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Math 4329, Final (Q/\

Name _____ K’Ej _________________

1. If the second order Taylor series method (one more term than Euler’s
method) is used to solve v’ = 2 + u?, write u,41 in terms of h,t, and
Up only. (tn = nh, u, ~ u(tn))

S
U =4%u u" = b+ Za (W)
l (/(,\f_, =y, + A (/- + (1\ [Z;{ + 2y, (4 """k‘\)
2. a. Let Ty(z) be the Taylor polynomial of degree 2 which matches

f(z), f'(z) and f"(x) at x = 0, where f(z) = 125z Find a ree-
sonable bound on

G

_2 M, ”
F/ - | H’Ly\) maz_o.1<0<01|Ta(z) — f(2)] < (/ .)-J X 3{

?/J?

» 4§ ¢ | |
[ .3 e Z \
Mt el 4 0| < 8L caons)

b. Let Ly(x) be the Lagrange polynomial of dcgrce 2 which matches
f(z) at z = —0.1,0.0 and 0.1, where f(z) = T2z5+ Find a reason-

able bound on ( "
( é,( )é("’a’)%(x—@,/)(

max-o.lgmso.ﬂ[lz(m) — f(@)| £

[t S (0‘%_)1’; ¢
€ 0,154 )
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3. a. A root finder gives consecutive errors of es = 1026 = 1074, €7 =
10-!. Estimate the order of the method.

o M6 o0 ot (T 35 )
75 =M (0% \ ;
b. A quadrature method gives an error of 1077 when h = 0. 001 and
10~ when h = 0.0001. eqlmatc the order of the method.

yzo) 7—/141( 00/) » /'of‘:/o Q(,( =3‘3
/o =M (wol) g
c. A differential equation solver gives an answer u(1) = 0.98888 when
h = 0.1, and u(1) = 0.90666 when h = 0.01, and u(1) = 0.90600
when h = 0.001. Estimate the order of the mcthod

T = NRLEE
Oo??&é’-j M (;!) z \) '08221 :M[cl)ﬂ(_go))n(]
0, 99666 =T =M (o))" N 00066 = Mol coni)
090600 —T =M |, (;Juj)"" S QL/) = Q_M)'(‘}
J2S = /o= (<=2
4. Use the inverse power method to find the smallest (in absolute value)
eigenvalue of A, if
2 1 0 : (%9 |
A-lzlt 20 1} N = 2,09)
0 1 2 20, ()

Start with (1,10,1) and do 3 iterations.

210 74 /1%
(/) auc)-a(fmé‘f — [ &1 732 mﬁ‘/go//
26 YA /134

A= 20 CONG (A) = 0005



5. Reduce MI :7,

yN — yly _ tz
M=% —y L{3 =

to a system of 5 first order equations. The right hand sides must involve
only ¢,uy, Uz, Us, Us, Us. The left hand sides must be ), uh, uf, uy, ug
respectlvely

! = d,
W’, U Yy ~I Uy
u; ‘M
u‘r
Q; = bk> Ugq ~

6. Do one ileralion of Newton’s mothod, starting from (0, 0), to solve:

flz,y)=222+y—-1=0
g(z,y) =—-2z+y*+1=0

(=) (5 4 Y ()

n

: 1 7 '
(58 ) - 90
R A A A A DAV
7. Write (14 2)*3 — 1 in a form where there is no serious problem with
roundoff, when z ~ 0. (Hint: a® — 5 = (a® + ab+ b*)(a — b))

K/—+><)%——| = (/f")'_'__(g B g K

1}
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(597 (>4 | —( J<)’ (/7‘)() HI
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8. How should A, B,r be chosen to make the approximation:
S f(x)de ~ Af(—r) + Bf(0) + Af(r)

as high degree of precision as possible?

Pt 25! de=prBA  ALO

}'“7(?' % - S—J tdx = Afl'f'f}/t A= %_
F=xt == LTy = ArteA YT =5
~f . )
ra _ %5 3 (\ = J; ) C!{ic; )

9. Will the iteration Zn41 = 3(zn + =) converge to the root V5, if the
starting guess is sufficiently good? Justify your answer theoretically.

90 = £ (e 57
?/g() =4 —= ~L

T
™

Yot -E420 Grrom



Math 4329, Final ( H

Name ___J(_q/t __________________

a. Let Ty(z) be the Taylor polynomial of degree 4 which matches

£(), f(2), (@), f" () and f*(z) at & = 0, where f(z) = cos(z/6).
Find the best possible bound on

—r <=7 Tk (f‘(f %J )g”‘ -

maz _p<zp<n| Tu(T) — ()| <

tf =
( ,_—— P = ( / G- /0 ~ f,
b. Let Ly4(z) be the Lagrange polynomla,l of dcgrec 4 which matches

f(x) at £ = —m, —0.5,0,0.5 and m, where f(z) = cos(z/6). Fmd
the best possible bound on

IMe)
|La(1) — f (1)|;< v (/ ) (1+aS) ( ((-6S) (H?(

Ly 5y
c@me e Wt ¢ BSCﬂJC)
f (20
a. A root finder gives consecutive errors of e5 = 10-3 es =107 e, =
10~1°, Estimate the order of the method. /C) = U ( o 5*):(’

/Of (/U) @ /(9“5 /{(/0”‘3)"(

b. A quadrature method gives an error of 10=° when h = 102
10" wlnn h= 13-4, I\immlt the mclu of the method.

) - /0 = \
/(H /4 (/ Sir < /0% (¢ GL /
e. A dilferential equation solver gives an answer u(1) = 2.18888 when
h = 0.1, and u(1) = 2.10666 when h = 0.01, and u(1) = 2.10790
when h = 0.001. Estimate the m der of the method.
9 15588 —T = M(1) " - 2
i i R kel ) CUN
Y e D of) 0,000 66 “M@
2., (._-, Gov —T = z‘{-‘t( (% {3 ({)(){) }

1 /&5:/0';( (o('-.:aj \

J



3. Use the power method to find the largest (in absolute value) eigenvalue

of
210
1 31
01 2

What is the corresponding eigenvector?

>'/g—"3 {f =( 2 = //)' ((:--. 33
;) el
(M2 (= (

\\

4, 2+ xy®=9-3y
3x2y —yi=4+2z

Do one iteration of Newton’s method, to find a root of this system,
starting from (zo, %) = (0,0).

¢ %o +y? Begt+3 Ry
5 (;{l ] ) (/" ) N ( ZC:((?{L zx‘— 7’ <‘;>
0,0) )

=2y ={ 5 W:i! (3))



5. Will the iteration Zn41 = Zn + sin(z,) converge when zo is sufficiently
close to the root 7 = 7?7 If so, what is the order of convergence? (Justify
your answer theoretically, without actually iterating the formula.)

; wl = + Gl X C,’?('?..) = ) (.4 .-.‘:9
, il Converyer; O ="

| G <A@ Gl = 0 Ceammey ordhn=3

J i ) = | . )

G = —Grx

6. a. Write the third order differential equation u" —5u' —u = t* as a
system of three first order equations, that is, in the form:

o = f(t,u,v,w) = V'
o = gt wvw) = W

w = h(t,u,v,w) = EV +U ‘f“;?%

b. Now write out the formulas for .41, Vnt1, Wa1 for Euler’s method
™ applied to this system of first order equations:

Unt1 = ur\ 1 Z\ VA
, i
Worr = W, +h (SVJ\‘F%\*)@;
7. If the third order Taylor series method (two more terms than Euler’s

method) is used to solve u’' = £(1 + u), write tn1 in terms of h,t, and
up only. (tn = nh,u, = u(ts))

u'= A 1w ‘
6 u/‘ :C/'('bk] t Zélt.({ = (/7'-7?‘2)(/-{—&\

W= Ul s ot () = (e o) fend)

(U =t oA A1)~ K (1ef) H) +5 (34870 Fra)



Math 4329, Final \3}

Name ____ }{{7 __________________

a. Let 73(z) be the Taylor polynomial of degree 3 which matches
f(2), f'(z), f"(z) and f"(x) at z = 0, where f(z) = cos(z/3).

Find the best possible bound on

| 7 E‘) (__{__) ¥ |
mam_o,sgmgo.slﬂ(m) - f(z)] < {_F———(— X?/f 3 l— ‘f - (}——; ;
2 L (£)7 £% 2/ .

b. Let L3(z) be the Lagrange polynomial of degree 3 which matches
f(z) at z = —2,—1,1 and 2, where f(z) = cos(z/3). Find the
best possible bound on

1L,(0) ~ FO)] < /ﬁ(—‘l 2wy < 4(4) =@'/ o™ )

2.9

a. A root finder gives consecutive errors of eg = 1073, e9 = 1075, €10 =
10-11. Estimate the order of the method.

[0 =M (/0-—3)'( G g & O
o =/[9 =
T =M (15)¢ : { / =

b. A quadrature method gives an ervor of 105 when h = 1072 and
10~ when h = 10~%. Estimate the order of the method.

.._S’ N ,<
/07 =M (07 - ..
YN s N *= (Y (x=3 )



L

3. Use the inverse power method to determine the smallest eigenvalue of

A:[% # e [—1—L]

-5 1
Start the 1terat10n with (zg,y0) =
3 4 3 ~ ST
(8’) ’7(-‘(7) B 7—93\ L < = % )

4. Take one step of a third order Taylor series method (Euler is the first
order Taylor method) to approximate the solution of the following prob-
lem, at t = 1.01:

u = 2tu (A.’:: Au=1
u(1) =1 W'= 2kl 42w = 202 +20)= 6

W = 2k 4 tul = 2(1)(C) + H2) = 20
Wl-k) = o) +alh+ w0 & ”’(/)ﬁ
=/ t2k +6(l*‘2° QZU}OBJ’/ )

5. Do one iteration of Newton’s 1ncthod starting flom (0,0), to solver

flz,y) =22 +y—-1=0
g(my)——2m+1} +1=0

G = (5 ) ()

\ 7t

(-0 )



L.

L

6. Write v/1+z — 1 in a form where there is no serious problem with
roundoff, when z =

W")@w) [4x ~ ] % ,)
r—‘(’l - f—i’@ l""@

7. Determine the degree of precision of the quadrature rule:

T () dm = %f (0) + & T/ )

po A=5:‘!Ax:-,%+'f.;-_-_4 y
f=x Loghade- BA_LLEV
J‘.‘._m ] “?. -?3'1_?#? 2
=X A‘“:SOJ‘C"LU( - 2_5__(5)_;_4'_ R
Fox’ K7 - SN P d = ; 0 o op
: wy- o',
S

8. Will the iteration Zn41 = 2 —3%n + 525 converge to the root 1, if the

starting guess is sufficiently good? Justify your answer.
= 2
7("” L -Lx g X 70 =1
() = -3 L —
= =2 el L e o
j T ¢z X g () =0Us ZQ:«__)



Math 4329, Final (L\

Do the true/false problem (last problem) and 8 of the other 9 problems.

Clearly mark which problem NOT to grade.

1. Let Ty(x) be the Taylor polynomial of degree 4 which matches f(x), f'(2), f'(z), f"(x)

and fi(z) at x = 2, where f(z)

ma:cosmsd'lh(x) - f(x)l <

3)

2

]
2)

2y,
£,
— (¢
5

. ¢
S 4
e?

"

<

V-J‘l!‘...'-

= e%/3, Find a reasonable bound on

¢/3)
¢ 3 &7 g5
e
.

)

2. Let ps(z) be the fourth degree polynomial which satisfies py4(z;) =
f(zy), i =0,1,2,3,4, where f(z) = e®/3. Give a formula for the error

f(x) — pa(x) at an arbitrary point z.

K= FO () Gmlesites)

{

s

A\JE! |
A

_'L."«"v‘f‘}

oJ

(rtd et} (i) =) (2 e B

3. Determine the degree of precision and {global) order of the qiadrature
rule:

J2 f(z)dz ~ BFO) + 327 (5) + BB + £ (h)
v L The A o
- L 248545 <h
Lt = 265&1‘—‘,5-?5‘(\5'—4-
lka AN J Iy
N S0 = 55 *7?)"?")' 31 sc
LS A SEL TSN (SO i
5 A RS A L
S R I T T YA e
BN s L
( L‘-’,Q(:3 o(/\*j



. Use the power method to approximate the largest eigenvalue and the
associated eigenvector of

110 I ;3 /L
A= 181} _\/U_<l> X/:(fo) Kz(é‘i\
011 L & L
Cy\ 2 | TN
(6%(5) K T (5324 ?  - 5.0 (3?)“i
a7 - (7|
S y) =z +y+3 L .37

f2(x)y) =2x+y

Do two iterations of Newton’s method, to find a root of f; = fo =0,

starting from (zo,%0) = (1,1).
)

-0
G -(L0 (), \

. Consider the problem

¢ “lua! = 2w \ 2,(&

\
SR
In
A
(f
W
\_—/

u = _u2

u(l) =2

Take one step of a second order Taylor series method with & = 0.01 to
approximate u(1.01).

WU+ dh~ A a &

ul)=1 5 2,04
W' () = =4 SU-H /A = 2o < 00
Wy =16 £ /908 \



7. a. Write the third order differential equation v — 3u” —u' = t? asa
system of three ﬁrst order equations, that is, in the form:

'U;’ ) f(h s )y 1[5“) e V I
v = g(t,u,vw) = W ]
w = h(t,up,w)= 3w v {Lft

b. Now write out the formulas for tni1, Vnt1, Wnt1 for Euler’s method
applied to this system of first order equations:
it = Uy +A VA
ng1 = V —kf\ u/ ) )
m& 1=y, .\.,\ &-3‘” -(’V ,{J* )

8. Will the iteration Zngi= 4z,(1 — “z,,) converge when o is sufficiently
close to the root 1 = -7 (Justify your answer theoretically, without
actually iterating the formula )

j = Fe ((-x) = Px—

P |
j((x ¢—Fx s @
51C%) =¥ ) {7

9. Will the following iteration converge (to something)? (Justify your
answer theoretically, without actually iterating the equations.)

Topr | _[ 05 075 ][ @ |, | 2
Yppr | | —0.75 0.5 Un —4

( ';I = \
gd’ ( : 0")5‘ O N = Of

‘ £ 0.5 4

IN = {zs

( 'k/U‘ '



10. True or False:

e

b.

.

—

[ re

C.

d.

Trn.
F k.
fC

T

Serious roundoff error can usually be traced to operations involving
multiplication or division.

The experimental order of convergence is O(h®) if a quadrature rule
yields errors of 0.0032 when h = 0.01 and 0.0002 when h = 0.0025.

If a root-finder gives three consecutive errors of 10-5,10"7 and 10712,
the experimental order is quadratic (2)?

Of all quadrature rules with n sample points per strip, the Gauss n-
point formula has the highest order of accuracy.

A disadvantage of the Runge-Kutta methods is that they require sev-
eral starting values.

It is easier to vary the stepsize for a Runge-Kutta method than an
Adams multistep method.

Taylor series methods are not widely used by general purpose ODE
solvers because they require that the user supply derivatives of f(t,u).
If f(r) = f'(r) = 0, Newton’s method will converge quadratically to
r if zq is sufficiently close to the root 7.

. Euler’s method is equivalent to a first order Taylor series method.

The Gauss-Seidel iterative method (for Az = b) is generally faster than
the Jacobi method.

The Jacobi iterative method (for Az = b) converges only if the matrix
is diagonal-dominant.

Gaussian elimination, when applied to a general N by N linear systermn,
requires O(N*4) arithmetic operations.

If s(z) is a cubic spline, then s, ¢’ and s’ must be continuous every-
where.

. If a quadrature method is exact for all polynomials of degree n, its

global error is O(h™+1) for general smooth functions.

If Gaussian elimination is used with NO pivoting, large roundoff errors
may result even if A is well-conditioned.

If Gaussian elimination is used with partial pivoting, the solution is
usually very accurate even if A is ill-conditioned.



of

0 1 1
Start with (1,5,1) and do 3 iterations. What is the corresponding

eigenvector? RN )
[ ( S5\ >0 SNT0.L
Lf@ (f()% (f&) = [s32 | 2 (5936 (
6 Sv ) p\st0 | \ 2= 0;’03

~\oilog

2. a. Write the third order differential equation v + 4u + 5u' + 2u =
2t2 + 10t + 8 as a system of three first order equations, that is, in
the form:

o = ftuuw)= \V/
% o = gt,u,v,w) = W .‘ ..
\ | i
& o = Wt =~ Fw-Sv —2u + A% foht§ )

b. Now write out the formilas for v, i;7va5i, wast for Buler’s method
applied to this system of first order equations:

Up gt = u + [\ V _
% nml— V -(/t\ W, A\

”’;rii W '("/\ ("qu/ S\\/ “Zos\+ U -f[ ’eg\



3. Tf the third order Taylor series method (two more terms than Euler’s

methad) is used to solve w' = —1?, write Uy in terms of Ay by and uy,
only. (tn = nh, iy = u(tn)) (A/(: —ZL(“‘ - ——2“(:— 1‘) = 2443
M o ) - (¢
% @ A\ f = éc{z’ur = a.}'("(i) S

( Uy, =4 <Ala) Lol + ﬁ;(——c%ﬂ

4. Do one iteration of Newton’s method, starting from (1,1), to solve:

flz,y) =2 +zy’ —9=0
g(z,y) =32%y —y’* —4=0 -

*g (xl):<)<')p__?,x+;’ 3xqt ~7

Jt yi ( 3L 3% -1
)L? g / (1)

() TR

5. a. A rootfinder produces consecutive root estimates of 2.1, 2.001, 2.000001,
when the exact root is r = 2. Estimate the order of the method.

Oun/f = ) . ’ %
. / MC‘) of /000 = fo0™ Q(’; /.S )

00000 = M (o) o
b. A differential equation approximation produces the approximation

u(1) = 2.001 when h = 0.01 and u(1) = 2.000001 when h = 0.001.
If the true solution is u(1) = 2, estimate the order of the method

used.
ool = M (o)X s o @;—3\
(000 ] = /(( (,w(\ —



6. How should A,r be chosen to make the approximation:
JY f(@)dz =~ Af(—r) + Af(0) + Af(r)

@_ L(( as high degree of precision as possible?
| A~ T\
1= = / 'fA‘f'A (ﬂ S N
S,} f&( A 3 r_ ] :ﬁ: \
0=J, xde = AR <AG) tAlR =0 S8R

%'—15_:%194 :/ﬂrzfAOL*A"L"ZArL =Lt

—

3)'

7. a. If ps(z) is the third degree (Lagrange) polynomial which satisfies
ps(zi) = f(z:), 1=10,1,2,3, give a formula for the error f(z) -

ps(z) at an arbitrary point z.

17/ ) NN
G L A ;{E (s0) (x5 ) (ﬁﬁﬁ)(ﬁ"’%_\ __\'

b. If Ts(x) is the third degree (Taylor) polynomial which satisfies
Ty(zo) = £ (o), Ty(wo) = f'(%0), T§ (z0) = f"(%0), T5"(%0) = f "(xo);
give a formula for the error f(x) — T3 (z) at an arbitrary point z.

N ;7;(} J () )

8. Will the iteration 41 = ﬁi converge to the root 1.618, if the starting

n

guess is sufficiently good? Justify your answer.

|
j(()c -+ jf&): @i g'llas)=-tuE

0



9. Consider the linear system:
1+e 1 | |3
1 l+el|ly| |4

a. If € > 0 the Jacobi iterative method for solving this system will
converge to the true solution, no master what starting point (o, ¥o)
/‘/fl)o—/ is used.

True or False:

b. If € is close to 0, this matrix will have a large condition number.

(‘/,fw/



Math 4329, Final

9

1. Use the power method to find the largest (in absolute value) elgenvalue

of
1 1 0
1 8 1
011

Start with (1,5,1) and do 3 iterations. What is the corresponding

Name

eigenvector? ( _ ((_3 L]
X / M _ gl N
®% - (?) Xy = ("'é,_\ ‘(m 5E Ax, 288X,
¥

3 f\w - ‘K.’LS) (Z :(0‘(375 \\)
B 0,375

2. a. If py(z) is the fourth degree Lagrange polynom1al which satisfies
p4(:c,) f(z:), 1=0,1,2,3,4, give aformula for the error f(z)—
pqe(x) at an arbitrary point z. i .

Pa-prid = £y ) ,<~><J(x~@>6<~>9 D)

b. If Ty(z) is the fourth degree Taylor polynomial which satisfies
Ty(a) = f(a), T(a) = f'(a), T (a) = f"(a), T\"(a) = f"(a), T{"(a) =
f®(a), give a formula for the error f(z) — Ty(z) at an arbitrary
point x.

= fo g (1 £

\

=y



3. If the second order Taylor series method (one more term than Euler’s
method) is used to solve W = —tud, write upy; in terms of A, ¢, and
Un. (tn = Nh,Un = u(tn))

C(//: -(13—*3%?fb\( = .*’.\e(’}‘f’3{'a6(;

Lf b - 4 ) + A i (i + 2 "
u""(’l'--’%‘rA(j’.‘K\ v %+}j;‘ “4G )
4 Do one iteration of Newton's method, starting from (0,0), to solve:

flz,y)=vZz+1+2y+3=0
(z,y) = sin(z + 2y) — In(1l +x) =0

4B (g;):m_%mv N

° ke L 2k \ O
P W,

X

N EMI B

5. How should A, be chosen to make the approximation:
L f(@)ds ~ Af (=) + AF(0) + Af(r)
L( @ s bigh degree of precision as possible? What is the deg/reeof ?fiféision
F= | 1= 5-1‘ | dx = Araed QA”%\\
Fox O:SJ%& = —+A ¢Ar=0 2\
F?»(L '%:5_: < U :A-r"fﬂfl‘:%-fl ((*—"E |
]c.,{ 05 e s Aoeht=e (o . 2
)p:% LIS/*:}S:)(*(&{X%(E)*'{' %(ﬁ)ﬂ‘:,}!‘ .



V’S

6. Consider the linear system:

IFHIHEES

a. Write out the equations for the Jacobi iterative method for solving
this system (don't actually do any iterations).

Y| = (5‘27,, ~2)/7

1 ael (?“%)/3 /
Z’m = (3-% *37"3/ 5

b. Write ottt-the equations for the (inuss-Seidel iterative method for
solving this system.

(Hm%ncf. - ("_3 ’Xt\ﬂ -&32/,\{,,) / 5 J

c. True or False: the Jacobi iterative method (6a) will converge for
any starting vector (2o, Yo, zn). Give a reason for your answer.

e

d. Given that

A~V = | 0.0135 0.2297 —0.0946

0.1419 —0.0878 0.0068
—0.0203 0.1554  0.1419

find the condition number of A (using L, norm). If you were
to solve the linear system above using Gaussian elimination with
partial pivoting, would you expect serious roundoff errors?

cal = (Al 1471l = 70 (0378 <(3375)
s @



7. Will the iteration z,41 = %-’Eu + 1/23 converge when o is sufficiently
close to the root r = V27 (Justify your answer theoretically, with-
out actually iterating the formula.) If it converges, give the order of

convergence. _ 3 3
) % ¥ +¥£

‘6@ )=3 -3¢ ¥ (=3-2 =0
j ; “ >X 7 ¥ @{\P
j (K) = /2, )(-'5 7 /’ (E) # o 3D (’ . ( U![k_:\‘?‘/-‘g \:.r; , L\
'~,._>_ECC 3% (_p,.ul.f'“')
8. & Write the second order differential equation u' — 5 —u = sin(t)

as a system of two first order equations, that is, in the form:
u = f('g'_..-n.,b) =V ‘

| )
v = g(tu,v) = fv + U SI‘A(ZH /

b. Now write out the formulas for Unt1, Unt1 for Euler’s method ap-
plied to this system of first order equations:

L Unp1 = WA + /\< Vr\

(

v [ tA( SVt U I u,\\}:»)

9. a. A root finder gives consecutive errors ofeg = 1073, e9 — 1075, e10 =

10-12. Estimate the order of the method. /0_5 =M Q‘ A -_3J°< /07 {/01 f( |

i1

= '\"( - 35 Jo 't =M (07 )

b. A quadrature method gives an error of 10~% when h = 1072 and
10~ when h = 101, Estimate the order of the method.

lo 7= (" A $ (,2)% \
2/ = (@) (o] (\ of =
S0~ :M((c'ﬂo( / A/ ) ¢ )
c. A differential equation solver gives an answer u(1) = 0.88888 when
h = 0.1, and u(1) = 0.80666 when h = 0.01, and u(1) = 0.80600
when h = 0.001. Estimate the order of the method.
0.%955%-T =M (0.1)

o

. ¥ g X o o
% L8 = M (r Ol ) VEH ) 0. 80666 -F = M (001)" (
0066 = M (a9f — 0,000 . 0, 0600 L~ (oo

1265 = 0% (<=1 /



Math 4329, Final ( k\

1. a Let T3(z) be the Taylor polynomial of degree 3 which matches
f(z), f'(z), f"(z) and f”(z) at z = 0, where f(z) = cos(4z).

Find the best possible bound on ” ¢
. (¢ —
2 o] < L = ’Z: | 2\ (11t

#

maz _a<z<2|T3(z) — f(z)] <

b. Let L3(z) be the Lagrange polynomial of degree 3 which matches
f(z) at © = —3,-2,2 and 3, where f(z) = cos(4z). Find the best
possible bound on

Y
maz_s<azalLa(z) — f(@)] < Kyﬁgj (x+7) Gerd) (oD +3 ‘{

¢ ~ ~7 Uruet =0
C_ — I = (3 £:o)
3 Q“—I) o] cat

9. & A root finder gives consecutive errors of eg = 107°, €9 = 1078, e0 =
10~1'. Estimate the order of the method.

70— G (7 « RN
(e m ) 7 &S
7o~ = m (070 —
b. A quadrature method gives an error of 10~% when h = 1072 and
1013 when h = 10~%. Estimate the order of the method.

/O"f:/b\(fo"q.( 5 (U<
/78 = m (1) " " 463



3. Use the inverse power method to determine the smallest eigenvalue of

N
5 -1 o f
Lﬁ nj @ Start thi ite:ation with (2o, 9o) = (3,8),apd do 2 iterations.
U () e ()T e
Cﬂ_a{:’; &&yx (&) = f \)

4. 22+ z2y¥+3y=9
3cty —y* — 2z =4

Do one iteration of Newton’s method, to find a root of this system,
starting from (zo, %) = (0,0).

, o\ 3 Kot t 3 3
(;;J:(;d) 2;);{2 33(7;’371}0’0) (j()

-(5)-(2 2(D-C)
-2 0O - Q/__
5. Take one step of a second order Taylor series method (Euler is the first

order Taylor method) with h = 0.001 to approximate the solution of
the following problem, at ¢ = 0.001:

u = 4t + u
u(0) =2
. (\ﬂ% (_ 3 ( 3
L & U =ty Wo) = ¢fo)+2" =&

\ (,(('77‘.( 3‘410( (/((([0, ,__._(f + B(Z)l(gj ‘:'/OO

(/((A = (A u{o (Al’ i_l: -
) o) + ()/m°2(<3).L 2454 T2 8
€ 2,005060 )



b

\

6

7.

'f.

; Uppl = (IU\ + A (3 (u'f\@‘ﬁ\** etat\ N )

 Will the iteration Zn41 = 2— 3, + 35, CONVerge when z is sufficiently
close to the root r = 17 If so, what is the order of convergence? (Justify
your answer theoretically, without actually iterating the formula.)
) £ LFexxk j(/) ( e
iy - n ( o T
j(«:) = 3 + 2 £ 7"(/1 =0 ngrd‘ 7 ce.j
9 = 3« g10)=3 T
a. Reduce
yll = S'y,y _ etzl
2 =2z fY
to a system of 4 first order equations. The right hand sides must
involve only t,ul, u2, ud, ud.
T 4l =y
Fur=at Ul =J{
A- -
w2 = 3(«“ ((L() - e (a(fj .. U.?? <
| ~ o
) wf =k

ud = ¢ | /
- (4 flus) - Sul "

b. Now write out the formulas for ulnpt1, U2nt1, u3,.,+1, udny1 for Eu-
Jer's method applied to this system of first order equations:

-'”-lu--H: ‘Al" + (('L'Ln

N\

wo = U3+ A uf, 7
S

N st e & ()

—
———

—

3



8. Write @iﬁL in a form where there is no serious problem with round-
off, when z ~ 0. (Hint: ¢® -8 = (a— b)(a® + ab+ b2) )

A Jéf Wj(;

9. Consider the linear system:

3o )12

a. Write out the equations for the Jacobi iterative method for solving
this system (don't actually do any iter a.t.lons)

b Y

(@ ( Xaey = §—z,ooooo017"
& /
?ff 4/ /\ﬂ = / —0 S ) » f

—

b. Write out the equa,lanuh & Tor the G Tauss-Seidel iterative method for
solving this gystem,

@7 Q “*"f ool g )

-&f : —_( | _’U'_S\__)f"f’ky B

c. Calculate the condition number for th; }natrix. Hint, if:
_|a b 4 _ Vv d -b _
A—[c d}’A _{—c a]/(ad be)

~ - If machine precision is € = 107 16 about how many significant
) figures would you expect in the solution, if Gauss elimination with
partial pivoting is used to solve this linear system?

,( Bk =
A7 = /;f’ ?aoomo(] = (}.(ﬁg,(UC)
e 4
— 0,0000207

ol = (A1 = G - Go500° ot & dy)



Math 4329, Final

9
N

1. If the second order Taylor series method (one more term than Euler’s

2,

<«+47‘ (A +

< K"?'OQ’V/ ZY,[O"S}I < (o) 29,007 (S y-107" \

method) is used to solve u' = t>(1 + u?), write uny1 in terms of h,tn
and uy, only. (t, = nh,u, = u(tn))

= A4l + 24 (H )
= 2% (mmﬂ +2H (R
(sz +2 1“"&.\ [“f’ C(L\

+ (24, SECAVOAN: )

a. Let Ty(z) be the Taylor polynomial of degree 4 which matches

f(@), f'(z), (z), f"(z) and f*(z) at a = —0.1, where f(z) =
28 + z3. Use the Taylor remainder formula to ﬁnd a reasonable
bound on

|74(0) — £(0)] L (Oﬁ(—— {))’F ZZ'O—LJ W3 C(O {)/0“5

{20

. Let Ly(z) be the Lagrange polynomial of degree 4 which matches

f(z) at = —0.1,0.1,0.2,0.3 and 0.4, where f(z) = 2° + 28, Use
the Lagrange error formula to find a reasonable bound on

Lo - o< |1 ”"(o-fo.()(wf)@—o z\@wz(o—o,ﬂ

‘),

i

(Lo



3.

CIf

< - A’(A, = </ ) oy P .
J 0 )< - 5( = »—'5 Z
b ' ’g{ AN
&

_ A~ - A

M’}_ )Q(m ?,3%3 5 ““;[;“79(_}2%)(’}
2
| P ~7
A © —3 K. »(/ﬁ \

a. A rootfinder produces consecutive errors of 0.01, 0.0003, 0.000001.
Estimate the order of the method.

oodd = M (000F =\
" N : 09 = '< )
LO00ad I = M K‘i 000’5)“( 3 (g7}

\
"

e =463

b. A quadrature method produces estimates of an integral of 5.51

when A = 0.1 and 5.50007, when h = 0.01, and the exact integral
is 5.5. Estimate the order of the method.

,O0( = M(o.l)‘

e — /?3 :(00( o
, 00007 =M (010’)0( (X =25 \

0111 -1 1 0 1
1100 -1 1 0 0 -1
= 1 001 e -1 1 -1 2/

0 011 1 -1 1 -1

a. Calculate the condition number of A.

a4l =35 <75)

b. Estimate the smallest (in absolute value) eigenvalue of A, and
the corresponding eigenvector, using the inverse power iteration.
Start with o =< 1,1,1,1 > and do 4 iterations.

\’L(



c. Do one iteration of Newton’s method, starting from (0,0, 0, 0) to
solve:
fl(zl,22,23,24) =22+ 33 + 24 =0
f2(xl,22,23,24) =21 +32-1=0
f3(z1,22,23,24) =xl + 24 =10
f4(z1,22,23,24) =23 +z4 =0
(Hint: notice that the Jacobian matrix is just A.)

5 > ‘f% = '~/ o | Ea Y
XI“XU‘AF“ /o9 - 3 | / \
 —f [ 2 - o
(= A\ 8 a2
N Y

5. How should A, B,r be chosen to make the approximation:

11 f(z)de = Af(—r) + Bf(0) + Af(r)

as high degree of precision as possible?

2 =80 (4= At BrA
() = Sjﬂ(ﬁ{ =0

N\
)l
A
‘Q
e,
<
{

L AT 5 3 —
= T At % Iy Kr"‘JUr(,



6. Write AEQ”"Q in & form where there is no serious problem with roundoff,
when z = 0.

A 2 N\
Fm - St o L)
X Syt | Stz *L

7. a. Write the third order differential equation u” — 3u" —ud = ¢ as
o system of three first order equations, that is, in the form:

W = ft,u,v,w) = V
v = g(t,u,v,w) = W %
w = h(t,u,v,w) = 3 ‘f‘(A‘.s +€

b. Now write out the formulas for Up41, Un41, Wa+1 for Euler’s method
applied to this system of first order equations:

Unp+1 = u,\ T‘ A V'\
Un+1 V/\ "f R.{U

_ \ 4.
Wn+1 = W, £ ’\0)“1,\*"(3_*'?' \

8. Will the iteration Z,4+1 = 4 Tn(1 — z,) converge to the root 0.75, if the
starting guess is sufficiently good? Justify your answer.

()= yz((—x) = Y —Fut

j((*):?’.h( 7/(%):~Z m@



Math 4329, Final ((7)

Name €y

1. a. Let Ty(x) be the Taylor polynomial of degree 4 which matches
(@), f'(x), f'(z), f"(z) and f*(z) at © = 1, where f(z) = ™",

Find a reasonable bound on

)D‘VCC« ><~(]7

S1

IT4(1.2) — f(1.2)] <

(02){

/20

¢ TLQ KUZ]S w/ [<ce f.2

b. Let Ly(z) be the Lagrange polynomial of degree 4 which matches
f(z) at £ =0,0.5,1,1.5 and 2, where f(z) = e~?*. Find a reason-
able bound on

La(12) — £(1.2)] < \'D 2 (120 2-05)(], 2“/)(/243)//2 2)/
c |32 e

; = A
“725 L4()‘;‘0( = %(d,()‘fo] @

0Ll

2. If a = 0,b = 1000 and f(a) and f(b) have opposite signs, how many
bisection iterations are required to find a root between a and b to an
accuracy of 10787

:/O"‘} ’\:/0//
Nn = /a\/ /!

1 Zx ()



3. Reduce (A

iy

)
U [
yn == 33}’1{ — (:"'z L J
2 =2 — /i) M} -
= 2!
to a system of 4 first order equations. The right hand sides must

involve only ¢, u1, up, us, us. The left hand sides must be u}, uj, u3, uy
re sp( ctively.

L
S YR e

f ;"u* ;)
%
u‘r/ = Uy (43 »IJ,

\

4. a. Aroot finder gives consecutive errors of eg = 1073, e9g = 1075, €19 =
10-2, Estimate the order of the method.

(2= (07 /0" ey =35 )
/Z/ fo Tt =M (/J»‘)‘J‘( p

b. A quadrature method gives an error of 107 when h = 107% and
10712 When h = 10~%. Estimate the order of the method.

= go Y€ o = (V) K =3, )
L. / o™t =M ((/o“f]"( / S 20,2

c. A differential equation solver gives an answer u(1) = 1.08888 when
h = 0.1, and u(1) = 1.00666 when h = 0.01, and u(1) = 1.00600
when h = 0.001. Estimate the order of the method.

[,00666—T =M (,‘o/) Oglu /Vl(/) ’M(O(

/,00 6% < ;:0\ (‘OW]( .00065 Co/f /1(00/1/
- «/J"‘—go X
/2'5- - ( ” ‘) (:/OK
(el ~{oor)
< X :z.f’?)

—



5. Find A, B which make the approximation

J& f(x)da ~ Ahf(0.2h) + Bhf(0.9h)

aZ high order as possible. 0/4M fﬁ: / ﬁ 0 ,A = %
(‘f /\: 5 ( Qe = AL+ BA ‘ @76 =05
© é} 7%

Ko o6y By = Ak + & (%]

6. Use the inverse power method to determine the smallest eigenvalue of

el prz |1 TE

Cf Start the iteration with (zo,y0) = (3,8).

=G\
_ |7 ~ [ _ [ 13 -
e = (5’) € = (’*ﬂ) t = <7,$f3\ 4y 7 07

—(697
/4—(%1: G2y T = AL
L B -G,
_,é 2, = Aa <\>\ D ®

7. Will the iteration z,41 = 2— %x" + %xi converge when z; is sufficiently
close to the root r = 1?7 If so, what is the order of convergence? (Justify
your answer theoretically, without actually iterating the formula.)

% j(%) = Z"%)‘ ’\'“i’cg ;‘l((r) =0
?/(ﬁ\ = ~2 +%x" ) =3
16 = 3% 2 ,'-__ N,
/ ' Gy bl




8. If the second order Taylor series method (one more term than Euler’s
method) is used to solve v’ = 2+/1 + u2, write Un41 in terms of h,t,
and u, only. (t, = nh,un = u(tn))

L
U= () Soaud + (1t G = AuA" 24 [Jut

-_— =

IS e N PARRST N grrs 8
T — —— S—— f/l

9. Do two iterations of Newton’s method, starting from (0, 0), to solve:

f@y)=2z+y—4=0
g(z,y) = -6 +y+4=0

¢ (=G IR =) - (e
()= -G (o)<

10. Will the following iteration converge (to something)? Justify your
answer without actually iterating.

¢ =] = %% WF ][]+ 4]
9‘*(0’5”\ 0’75) :@,54\3%0,751

"0/)5\ 015"?“
}Ig = 0;)—’5-0/7;,(‘

/(\/ :(U,J‘Zr@'%‘)z :@D

Do Cp/\ue,jm




