Implicit Differentiation




Suggested Review Topics

* Algebra skills reviews suggested:

— None

* Trigonometric skills reviews suggested:

— None



Calculus
Differentiation

Implicit Differentiation



Terminology

* An explicit function is a function that explicitly
tells you how to find one of the variable values
suchasy = f(x).

* An implicit function is less direct in that no
variable has been isolated an in many cases it
cannot be isolated. An example might be xy = 6
or x> — xy + y? — 4 = 0. In the first example,
we could isolate either variable easily. In the
second example it is not easy to isolate either
variable (possible, but not easy).



Guidelines for Implicit Differentiation

. Differentiate both sides of the equation with
respect to x. This will use the chain rule for all
terms involving y.

. . d .
. Collect all terms involving d—z on the left side of

the equation and move all other terms to the
right side of the equation.

d . .
. Factor d—i out of the left side of the equation.

d
. Solve for —y.
dx



Examples: Find Z—z by implicit differentiation.

1. x* —y%? =25
Always remember that y = y(x). So anytime
you take the derivative of y you will get y' = %.

e The derivative of x? is 2x

* The derivative of y* is Zy (chaln rule)

e The derivative of 25 is O



Examples: Find Z—z by implicit differentiation.

1. x* —y%? =25
Derivative is

Now solve,



Examples: Find Z—i’ by implicit differentiation.

2. x3+y3 =64

Derivative is
dy
3x% + 3y —= =0

* Y dx

Solving,
dy
3 2 7 — —3 2
Y dx *




Examples: Find Z—i’ by implicit differentiation.

3 x*y +y*x = =2
We will have two uses of the product rule:

Derivative of x4y is x? % + y(2x)

Derivative of y“x is y2(1) + x(Zy%
Together this gives:

dy dy
2 —_— 2 e —
X +v(2x) + vy (1) + x <2y dx) 0



., d T .
Examples: Find d—i’ by implicit differentiation.
3 x%y + yix = =2

,d d
X —y+y(2x)+y (1)+x(2ydi])=0

dx
dy dy
2 2 =0
dx + 2xy + y + 2Xy — I
dy , dy _
x? dx a4 dx a4 y

dy
(x? + 2xy) o= 2y - y*

dy —2xy-—y*
dx  x2+ 2xy




Examples: Find Z—z by implicit differentiation.

4 coty =x—y

, d B dy
¢ ydx_ dx
d d .
dx —esc? ydx_
(1 — csc? y)a=
dy 1

dx 1—csc?y



Examples: Find TWO explicit functions by
solving the equation for y in terms of x.
1. x*+y° =64

Explicit functions are of the formy =
y% = 64 — x*

y=4V64—x2 and y=—/64—x?

To find % at this point, we would have to find

two derivatives. Implicit makes it easier.



Examples: Find TWO explicit functions by
solving the equation for y in terms of x.

2 16y% —x2 =16

16y% = 16 + x?

yZ

y:

V16 + x?2

Y = 4

+

and y =

_16+x2

16

16 + x?

\

16

—V16 + x2
4




Examples: Find dy/dx by implicit differentiation
and evaluate the derivative at the given point.

1. xy=6, (—6,—1)

d

Product rule: xd—i’ +vy(1) =0
A dy _ -y
Solve: xX—— = y becomes — =

d —(-1 1

Evaluate: —= -0 _ 1

Xl(-6,-1) —6



Examples: Find dy/dx by implicit differentiation
and evaluate the derivative at the given point.

2 (x+y)=x3+y3 (-1,1)

Derivative:
dy dy
2 (1 _ .2 2
3(x +y) ( +_dx) 3x* + 3y o
dy dy
3 2 3 2 :3 2 3 2
(x+y)*+3(x+y) oy = XT3y

dy dy
3(x + y)zdx — 3y%? — o= 3x% — 3(x + y)?

dy 3x°—3(x+y)?
dx  3(x + y)2—3y?




Examples: Find dy/dx by implicit differentiation
and evaluate the derivative at the given point.

2 (x+y)=x3+y> (-1,1)

dy 3x°—3(x+y)’
dx  3(x +y)2—3y2

dy S 3(-1)%-3(-1+1)* 3-0 .
dx| _, - 3(-1+1)2-3(1)2 0-3




. d%y.
Examples: Find d_szl in terms of x and y.
Fact: To find the second derivative, we must first
find the first derivative!
1. x*y*—2x =73
Derivative using product rule for first term:

dy
2| 2y — “(2x) =2 =
x(ydx>+y(x) 0

dy
2x2y—= = 2 — 2xy?
xydx Xy
dy 2-2xy* 1-xy?

dx  2x2%y X2y



2

Examples: Find — ey

——intermsof xand y.

To fmd =¥ we use the guotient rule with some product

dx? dy _ 1- xy?
rule thrown in on — :

dx  x2y °

Der of numerator: 0 — (nyZ—Z + yz(l))

Der of denominator: x? Z—i’ + y(2x)

d d
w2y (—2xy P —v?) - (1 -y (2 Z+ 229)
(x*y)*




Examples: Find — 4

2y .

dx?

in terms of x and y.

d
T+ y) = (1= 2y g+ 2x)

(x%y)?




. d%y .
Examples: Find d_szl in terms of x and y.

2 1l—xy=x—y

Derivative:
dy dy
0 (x dx+y( )) dx
dy dy
—~ =1
*dx N dx Ty
dy 14y

dx 1-—x



d?y

Examples: Find —2 in terms of x and y.
2 1l—xy=x—y

dy 1+y

dx 1—x

Second derivative:

Ca-0Z-a+nED

Y (1 —x)?

AT -a+nED 242y

Y (1 - x)?2 T (1-x)?
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d
Examples: Find dszl in terms of x and y.
3. y% =10x
Derivative: 2y -~ dy =10 soZ=2=2
dx 2y y

Second derivative:

dy _55

y" = =
Y4 yz2 3




The End



