Section 5.8
Hyperbolic Functions:

Hyperbolic function arose from comparison of the area of a
semicircular regions with the area of a region under a
hyperbola.



Graph of the hyperbola f{x) = V(1+x?)
and the circle g(x) = V(1 - x*)




Definitions of the hyperbolic functions

i R )

sinhx = cschx = — s xe= O
2 sinh x
s 1

coshx = sechx =
cosh x
sinh x
tanh x = cothx = s )

cosh x tanh x



Graph of f(x) = sinh (x)

Domain: (-5 %)
Range: (-6 x)




Graph of f(x) = cosh (x)

Domain: (-5 x)
Range: [1, )




Graph of f(x) = tanh (x)

Domain: (-6 =)
Range: (-1,1)




Graph of f(x) = csch (x)

Domain: (-6 0)_/(0, %)
Range: (-25 0) (0, x)




Graph of f(x) = sech (x)

Domain: (-6 =)
Range: (o, 1]




Graph of f(x) = coth (x)

Domain: ( -og 0) (’O, JC)
Range: (-2 -1)L/(1,20)




Hyperbolic Identities:

cosh?x — sinh*x = 1
tanh?x + sech?x =1
coth’x — csch®x = 1

: —1 4+ cosh 2x
sinh?x = ;
1 4+ cosh 2x
cosh®x = :

sinh 2x = 2sinh x - cosh x

cosh 2x = cosh?x + sinh®x
sinh(x + y) = sinhx coshy + coshx sinhy
cosh(x + y) = coshx coshy + sinhx sinhy



Theorem 5.18: Derivatives and integrals of
Hyperbolic functions.

Let u be a differentiable function of x.

aa s ,
— [sinh u] = coshu -u
dx[ gy d
d
— [coshu] = sinhu - u’
gx
o [tanh u] = sech?u - u’
d
—[cothu] = —csch?u - u’
159
— [sechu] = — (sechu - tanhu) - u'
dx
—|cschu] = —(cschu - cothu) - u'

dx
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Inverse Hyperbolic Functions

Function Domain
sinh™x = In(x +Vx2+1) (—oo,o)
cosh i ies ln(x +Vx2—1) [1,)

= e 14+ X 3
tanh =15 = im{=) (-1,1)

7 1 +1
coth=tugs= >n (i 1) (Soo =T CLe0)
sech™'x =1In (1+ i_xz) (0,1]

(—o0, 0)uU (0,0)

x x|

csch™lx = In (l+ 1+x2)



Differentiation involving inverse
hyperbolic functions.

%[sinh‘lu] — u?:r—l- ;
%[cosh‘lu] — uf— -
% tanh™'u] = i fuz

% coth™lu| = - fi',}?-
j—x[sech‘lu] - u\/;i—uz
ot [csch™1u] = i

dx 11/ 1 + 142



Integration involving inverse hyperbolic
functions.

f\/2+ - (u+\/u2+a2)+(3
u?+a
f du —il a+u|+C
a2 —u? 2a " a—1u

du 1 a++a? + u?
f =—aln + C

uy a? + u? |ul



