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1. True or False:

a. If the LU decomposition of a tridiagonal matrix is done using partial ]C (_/
pivoting, the resulting matrices L and U are also tridiagonal. A ¥

b. The backwards (implicit) Euler method 7,.
Pest=O% = f(tpr1, Usr) rvs

is much better suited for stiff problems than the forwards (explicit)
Euler method.

c. All Adams methods (for v’ = f(t,u)) are stable. 7;‘,,(
d. It is easier to vary the stepsize h for Runge-Kutta methods than for
multistep methods. 7o

e. An equation of third degree (v’ = f(t,u,u’,u")) can be reduced to 7’%{
a system of three first order equations. 7

f. The number of multiplications required to solve an N by N full sys- F (
tem of linear equations using Gaussian elimination is %N 2, o2

g. It is possible to design explicit multistep methods which work well F (J‘Q
on stiff systems. -

h. For stable methods, the error is of the same order as the truncation
order. 77/“

i. If an ODE solver produces an error of 10~2 at ¢ = 1, when h = 0.01,
and an error of 107% at t = 1, when h = 0.001, then the experimental ‘:‘JJ'Q
global error is O(h?).

j. The amount of work required to solve an N by N tridiagonal system 7“
using a band solver is O(N). s

2. a. Is the following method stable? (Justify answer)

Usgr 44U —5U_
Yotk =801 = 2 £(4y, Ug) + 2 (bo-1, Uk—1)

**‘7‘)\‘5:0 XN = //_S (uwfam

b. Is the method consistent? (Justify answer)

5 W
) FFUEY = Sal=A) oty g = /\M 4
7= WERL =5 - Su'd ’JL“'Q’L) = 9@

¢. Is this a backward difference method? No
d. Is this an Adams method? No



3. a. Find the optimal values for A and B in the approximation (to u' =

ft,u)

Ys=Us — Af(ty, Ug) + Bf (th-1,Uk-1)

oA
G /% T = Wt w410 —gu! (4)
= W(I-A-8) + Al (L) + Ku" (£ ~L6)+.
A=% 8=—4

b. What is then the truncation error?

T = (’é ~ {(’€\> Wil = % fe!

¢. Is the method implicit or explicit? 8(/) /(‘Lﬂ(‘

4. For the problem u/ = —100u,u(0) = 1, which has exact solution u(t) =
100t

<P a. Compute the Euler method approximation to u(1) using b = 0.1. For
' what values of h does Euler’s method produce a good approximation?

U,\;, W, + A ("/"OW\\ = (/ —/001\\1&,\
(A,\ (/»— (ook\n AS 0. =5 U, = (‘?)

70&& wﬁp(h Ag??ﬁ

b. Compute the backward Fuler method approximafion fo u(1) using
h = 0.1. For what values of h does backward Euler produce a good
approximation?
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Once the LU decomposition of a matrix A is known, a system Az = b
can be solved in O(N?) operations.

All Adams methods (for u’ = f(t,u)) are stable.

When a Runge-Kutta method of high order is used, a different method
must be used to take the first few steps.

. It is possible to design explicit multistep methods which work well

on stiff systems.

If an ODE solver produces an error of 1073 at t = 1, when h = 0.01,
and an error of 1077 at ¢t = 1, when h = 0.001, then the experimental
global error is O(h*).

If a matrix is diagonal dominant and symmetric, then partial pivoting
means no pivoting.

If an N by N band matrix A has half-bandwidth L, where 1 « L <«
N, a system Az = b can be solved in O(N L) operations using a band
solver.

When using a multistep method of O(h*) and a Taylor series method
to take the first few steps, a Taylor polynomial of degree at least 4
should be used, to preserve the order of the multistep method.

If you need to solve several linear systems with the same banded
matrix, but different right hand sides, it is more efficient to save the
LU decomposition when solving the first system, and use this to solve
the other systems, than to find the inverse and multiply each right
hand side by the inverse matrix.

Is the following method stable? (Justify answer)

Ueta U= — 1 £(t,, Uy) + & f(thm1, U-1)

/\3‘ | =0 N o // —L £ _g, L S0 (Jﬁ[ k

Find the truncation error, and tell if the method is consistent or not.
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3. a. Find the optimal values for A and B in the approximation (to v’ =

F(tu)

—'"—— = Af(tkt1, Ukt1) + Bf (tx, Uk)

j l
- @Aw/ TNty B ) —
p ) ) Kt

b. What is then the truncation error?

- ﬂ
+= 1% w(L 1) (__

c¢. Is the method lmplu I| L}I explicit?

4. The problem v’ = —au,u(0) = 1, where a > 0, has exact solution u(t) =
e~2, which decreases with time.

a. For what (positive) values of h does the Euler method produce a
solution which decreases (in absolute value) with time?

(/{'flﬂ/(‘('(’\ = —QY, C(,\f/ = K/——q/\ U\,\ o / ab 2 ~(
(4<%)
g

b. Same question as (a) for backward Euler method.

c&*—i% =My Uy = [_,[;J\ “n @f/_j?y

c. Same question as (a) for the method of problem 3.
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If Gaussian elimination is done on a large symmetric matrix and no
pivoting is done, the work can be cut by approximately half by taking
advantage of symmetry.

Partial pivoting is equivalent to no pivoting, if the matrix is diagonal
dominant and symmetric.

All backward difference methods are stable.

. If two linear systems are solved with the same banded matrix, of size

N by N and bandwidth k (1 << k << N), using Gaussian elimina-
tion, the first requires O(Nk?) work, but if the LU decomposition is
saved, the second requires only O(Nk) work.

If an ODE solver produces an error of 1076 at ¢t = 1, when h = 0.1,
and an error of 10712 at t = 1, when h = 0.001, then the experimental
global error is O(h?).

. Adaptive methods for ODEs decide on a stepsize by trying two dif-

ferent methods, or two different stepsizes, and comparing the results
each step.

It is possible to design explicit multistep methods which work well
on stiff systems.

The ODE system y' = v, v’ = —10000y is stiff.
Forward Euler is better suited for stiff ODE problems than backward
Euler.

If you need to solve several systems with the same band matrix, it is
more efficient to form the inverse and multiply each right hand side
by the inverse, than to use the LU decomposition.

. Is the following method stable? (Justify answer)

Wit1 + Uk — 6Uk_1 + Uk—a = 6hf(tk, Uk)
N4 ¥ 6Nt | =0
Q—O (L\tSA-~1)=0
= |, Qu480) 0 /8¢
CL



b. Is the method consistent? (Justify answer, but don’t necessarily have
to find the truncation error.)

T = Zal) 12— Ly W) + (2l
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¢. Is the method explicit?

3. a. Find the optimal values for A, B,C in the approximation (to v =

f(t,u)
T 12_hUk_1 = Af(tys1, Up+1) + Bf (tk, Ug) + Cf (te—1,Uk-1)

e <A£k1%1@> A W k) — Bl )= Cul (4)

= W (/»—1443{\ + A () + L "’(é A ,.ﬂc

3
) (Gq (Cﬁq\ ! “b\ ({ - ”f»c.),

v

AtheC=|

—A+ C =

7 x-—*(’/o ~= [ @ /)f‘fC:jL

b. Is the method stable (Justify answer)?




4. Consider the general multistep method:

Ultrer) + oaU(t) + 02U (tk—1) + -+ + amU(tpt1-m)
h

= Bof (bks1, Utk41)) + - + B f (tgi—m, U(tkt1-m))

a. Explain how the coeflicients a;, 8; are found for the Adams-Bashforth
(explicit) methods, in general terms.

o=~ %=, f =~ ofer B,
Chosen fo mect Truncefron  2rrum aqgnn

b. Explain how the coefficients a;, 8; are found for the Adams-Moulton
(implicit) methods.

2 b0 o choren P g
'Fl’w\ﬁ‘dgwx Er7om CV?Q-Q/\

¢. Explain how the coefficients as, B; are found for the backward differ-
ence methods.
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