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Sjeetives

B Find a Taylor or Maclaurin series for a function.

B Find a binomial series.

B Use a basic list of Taylor series to find other Taylor
series.



Taylor Series and Maclaurin Series



!ylor Series and Maclaurin Series

The next theorem gives the form that every convergent
power series must take.

The Form of a Convergent Power Series

If f1s represented by a power senes f(x) = Z a,{x — ¢)" for all x in an open
interval [ containing c, then
B _Ir'l.-l I{.‘:I,}
G T
and
. . e . ()
fx) = fle) + fle)x — ¢) + fy Jx—cp+---+1 — e — 4. -

The coefficients of the power series in Theorem 9.22 are
precisely the coefficients of the Taylor polynomials for f(x) at
c. For this reason, the series is called the Taylor series for
f(x) at c.



Sylor Series and Maclaurin Series

Definition of Taylor and Maclaurin Series

If a function f has derivatives of all orders at x = ¢, then the series

E fm}{f}(l —c)ff=flc) + fledx—e)+ - - - + [ (x—c)+---

n!

is called the Tavlor series for f(x) at ¢. Moreover, if ¢ = 0, then the series is
the Maclaurin series for f.




!ample 1 — Forming a Power Series

Use the function f(x) = sin x to form the Maclaurin series

co  fin)( *” 3)( (4]
E J .FU} x" = f(0) + f(0)x + fz(!U} x2 + %Jﬁ + %1![0)14 + - -

and determine the interval of convergence.

Solution:
Successive differentiation of f(x) yields

f(x) = sin x f(0)=sin0=0
f'(x) = cos x f(0)=cos0=1
f'(x) = —sin x f'(0)=-sin0=0

f3)(x) = —cos X fe)(0) =—-cos 0 =-1



jample 1 — Solution

cont'd
f®(x) = sin x f®(0)=sin0=0
fe)(X) = cos x fe)(0) =cos0=1
and so on.

The pattern repeats after the third derivative.



jample 1 — Solution

So, the power series is as follows.

cont'd

i f(n)( ) (0) +f(0) N f”( ) 2 +f(3)(0) - f(4)(0)x4 .

~ pn 2! 3! 4!
G Dt 0 (=D, 0, 1 0
2 on g 0 (Db g e gt e
(;l)x7+
3 xS 7 )
R

By the Ratio Test, you can conclude that this series
converges for all x.



!ylor Series and Maclaurin Series

You cannot conclude that the power series converges to
sin x for all x.

You can simply conclude that the power series converges
to some function, but you are not sure what function it is.

This is a subtle, but important, point in dealing with Taylor
or Maclaurin series.

To persuade yourself that the series

f"(c)
2!

f"(e)

n!

1) + 7)o = e) + P = P

might converge to a function other than f, remember that
the derivatives are being evaluated at a single point.

(X—C)”-l-"'
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!ylor Series and Maclaurin Series

It can easily happen that another function will agree with
the values of f(x) when x = ¢ and disagree at other
x-values.

If you formed the power series for ’ ‘ 1 x<f]
the function shown in Figure 9.23, ‘ dnx,  |x<%
you would obtain the same series "

as in Example 1. 1A\

You know that the series converges E
for all x, and yet it obviously cannot T
converge to both f(x) and sin x

for all x . Figure 9.23 ”




!ylor Series and Maclaurin Series

Let f have derivatives of all orders in an open interval /
centered at c.

The Taylor series for f may fail to converge for some x in /.
Or, even If it is convergent, it may fail to have f(x) as its
sum.

Nevertheless, Theorem 9.19 tells us that for each n,

(1)
.. 4+ fn—y(C)(x _ C)ﬂ + RH(X),

fx) =f() + flc)x —¢c) + X (x —¢)? + -

where (n+1)
R (x) = {n - S? (x — e,
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!ylor Series and Maclaurin Series

Note that in this remainder formula, the particular value of z
that makes the remainder formula true depends on the values
of x and n. If R,—0. then the next theorem tells us that the

Taylor series for f actually converges to f (x) for all x in /.

Convergence of Taylor Series

If lim R, = O for all x in the interval /, then the Taylor series for f converges
11— CC

and equals f(x),
& L)
=

I
n=10 .

(X—E

filx)
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jample 2 — A Convergent Maclaurin Series

Show that the Maclaurin series for f(x) = sin x converges to
sin x for all x.

Solution:
You need to show that
)C3 )CS )C7 (_ 1)n x2n+l

e TR TR (2n + 1)!

IS true for all x.
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!ample 2 — Solution -

Because
frrD(x) = +sinx

or
fnrD(x) = +cos x

you know that |f(”+l)(z)| < 1 for every real number z.

Therefore, for any fixed x, you can apply Taylor’'s Theorem
(Theorem 9.19) to conclude that

f(n_l_l)(z)xnﬂLl
(n+1)!

|x|n+l

T (n+ DY

0 = [R,(x)] =
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!ample 2 — Solution -

From the discussion regarding the relative rates of
convergence of exponential and factorial sequences, it

follows that for a fixed x
n—+1

lim X

am o

Finally, by the Squeeze Theorem, it follows that for all x,

R,(x)—-0as n—- oo,

So, by Theorem 9.23, the Maclaurin series for sin x
converges to sin x for all x.
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!ylor Series and Maclaurin Series

Figure 9.24 visually illustrates the convergence of the
Maclaurin series for sin x by comparing the graphs of the
Maclaurin polynomials P,(x), Ps(x), Ps(x), and P;(x) with the
graph of the sine function. Notice that as the degree of the
polynomial increases, its graph more closely resembles
that of the sine function.

| |
4t 4 - -; o e g
T ¥ =sin x 3+
2 - 2
1+ + 1+ £
- 4 + i 2n - -+ w 2R
J 7 T g | }‘I\ g _1 T
-3 _'— ||11 -3 N B j.'=.-m.'c| -3
W4T -4+ _ ANN -4 + _ -44 /)
~ : 2 3 0 R
I |"-‘-|_-‘- .Ir '«'—% .'r:'_:'..1.'.'=.1.'—?+% F-I.'l.'.'z.'l.'—T +?—?
b o - - - - a - = fa

As n increases, the graph of P, more closely resembles the sine function.

Figure 9.24 17



ylor Series and Maclaurin Series

GUIDELINES FOR FINDING ATAYLOR SERIES

1. Differentiate f(x) several times and evaluate each derivative at c.

fle). fe), f(e). f(e), - - -, fc), - - -
Try to recognize a pattern in these numbers.

2. Use the sequence developed in the first step to form the Taylor coefficients
a, = f"(c)/n!, and determine the interval of convergence for the resulting
poOwer series

f"(e) f"(e)

2. ..
21[.1 c)* + +H!

f{{",} +fj(f.':|(_]f — {“.:I + (x — o)+ - -

3. Within this interval of convergence, determine whether the series converges

to f(x).
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Binomial Series
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!mmial Series

Before presenting the basic list for elementary functions,
you will develop one more series—for a function of the form
f(x) = (1 + x)k. This produces the binomial series.

20



!ample 4 — Binomial Series

Find the Maclaurin series for f(x) = (1 + x)k and determine its
radius of convergence.

Assume that k Is not a positive integer and k # 0.

Solution:
By successive differentiation, you have
f(x) = (1 + x)x f0)=1
f'(x) = k(1 + x)k-1 f'(0) =k
f'(x) = k(k — 1)(1 + x)k-2 f'(0) = k(k — 1)

f"(x) = k(k—1)(k—2)(1 + x)k-3 .f"'(O) =k(k—-1)(k-2)

Fx) = k-(k —n + 1)(L + X)k-n fo(0) = k(k — L)-(k—  + 1)
21



!ample 4 — Binomial Series

cont'd
which produces the series

— v-2 _ _ + 7
k(k — 1)x N N k(k — 1) (k —n+ 1)x N

1 + -+ SR
x 2 n!

Because a,../a,— 1, you can apply the Ratio Test to
conclude that the radius of convergence is R = 1.

So, the series converges to some function in the interval
(-1, 1).
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Deriving Taylor Series from a Basic
List
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riving Taylor Series from a Basic List

POWER SERIES FOR ELEMENTARY FUNCTIONS

Function

e e R e O A G (S | (R
I — _ 2 3 . L T B 7 O T
1+x_l x+xr—x+xt—x + (—1)"x

) G-, G=1P @1 (— 11— 1y
Inx=ix—-1) 3 - 3 n - . -
1._| 2 P _1{'1' .X'ﬁ X"
g = —1’+,)—!+F+E—§+ —F-l'

IR SN S GNP PR et ) o i
e TR TR TR 21+ 1)!

— ¥ oxt o xb af (—1) x>
cosx = —§+E—E—E—'-'+W
U SO SN U SN ek ) A S
e T T B In+ 1 C
arcsinx = x + x + L3 + I.?.‘SIT+---+M+---
XXt 372:4-5 2:4:6-7 (21220 + 1)

— 142 . A3 — Dk — )k — 3t

(st s e s KEZDR  KE— D=2 Kk = D=2k =3

2! 3! 4!

* The convergence at x = + 1 depends on the value of k.

Interval of
Convergence

0=zx<?

-1l =zx=1

Desx=2

— oo < X < oo

— oD < X < OO0

— oD < X < OO0

|
14
=
1A
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!mple 6 — Deriving a Power Series from a Basic List

Find the power series for f(x) = cos/x.

Solution:
Using the power series
xz  ox* X0 X8
cosx=1——+-———+——

2 41 6! 8!
you can replace x by+/x to obtain the series

S X x_xp o xt
e T TE TR Y

This series converges for all x in the domain of cos~/X __that
IS, for x = 0.

25
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