The Derivative and Tangent Line
Problem




Suggested Review Topics

* Algebra skills reviews suggested:
— Evaluating functions
— Difference Quotients
— Writing linear equations using point-slope form

* Trigonometric skills reviews suggested:
— None



Math 1411
Differentiation

The Derivative and the Tangent Line
Problem



What is a tangent line?




Difference Quotient

* The difference quotient from pre-calculus is a

generalized form of the slope formula and is
f(x+h)—f(x)
- .

* This difference quotient forms the basis for
what is essentially half of calculus: the
derivative.

given by



Definition

* Tangent Line with Slope m — If f is defined on

an open interval containing ¢, and if the limit
lim &Y = |jp L=/ (©
Ax—0Ax  h-0
the line passing through (c, f(c)) with slope
m is the tangent line to the graph of f at the

point (c, f(c)).

* Fact: The slope of the tangent line is also
called the slope of the graph.

= m exists, then




Examples: Find the slope of the tangent line to
the graph of the function at the given point.

1 f(x) =>x+1, (-2,-2)

To find the slope of the tangent line we will take
the difference quotient in steps:

3 3
f(=2+h)=5(=2+h)+1=-3+-h+1

— 2+3h
B 2

f(—2)=;(—2)+1=—3+1:—2



Examples: Find the slope of the tangent line to
the graph of the function at the given point.

1 f)=>x+1 (-2,-2)

Now we use the difference quotient to find the

(25m)-(-2) . Sh 3 3
slope: lim 2 =]lim% =lim=- ==
h—0 h h-0h h-o02 2
The slope of the tangent line to the graph of our
functionatc = —2is 3/2.

* Note: The slope of any linear function is also going to be
the slope of the tangent line.



Examples: Find the slope of the tangent line to
the graph of the function at the given point.

2. 9(x) =6 —x% (1,5)

Herec = 1:

gl+h)=6—(1+h)?*=6—-(1+2h+ h?%)
=6—1—2h—h? =5—2h — h?

g(1) = 5 and so the slope of the tangent line is

. 2\ . 2
lim(s 2h—h?) (5):lim 2h—h? _
h—-0 h h—0 h
lim 22270 _ \im (=2 — h) = =2

h—0 h h—0



Examples: Find the slope of the tangent line to
the graph of the function at the given point.

2.g(x) =6 —x% (1,5)
The slope of the tangent lineism = —2

T
e !

N




Examples: Find the slope of the tangent line to
the graph of the function at the given point.

3 rt)=t*+3, (-2,7)
Usingc = —2wefindthatr(—2 + h) =7 —
4h + h? and r(—2) = 7. Using this in the
difference quotient we have

(7—4h+ h?) —7

AR h B
 —4h+ h*
lim = lim(—4 + h) = —4

h—0 h h—0



Definition

* The Derivative of a Function — The derivative
of f at x is given by

f(x+h)—f(x)
f (X) _ }111_1)% h ’

provided the limit exists. For all x for which

this limit exists, f” is a function of x.
* Notation — The following are equivalent:

10,2,y = [f 0], Dyly]



Examples: Find the derivative by the limit
process.

1 f(x) =3x+2

Stepl: f(x+h)=3(x+h)+2=3x+3h+2
Step 2: f(x) = 3x + 2

Step3: f(x+h)—f(x) =Bx+3h+2)—
(3x+2) =3h

. 3h .
Step 4: illl_r)r(l) = illl_r)r(1)3 =3

Thatis, f'(x) = 3.



Examples: Find the derivative by the limit
process.

2. g(x) = 2 — x*

glx+h) =2—(x+ h)?
=2 — (x%+2xh + h?)
=2 — x% — 2xh — h?

glx+ h) — g(x) = —2xh — h?



Examples: Find the derivative by the limit
process.

2. g(x) = 2 — x*

glx+h) — g(x) = —2xh — h?

') — 1 —2xh — h?
9'(x) = o h

= —2X

= }ll_r)r(l)(—Zx —h)



Examples: Find the derivative by the limit
process.

3. f(0) =%

4

First, f(x + h) = Npo
Maybe too easy? Now subtract to get

e+ ) = Fx) = e —
J fx_\/x+h VX

This is going to require algebra.

. That seemed easy right?




Examples: Find the derivative by the limit
process.

3. f(0) =%
4 4 4 x 4+x+h
Vx+h VX x+hVx Jxix+h

4r/x 4Wx+h 4fx—4Vx+h

=\/x+h\/§ VIV +h  Vx+ hvx



Examples: Find the derivative by the limit
process.

3. () =%
4yx —4x + h
0
A e

A common denominator wasn’t enough, let’s
rationalize the numerator.



Examples: Find the derivative by the limit

process.

3. f(0) =%

4T — AV F R AR + 4V

- h

VX H RV AVx+ 4x-
16x —16(x + h)

- h

B (Vx + h/x)(4Vx + 4Vx + h)

—16h

B (Vx + h/x)(4Vx + 4Vx + h)



Examples: Find the derivative by the limit
process.

3. f(0) =%
—16h
(Vx + hv/x)(4Vx + 4Vx + h)

r'e0 = i h
—16

s (Vx + hvx) (4x + 4Vx + h)
—-16 —-16 —2

T (WO (AVx + 4Y%)  x(8YX)  xyx




Examples: Find an equation of the tangent line
to the graph of f at the given point.

Equation of tangent line: the equation of a line has
formy = mx + b so we need to find m and b. The
best way to do this in calculus is to remember that
m = f’(x) and use the point-slope form of the
equation of a line:

y—f(c)=f'(c)(x—c)
Our strategy is to find f’(c) and then use the point-slope
form of the line to find the equation of the tangent line.



Examples: Find an equation of the tangent line
to the graph of f at the given point.

1 f(x) =x*+3x+4at(—2,2)

First, we find the derivative:
f(x+h)=(x+h)?*+3(x+h) +4
=x?+2xh+h*+3x+3h+4

f(x+h)—f(x) =2xh + h* + 3h

fx+h)—f(x)

P =2x+h+3




Examples: Find an equation of the tangent line
to the graph of f at the given point.

1. f(x) =x%+3x +4at(—2,2)

f(x+h})l_f(x)=2x+h+3

f'(x) = }lir%(Zx+h+ 3) =2x+ 3

Sof'(—2)=2(-2)+3=—-4+3=-1
We now have everything we need in order to
find the equation of the tangent line.



Examples: Find an equation of the tangent line
to the graph of f at the given point.

1. f(x) =x%+3x +4at(—2,2)

With f'(=2) = —1,c = —2and f(c) = 2 we
can find the equation of the tangent line to be
y—2=-1(x—(-2))
y—2=—-1(x+ 2)
y—2=—x—2
Yy = —X



Examples: Find an equation of the tangent line
to the graph of f at the given point.

2. f(x) =vx —1at(52)

We can find the derivative at a point, rather
than finding the derivative function and then

evaluating:
fG+h)=V5+h—1=V4+h
f5)=V5-1=vV4=2

f6+h)—f(5)=V4+h—2



Examples: Find an equation of the tangent line
to the graph of f at the given point.

2. f(x) =+vx —1at (5,2)

f6+h) —f(5)=V4+h—2

fG+h) —f(5) V4+h-2
h - h
If we try to let h approach 0 we will get 0/0 so...

\/4+h—2)(\/4+h+2)_ 1
h Va+h+2 Va+h+2




Examples: Find an equation of the tangent line
to the graph of f at the given point.

2. f(x) =+vx —1at(5,2)

1 1

1
'(5) = lim = =
a2 h-04 +h+2 V4+2 4

The equation of the tangent line is therefore:

1
y—2=7(x—5)

,_1 5
YT ATt Ty
1 3
Yy ==X+~

47 " 4



Examples: Find an equation of the tangent line

to the graph of f at the given point.

3 f(x) = ﬁ at (0,1)

F(O +h) = ﬁand £(0) =1

h -

1 1
JO+) =) =37~ 1=

—h
h+1

h -



Examples: Find an equation of the tangent line
to the graph of f at the given point.

3 f(x) = ﬁ at (0,1)

—h

T T o I
fO) = lm == 1 =

—1

y—1=-1(x—0)
y=—-x+1



Example: Find an equation of a line that is
tangent to f(x) = x3 + 2 and is parallel to
3x—y—4=0.

* This problem has three main parts. First,
parallel lines have equal slopes. Let’s find the
slope of the given line by solving fory.

3x—4 =y

The given slopeism = 3.

* Next, we find all points on the graph of f that
have a slope of the tangent line (derivative)
equal to 3.



Example: Find an equation of the line that is

tangent to f(x) = x3 + 2 and is parallel to
3x—y—4=0.

flx+h)=(x+h)>+2
= x3 4+ 3x*h+3xh? + h3 + 2

f(x+h)— f(x) =3x*h + 3xh? + h®

fx+h)—f(x)

; = 3x% + 3xh + h?




Example: Find an equation of the line that is
tangent to f(x) = x3 + 2 and is parallel to
3x—y—4=0.

f(x) = }lirrtl)(?)xz + 3xh + h?) = 3x*

If f'(x) = 3x%, then f’(x) = 3 when 3x% = 3
which is when x = +1. This gives us TWO
tangent lines. One through (—1,1) and one
through (1,3).




Example: Find an equation of the line that is
tangent to f(x) = x3 + 2 and is parallel to
3x—y—4=0.

e QOur third, and last, step is to find the

equations of both of these lines. Recall that
the slope of each is 3.

One through (—1,1): y — 1 = 3(x + 1) which
gives y = 3x + 4.

One through (1,3): y — 3 = 3(x — 1) which
gives y = 3Xx.



Definition

e Alternate Definition of the Derivative — The
] . . / s f(x)_f(c)
derivative of fatcis f'(c) = lim
X

—C X—C

provided this limit exists.

* Notice that this quotient is just the formula for
the slope of a line between two points and the

limit is what makes it work for nonlinear
function.



Examples: Use the alternative form of the
derivative to find the derivative at x = c, ifit
exists.

1 f(x) =x(x—1)whenc =1

x(x—1)—-1(1-1)

f(l):xl—rg x—1
. x(x—1)
= lim
x->1 x—1
=limx =1
x—1

Thatis, f'(1) = 1.



Examples: Use the alternative form of the
derivative to find the derivative at x = ¢, if it
exists.

2
2. f(x)==atc =5

X

Z2_2
/ R T X 5
© = lin2 =3

Let’s take this a step at a time. First we will
simplify the difference in the numerator, then
we will simplify the overall fraction.



Examples: Use the alternative form of the
derivative to find the derivative at x = ¢, if it
exists.

2. f(x) =§atc =5

2 2 25 2x 10 2x 10-2x

x 5 x5 5x 5x 5x  b5x

10 — 2x
oy _10—2x 1 _—2(x—5) 1 _—2

x—5 5x x—25 5x x—5 b5x




Examples: Use the alternative form of the
derivative to find the derivative at x = ¢, if it

exists.

2. f(x) =%atc

1
U1

2_=2 2 2 2
£) = lim¥*—2 = lim — = ——~ — %
[ =l e = m e =55 = 3




The End

 Thank you to Desmos.com and their free
online graphing utility for the graphs.



