditional likelihoods were im-
plemented in Fortran and found by a grid search as sug-
gested by Amold, Castillo, and Sarabia (1992, p. 120).
The simulated means and variances of the two estima-
tors are listed in the following table with their respective
asymptotic variances; standard errors are given in paren-
thesis for the quantities computed by simulation:

n X Asymptotic

Mean n x Variance Variance
log-linear .550(.004) 2.81(.17) 2.33
conditional .561(.004) 2.96(.16) 246

The simulated sampling distribution for the conditional-
likelihood and the log-linear estimators were very similar,
namely, unimodal and skewed right. Only the estimator of
6 using the log-linear model is known to be asymptotically
efficient for small values of A; and A,. The effect of
Ay and A, on the estimate of 6§ was investigated. The
estimates of § eventually stabilize as the grid size is made
smaller.

7. SIMULATIONS FOR THE BGC

Consider estimation for the three-parameter BGC distri-
bution that results from setting 8 = 1, andy ='1in (17). A
small simulation study was conducted to demonstrate the
feasibility of estimation via the log-linear Poisson regres-
sion model in this example with several unknown para-
meters, namely 8,7, and 5. For this example, c(x,y) =
—x—y = In(x) = In(y), k = 3, Ax, )= (—xy, In(x), In(y))",
and @ = (4, r, 5) in the log-linear model.

Five blocks of 100 realizations of samples of size n = 50 .
with § = .5, and r = 2, and s = 3 were generated. The
SAS function RANGAM was used to generate the data




using the rejection method (Devroye 1986, pp. 41-42).
The same SAS macre based on Proc NLIN used in the
BEC simulations described in the last section was used
(SAS Institute, Inc., 1990, vol. 2, p. 1168) with A; = .25
and A, = .2. The simulated mear and variance of the log-
linear estimators of &, r, and s are listed in the following
table with the asymptotic variances computed from (28).
Standard errors are given in parenthesis for the quantities
computed by simulation.

n X Asymptotic

Parameter Mean n x Variance Variance
& S5(.01)  2.08(17D 44
r 2.11¢.01)  6.06(.57) 1.33
s 3.08(.02) 7.44(66) 2.19

These estimators of 6, 7, and s using the log-linear model
are known to be asymiptotically efficient for small values
of A; and A,. Note the ease with which asymptoticaily
efficient estimators for these bivariate models, with con-
ditionals from an exponential family, can be computed
using existing software. It is not known how well the
conditionally-likelihood estimators perform for the BGC.
The conditional-likelihood estimators are not likely to be
asymptotically efficient, and computation of the estimates
would require writing software specific to the example
at hand.

[Received January 1994.]
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