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Abstract

We prove that any collection of mutually disjoint and non-parallel genus
one orientable Seifert surfaces in the exterior of a hyperbolic knot in the 3-
sphere has at most 5 components and that this bound is optimal.

1 Introduction

Any knot K in the 3-sphere S? bounds orientable Seifert surfaces S’ C S?, and the
smallest genus among such surfaces is the genus of K. For any minimal genus
Seifert surface S’ for K the once-punctured surface § = §' N Xg C Xk is incom-
pressible in the exterior Xx = S* \ int N(K) of K, with boundary slope the standard
longitude J = dS C dXg of K.

The knot K is hyperbolic if its complement S \ K admits a complete hyperbolic
structure of finite volume, or equivalently, by Thurston’s work [17], if any properly
embedded annulus or closed torus in its exterior Xk is compressible or parallel to
dXk, in which case there are at most finitely many exceptional slopes r C dXx for
which the surgery manifold Xk (r) = Xx Uy (S! x D?), where r bounds a meridian
disk in S' x D?, is not hyperbolic.

Regarding a question of K. Motegi, of whether there is a universal bound on
the number of pieces in the JSJ decomposition of the surgery manifolds Xk () for
hyperbolic knots K C S, the family of genus one hyperbolic knots is an interesting
test case. In this direction, Y. Tsutsumi [19] proved that for » = J the exterior of
any genus one hyperbolic knot in S contains at most 7 mutually disjoint and non-
parallel genus one Seifert surfaces, providing a potential bound for the number
of pieces in the JSJ decomposition of the surgery manifold Xk (/), and gave an
example of a genus one hyperbolic knot Ky C S® whose exterior contains three
genus one Seifert surfaces that produce the JSJ decomposition of X, (J) consisting
of three pieces, one of them hyperbolic.

In this paper we establish the optimal bound of 5 for the number of genus one
Seifert surfaces in the exterior of any hyperbolic knot in S°.



Theorem 1. The exterior of any genus one hyperbolic knot in S* contains at most
5 mutually disjoint and non-parallel genus one Seifert surfaces.

We point out that replacing the once-punctured tori in Theorem 1 with non-
isotopic once-punctured Klein bottles of common boundary slope produces a sim-
ilar bound (see [20, Theorem 1.1]).

Denote by T a collection of mutually disjoint and non-parallel once-punctured
tori properly embedded in the exterior Xx of a genus one hyperbolic knot K C S°.
A complementary region of T C Xk is the closure of a component of Xg \ T if T
separates Xg, and otherwise the manifold Xx cut along T. The collection T C Xx
is maximal if it has the largest possible number of components among all such
collections in Xg.

By Theorem 1, any maximal collection T has at most 5 components, and the
next result shows that the bound of 5 is achieved by infinitely many hyperbolic
knots.

Theorem 2. There is a family of genus one hyperbolic knots

K =KY(p1,q1,p3,8, ps,q6) C S

parametrized by infinitely many choices for the integers pi,p3,ps,qe = 2 and
q1,03 C {£1}, for each of which its exterior Xk contains a maximal collection
of 5 mutually disjoint and non-parallel once-punctured tori, such that the JSJ de-
composition of Xk (J) consists of 5 Seifert fiber spaces over the annulus with one
singular fiber and any exceptional surgery on K is an integral homology 3-sphere.

All the complementary regions of T C Xk for the knots in Theorem 2 are genus
two handlebodies; in fact, in Lemma 4.1 we prove that for any collection T at
most one complementary region may not be a genus two handlebody, and if such
a non-handlebody region is present then T has at most 4 components. Also, by
Lemma 8.1 the property of any exceptional surgery on K being an integral ho-
mology 3-sphere holds for arbitrary hyperbolic knots with a 4 or 5-component
collection T in their exterior.

The paper is organized as follows. The proofs of the main results are given in
Sections 4, 7, and 8, with the remaining sections 2, 3, 5, and 6 containing support-
ing technical material.

The first approximation to Theorem 1 is given in Lemma 4.3, which states that
any collection T C Xk has at most 6 components. Its proof relies on certain features
of the complementary regions of a maximal collection T obtained by analyzing
the properties of the disk faces of the graphs of intersection produced by T and
a Gabai meridional planar surface for the knot. The complementary regions of



T that are handlebodies play a crucial role throughout the paper, and we model
them by pairs (H,J) consisting of a genus two handlebody H and a separating
circle J C dH which is non-trivial in H and stands for the longitudinal slope of
K, and in particular by simple pairs, which arise from boundary compressing an
incompressible separating once-punctured torus in a genus two handlebody. The
basic properties of pairs needed in the proof of Lemma 4.3 are presented earlier in
Section 3.

In the case of a collection T with exactly 6 components we have that all com-
plementary regions are genus two handlebodies; disposing of this case requires a
detailed analysis of how these complementary regions fit together to form a knot
exterior in S, and to this end we further develop the properties of pairs in Sec-
tion 6, along with some useful properties of once and twice-punctured tori in knot
exteriors given in Section 5 and aimed at distinguishing satellite knots.

In Section 6.1 we show that any simple pair identifies a unique ‘core knot’
of its handlebody. The results of Sections 5 and 6 along with the classification of
hyperbolic knots with non-integral toroidal surgeries [9] are then used to establish a
mechanism in Section 7.1 by which the ‘core knot’ of a simple pair complementary
region of T can be identified as a hyperbolic Eudave-Muifoz knot, whose surgery
properties lead to the construction in Section 7.2 of genus two Heegaard splittings
of S3 associated to any 6-component collection T C Xk, with the knot K embedded
as a separating circle in the corresponding genus two Heegaard surface. The picture
obtained at this point is that of each complementary region of T being a simple
pair, with the collection of associated core knots ‘orbiting” around the knot K (see
Fig. 12).

These Heegaard splittings are translated in Section 7.3 into Heegaard diagrams
and further into presentations of the fundamental group of the 3-manifold corre-
sponding to each splitting. Two nonequivalent families of Heegaard diagrams are
obtained and discussed in detail in Sections 7.4 and 7.5. A theorem of T. Kaneto
[15] on the structure of the relators of a group presentation of 7 (S*) obtained
from a genus two Heegaard diagram provides the final contradiction that proves
Theorem 1 at the end of Section 7.5.

Section 8 is devoted to the construction of the family of genus one hyperbolic
knots K (1)( P1,q1,P3, 83, D6, qs) C S with exterior containing a 5-component col-
lection T and the proof of Theorem 2. These examples are constructed by adapting
some of the Heegaard splittings obtained in Section 7 so as to produce the manifold
S3 and using a criterion from Lemma 8.1 to establish their hyperbolicity, a strategy
that also allows the construction of examples of hyperbolic knots with maximal
4-component collections T.

Interestingly, for the examples of knots where T has 5 components, we prove
in Lemma 8.3 that the ‘core knot’ of at least one of the complementary regions



is a hyperbolic Eudave-Muiioz knot, while conversely E. Ramirez-Losada (per-
sonal communication) has independently constructed infinite families of hyper-
bolic knots that bound 5 genus one Seifert surfaces starting from a tangle decom-
position whose double branched cover is a hyperbolic Eudave-Muiioz knot.

The author is grateful to E. Ramirez-Losada for bringing Tsutsumi’s paper [19]
to his attention and for many helpful discussions, and to the referees for their many
suggestions which greatly improved the original text.

2 Preliminaries

We work in the PL category. Standard definitions, constructions and results of 3-
manifold topology can be found in [10, 11], and information on JSJ decompositions
of 3-manifolds in [11, 13, 14]. If A is a set or a space then |A| denotes its cardinality
or the number of its connected components.

Unless otherwise stated, all manifolds are assumed to be compact and ori-
entable, and submanifolds to be properly embedded. If A is a submanifold of a
manifold M then N(A), int(A), cl(A), fr (A) denote its regular neighborhood, inte-
rior, closure, and frontier in M, respectively; the components of dA are denoted by
1A, A, ... dA. Any two submanifolds can be isotoped so as to intersect mini-
mally, that is, transversely and in the smallest possible number of components.

For circles «, 3 in a surface S, o is non-trivial if it does not bound a disk in
the surface, the isotopy class of o in the surface is called its slope (relative to the
surface), A(a, 3) denotes their minimal geometric intersection number, and « - 3
their integral algebraic intersection number whenever the surface S is orientable.

Let S be a surface in a 3-manifold M which is not a disk or 2-sphere. The sur-
face S is compressible if some non-trivial circle in S bounds a disk in M, called a
compression disk for S; otherwise S is incompressible. Such a surface S is bound-
ary compressible in M if there is an arc ¢ in S which is not boundary parallel and
an arc 8 in dM with B NS = da and not parallel in dM into 9, such that the circle
o U B bounds a disk in M with interior disjoint from S; otherwise S is boundary
incompressible. The surface S is essential in M if it is incompressible, boundary
incompressible, and not parallel to any component of dM.

A 3-manifold M is irreducible if every 2-sphere in M bounds a 3-ball, and
boundary irreducible if dM is an incompressible surface in M; M is atoroidal if any
incompressible torus in M is parallel to dM, and toroidal otherwise. For A C dM
a 1-submanifold, M(A) denotes the 3-manifold obtained by attaching 2-handles to
M along the components of A and capping off any resulting 2-sphere boundary
components with 3-balls. If S is a surface in M with dS # 0, S denotes the surface
in M(JS) obtained by capping off the circles dS with disjoint disks in M(dS). We



denote by M|S the manifold cl[M \ N(S)] C M obtained by cutting M along S.

If K C S? is a knot with exterior Xy C S? then the slopes in dXk correspond
homologically to circles in d Xk of the form pu +gA, where p,q € Z are relatively
prime integers and p,A are a standard meridian-longitude pair of K; we also say
that put 4 gA has slope p/q € QU {eo}, with e corresponding to the slope 1/0 of u;
thus a slope r C dXk is integral iff A(r,it) = 1. The knot K is simple if its exterior
Xk is atoroidal, and a satellite knot otherwise; by [17] a simple knot is either a
torus knot or a hyperbolic knot.

S(ny,...,n;) denotes a Seifert fiber space over the surface S with k > 1 sin-
gular fibers of indices n; > 2. Usually S will be the 2-sphere S?, the disk D?, or
the annulus A®. We write S(*,...,*) when the specific values of the 7;’s are not
relevant. We use L, p > 0, to denote a lens space with fundamental group Z/pZ,
soLo=S"xS%?and L; = S>.

2.1 Graphs of intersection

Let M be an irreducible 3-manifold with boundary and P, Q compact surfaces (ori-
entable or not) properly embedded in M. After isotoping P in M so as to intersect
Q minimally, each component of dP intersects each component of dQ minimally
in dM and no circle component of PN Q is trivial in both P and Q.

We call Gp = PN Q C P and Gp = PN Q C Q the graphs of intersection be-
tween P and Q, where we take the boundary circles of, say, P, as the fat vertices of
Gp and the arc components of PN Q as the edges of Gp.

If F is a face of Gp then each boundary component of F which is not a circle
in PN Q is an alternating union of edges of Gp and arcs in dM; F is a k-sided face
if its boundary contains a total of k edges.

A disk face D of Gp is trivial if it is 1-sided. An edge of Gp is trivial if it is
part of a trivial disk face of Gp, and essential otherwise. The graph Gp is essential
if it has no trivial edges.

The faces of the graphs of Gp,Gg can be used to find information about the
complementary regions of P or Q in M; we have for instance the following well
known facts.

Lemma 2.1. 1. IfPis boundary incompressible then the graph G is essential.
2. If P is incompressible then any circle component of PN Q is non-trivial in Q.

3. Suppose that P is a separating surface. Let R be the closure of some compo-
nent of M\ P and D a k-sided disk face of Gg properly embedded in R. If the
graph Gp is essential then dD intersects d P C dR minimally in 2k points; in
particular D is a compression disk for OR in R. O



2.2 [Essential surfaces in knot exteriors

Let K be a non-trivial knot in S* and P an essential surface (not necessarily ori-
entable nor connected) in the exterior Xg C S of K with boundary slope r # u,
where [t C dXk is the meridional slope of K.

In this context, using thin position, D. Gabai proved in [7] the following result:

Lemma 2.2. ([7, Lemma 4.4]) There is a planar surface Q C Xg with meridional
boundary slope which intersects P minimally so that each arc component of PN Q
is essential in P and Q and each circle component of PN Q is essential in Q. O

We call the surface Q in the above lemma a Gabai meridional planar surface
for P.

2.3 Planar graphs

A planar graph is a graph in a many punctured 2-sphere Q C S?.

Let G be a planar graph consisting of a set V of vertices and a set E of edges.
For convenience, we also denote by V and E the cardinalities of the sets V and
E, respectively, and by d the number of disk faces of G; we thus have the Euler
relation £ <V +d —2.

A bigon is a 2-sided disk face of G. A graph without bigons is called reduced.
We denote by G the reduced graph of G obtained by amalgamating each maximal
collection of mutually parallel edges of G into a single edge. Thus each edge e
of G corresponds to some collection of mutually parallel edges e1,...,e; of G, in
which case we say that e has size |e| = k.

Following [21], we will say that a component I" of G is extremal if I is con-
tained in a disk D C S? which is disjoint from G\ T, and that a vertex v is an interior
vertex of the extremal component I if v is a vertex in I" and there is no arc in D
that connects v to dD and whose interior is disjoint from I'. Notice that any graph
G has at least one extremal component, and that any face of G which is incident to
an interior vertex of an extremal component is a disk.

Lemma 2.3. If G is a reduced essential planar graph such that each vertex has
degree at least 3 then

1. any extremal component of G has at least one interior vertex,

2. if no disk face of G is 3-sided or 5-sided then G has vertices of degree 3 and
4-sided disk faces.

Proof. Part (1) is the content of [21, Lemma 3.2]. For part (2), let k be the smallest
degree of the vertices of G and ¢ the smallest number of edges around a disk face



of G. By hypothesis we have that k > 3 and £ =4 or £ > 6, and from Euler’s
relation for G that kV <2E <2V +2d —4 and ¢d < 2E <2V +2d — 4. Therefore
(k—2)V < 2d and (¢ —2)d < 2V, which implies that (k—2)(¢ —2) < 4 and hence
that k =3 and £ = 4. ]

3 Genus two handlebodies and pairs

In this section we present several properties of circles in the boundary of a genus
two solid handlebody H and their relations to annuli and once-punctured tori in H,
and introduce the notion of a pair (H,J).

3.1 Companion annuli and power circles in genus two handlebodies

Let M be a 3-manifold with boundary and y C dM a circle which is non-trivial in
M. We say that a separating annulus A properly embedded in M is a companion
annulus of ¥ if A is not parallel into dM and the circle components of dA cobound
an annulus A, C dM with core isotopic to y in dM. If the region cobounded by A
and Ay in M is a solid torus V, we say that V is a companion solid torus of yin M
and denote the components of M|A by M4 and V.

The following result gives conditions for the uniqueness in M of circles in M
that have companion annuli.

Lemma 3.1. Let M be an irreducible 3-manifold with boundary and v C OM a
separating circle that is non-trivial in M such that OM = Ty Uy F, where Ty C OM
is a once-punctured torus. Then T\ is incompressible in M and there is, up to
isotopy, at most one circle in Ty which has a companion annulus in M.

Proof. Any compression of 77 in M yields a disk in M bounded by 7, contradicting
the non-triviality of the circle ¥; therefore 77 is incompressible in M.

Suppose that a,b are non-trivial circles in 77 with incompressible companion
annuli A,B C H, respectively. Isotope A and B so as intersect minimally, keeping
d(AUB) C Ti, and suppose that JA N dB # 0. Since T; is a once-punctured torus,
each component d;A intersects each component d;B in A(d;A,d;B) = |9A - d;B|
points; therefore the parity rule in [16, Lemma 2.2] applies and so any arc of
AN B has opposite parities with respect to A and B. In particular, some arc ¢ of
AN B is positive in, say, A, and negative in B; thus c¢ is boundary parallel in A,
essential in B, and may be assumed to be outermost in A, hence to cobound with
dA a boundary compression disk D C A for B. Boundary compressing B along D
produces a disk E properly embedded in M with dE C T; a non-trivial (separating)
circle, contradicting the incompressibility of 7;. Therefore dA and dB are disjoint
in 71, so a and b are isotopic in 77. O



We now show that each boundary component of an ‘essential’ annulus in a
handlebody is always a non-separating circle.

Lemma 3.2. If H is a handlebody of genus at least two and A C H is an incom-
pressible and non boundary parallel annulus then there is a non-trivial disk E C H
disjoint from A, with A and E both separating or both non-separating in H and
each component of dA a non-separating circle in dH.

Proof. Boundary compressing the annulus A in H yields a properly embedded non-
trivial disk £ C H homologous to A which can be isotoped away from A. Thus A
and E are both separating or both non-separating in H and A is isotopic to an
annulus constructed by adding a band in dH to E along some arc & C dH with
both endpoints on the same side of JE and otherwise disjoint and not parallel into
JE, so the disk E must be non-trivial in H. As H has genus at least 2, there is a
circle B C dH \ JE which intersects @ minimally in one point, which implies that
each boundary component of dA is a non-separating circle in JH. O

Let 7,7 C dH be mutually disjoint and non-parallel circles. We say that

e v is a primitive circle in H if 7y represents a primitive element in the free
group 7 (H ); geometrically, this is equivalent to the presence of a disk in H
which intersects Y minimally in one point;

e yis a power circle in H if 7y represents a non-trivial power in 7, (H ), that is,
if v represents a power p > 2 of some non-trivial element in 7 (H) (eg, the
circle L in the handlebody H; of Fig. 5(a));

e V,Y C dH are coannular if they cobound an annulus in H, and separated if
there is a separating non-trivial disk (a waist disk) in H separating ¥ and ¥;

e V.Y C dH are basic circles in H if they represent a basis of the group 7, (H)
(relative to some base point), in which case, by the 2-handle addition theorem
[12, 2] applied to ¥ C dH \ ¥, ¥ and ¥ must be separated circles (eg, the
circles a){ and s in the handlebody R; 3 of Fig. 16(a)).

The concepts above are related to Casson-Gordon’s discussion in [2] of roots
in the fundamental group of a compression body. The following lemmas present
the results we need here in the context of genus two handlebodies and through the
properties of companion annuli, which will become increasingly relevant in the
sequel.

Lemma 3.3. Let H be a genus two handlebody and y C dH a circle which is non-
trivial in H. Then,



1. the surface dH \ 'y compresses in H iff v is a primitive or a power circle in
H, in which case the following conditions hold:

(a) dH \ Yy compresses along a waist disk D,, C H which cuts H into two
solid tori V,V' C H with y C dV,

(b) dH \ y compresses along a non-separating disk in H, which is unique
up to isotopy;

2. ¥ has a companion annulus in H iff v is a power circle in H, in which case
Y represents a non-trivial power of some primitive element of (H); more
precisely,

(a) the companion annulus A of 7 is unique up to isotopy and cobounds
with dH a companion solid torus of ¥, of whose core Y represents a
non-trivial power in 7, (H),

(b) H|A consists of a genus two handlebody Hy and a solid torus, and the
core of A is a primitive circle in Hy.

Proof. That dH \ y compresses in H iff ¥ is a primitive or a power circle in H, and
that y has a companion annulus in H iff 7y is a power circle in H, follow from [20,
Lemma 5.2].

Suppose that D C H is a compression disk for dH \ 7. If dD C dH \ yis a non-
separating circle then there is a circle o C dH \ ¥ which intersects dD transversely
in one point, hence D is non-separating and the waist disk D,, = frN(DUa) C H
is a compression disk for dH \ y which cuts H into two solid tori V,V' C H with,
say, Y C V, so (1)(a) and the first part of (2) hold.

If dD C dH \ v is a separating circle then we can take D,, = D as the a waist
disk for H in the above argument, so that H =V Up, V'’ with y C 9V, whence
JdH \ y compresses along some meridian disk D’ of the solid torus V', which is
non-separating in H. It is not hard to see that D’ is unique in H up to isotopy so
(1)(b) holds.

In (2), any companion annulus A of ¥ can be isotoped away from D’ and into
the solid torus H|D', so the uniqueness of A and the fact that it cobounds with JH a
companion solid torus of y follow from the uniqueness of D'. Since H =V Up,, V'
and ¥ C dV, A may also be isotoped in H away from D,, so that A C V runs p > 2
times around V, whence 7y represents the pth power of the core circle of V, which is
primitive in 7; (H). We also have the decomposition V |A =V} Uy V; for some solid
tori Vi, V, C V with y C V; and A C dV, running once around V,; as Hy =V, Up, V',
it follows that Hy is a genus two handlebody and that the core of A C 9V, is isotopic
to the core of V,, which is primitive in H4. Therefore (2) holds. O]



In light of Lemma 3.3(2), we will say that

e acircle y C dH is a power p circle for some integer p > 2 if v is a power
circle in H that represents the power p of some primitive element of 7; (H),
or, equivalently, if y runs p times around its companion solid torus in H;

e we extend this notation so that a circle ¥ C dH is a power p = 1 circle iff y
is a primitive circle in H.

Regarding separated or coannular circles we have the following result.

Lemma 3.4. Let v,¥ C dH be disjoint and non-parallel circles in dH which are
non-trivial in a genus two handlebody H, and let S = dH \ (yUY') C dH. Then S
has at most one compression disk in H up to isotopy, and the following conditions

hold:

1. the surface S compresses in H along a separating disk iff Y and Y are sepa-
rated in H, in which case each circle 'y and ' is a primitive or power circle
inH,

2. the surface S compresses in H along a non-separating disk iff v and Y are
coannular circles in H, in which case Y and Y are both primitive or both
power circles in H.

3. if v is a primitive or power circle and Y is a power circle then S compresses
in H along a separating disk,

4. if yand Y are coannular in H and D is the non-separating compression disk
for S then

(a) up to isotopy, the annulus bounded by Y1y is unique in H when ¥y is
a primitive circle, and there are exactly two such annuli when vy is a
power circle,

(b) if v is a power circle with companion annulus B C H then B can be
isotoped into H|D, in which case Y and the core circle yg of B are
coannular and primitive in the genus two handlebody Hg C H|B.

Proof. If the circles y and Y are separated by a waist disk D C H then D is a
compression disk for S in H. If ¥ and ¥ cobound an annulus A C H then by
Lemma 3.2 each circle y and ¥/ is non-separating in dH, so A is non-separating and
there is a non-separating disk £ C H disjoint from A, which is then a compression
disk for S. In either case the surfaces dH \ v and dH \ ¥/ compress in H and so by
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Lemma 3.3 each circle y and ¥ is a primitive or a power circle in H, and it is not
hard to see that D and E are unique up to isotopy.

Since the circles ¥ and ¥ are not parallel in dH, if S compresses in H along a
separating disk D C H then 7y and Y’ are separated by D in H; thus (2) holds.

If y is a primitive or power circle and ¥ is a power circle in H then the sur-
face F = dH \ y compresses in H by Lemma 3.3(1) and contains ¥’; since by
Lemma 3.3(2), if B and V' are the companion annulus and solid torus of ¥’ then
the manifold H(Y') = Hp(y') Uz V'(Y) is a connected sum of a solid torus and a
lens space, it follows by the 2-handle addition theorem that the surface S = F \ ¢
compresses in H. Thus (3) holds.

Suppose now that there is a non-separating compression disk D C H for S.
Then H|D is a solid torus with yLIY C d(H|D), so the closures of the components
of d(H|D) \ (yuy') are two annuli A,A” and so y and Y are coannular in H|D,
hence in H. Thus (1) holds.

Let o/ C H be any properly embedded annulus with boundary yLly. By
Lemma 3.2, the annulus <7 is incompressible and non-separating in H, so S com-
presses in H along a unique non-separating disk D C H disjoint from .27; therefore
</ lies in the solid torus H|D and hence it is parallel to A or A’ in H|D.

Let p > 1 be the number of times that Y runs around H |D, so that y is a power
pcirclein H. If p =1 then A and A’ are parallel in H|D and so, up to isotopy, &/
is the unique annulus in H cobounded by y and Y. If p > 2 then A and A are not
parallel in H|D and so there are two possible such annuli <.

Now, if p > 2 and B C H is the companion annulus of y then B can be isotoped
so as to intersect D minimally and hence, by a standard innermost-outermost inter-
section argument, to be disjoint from D. Since the circles ¥ and ¥’ are not parallel
in dH, necessarily the core circle ¥ of B and ¥/ are not parallel in the genus two
handlebody Hg C H|B. Therefore, by Lemma 3.3(2), 3 is a primitive circle in Hp,
and by part (2) the circles ¥ and yp are coannular in Hg. Thus (4) holds. 0

The following result gives conditions for the manifold obtained by attaching
one or two solid tori to a genus two handlebody to be a handlebody.

Lemma 3.5. Let H be a genus two handlebody and y,Y C dH a pair of disjoint
circles.

1. If M = HU, V is a manifold obtained by gluing a solid torus V to H along
an annular neighborhood A = dH N AV of v, such that A runs at least twice
around V, then M is a genus two handlebody iff v is a primitive circle in H.

2. If M =V UyHUy V' is a manifold obtained by gluing solid tori V,V' to H
along disjoint annular neighborhoods A = dHN AV and A’ = dH NIV’ of
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y and Y, respectively, where each annulus A,A’ runs at least twice around
V, V', respectively, then M is a genus two handlebody iff v and Y are basic
circles in H.

Proof. For part (1), if M is a genus two handlebody then by Lemma 3.3 the annulus
A C M is a companion annulus of some power circle in dM, so by Lemma 3.3(2)(b)
the circle y is primitive in H. Conversely, if ¥ C dH is primitive in H then by
Lemma 3.3 there is a waist disk of H disjoint from 7y which cuts H into solid tori
W,W' with ¥ C W a circle that runs once around W; therefore V Uy W is a solid
torus, so M =V Uy (W Up, W) = (VU4 W) Up, W' is a genus two handlebody.
For part (2), if M is a genus two handlebody then A and A’ are companion
annuli of some disjoint power circles o and @’ in dM, respectively; since A and
A’ are disjoint, by [20, Lemma 5.1] the circles & and o are not mutually parallel
in dM. Therefore, by Lemma 3.4(1),(3) the circles o and o are separated in M
by some waist disk D C M, which can be isotoped in M to be disjoint from A LJA’
to become a separating disk for 7,7 C dH. The argument for part (1) now shows
that v and ¥’ are primitive and hence basic circles in H. The converse follows in a
similar way. O

3.2 Pairs

A pair (H,J) consists of a genus two handlebody H and a separating circle J C
dH which is non-trivial in H. If (H,J) is a pair then the closures 7j,7; of the
components of JH \ J are once-punctured tori with d7) =J = dT; and dH =
T U;Ts.

A pair (H,J) is

e trivial if it is homeomorphic to the pair (7} x I,dTy x {0}) with Tj corre-
sponding to 77 x {0};

e minimal if any once-punctured torus T in H with dT = J is parallel to T} or
T>; in particular any trivial pair is minimal;

e if w; C T; is a power circle in H with companion annulus A; C H, where the
circles dA; cobound an annulus A: C T;, then isotoping (7; \ A%) UA; slightly
off T; produces a once-punctured torus 7/ properly embedded in H with
JT! = J, and we say that 7} is the once-punctured torus in H induced by
the power circle ®;.

The next result establishes the uniqueness of power circles in a couple of related
situations.
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Lemma 3.6. Let H be a genus two handlebody and y C dH a non-trivial circle in
H.

1. If y separates dH into once-punctured tori Ty, Ts, then each T; is incompress-
ible in H and contains, up to isotopy, at most one power circle.

2. If the circle v is non-separating in dH and neither a primitive nor power
circle in H then any two circles in dH \ 'y which are power circles in H are
isotopic in the torus dH(Yy).

Proof. Part (1) follows from Lemma 3.1. For part (2), by Lemma 3.3(1) the surface
dH \ yis incompressible in H, hence by the 2-handle addition theorem the manifold
H () is irreducible with incompressible torus boundary. So if a,b C dH \ y are any
power circles in H with corresponding companion annuli A, B C H then the annuli
A and B are essential in H(Y) and so, by an argument similar to the one used in
the proof of Lemma 3.1, their minimal intersection A N B must be empty, whence
a and b are isotopic in dH (7). O

It follows from Lemma 3.6(1) that the once-punctured torus induced by a power
circle in 7; C dH is unique up to isotopy. We will say that

e a pair (H,J) is simple if, for some {i, j} = {1,2}, T} is parallel in H to the
once-punctured torus induced by some power circle in 7;.

We will see below that the pair (H,J) in Fig. 9(a) is simple.
The next result establishes several basic facts about pairs.

Lemma 3.7. Let (H,J) be a pair with 0H =Ty U; T, and T C H any once-
punctured torus with dT = J. Then

1. H(J) is an irreducible manifold with incompressible boundary TiUT,

2. T is incompressible and separates H into two components whose closure are
genus two handlebodies Hy,H, with 0H; = T U, T,.

3. T boundary compresses in H towards some T;, in which case the pair (H;,J)
is either trivial or simple,

4. the pair (H,J) is trivial iff H(J) ~ Ty x I.

Proof. By Lemma 3.6, T and T, are incompressible in H and hence (1) holds by
the 2-handle addition theorem. Similarly, 7" is incompressible in H. Since H can be
embedded in S3, the closed surface T'UT; is orientable and separates S?, hence T
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separates H into two components whose closures H;, H, C H satisfy H = H; Uy H>.
That H; and H; are handlebodies follows now as in [19, Lemma 2.3].

Suppose now for definiteness that 7 boundary compresses in H towards 7;.
Then T boundary compresses into an annulus A C H with dA non-separating cir-
cles in 7; that cobound an annulus A; C 7;. The once-punctured torus 7' can be
recovered by adding a band to the annulus A along an arc in 77 with one endpoint
in d1A and the other in dA, that is, T is parallel in H to the once-punctured torus
(T1\A1)UA. If A is parallel to A; then 7 is parallel to 71, so H; ~ T} x I and hence
the pair (Hy,J) is trivial. If A is not parallel to A; then A is a companion annulus of
the core circle w; of Ay, in which case, by Lemma 3.3(2), the circle w; isa p > 2
power circle in H, which implies that T is parallel in H; to the once-punctured
torus in H; induced by the power circle @; C T;. Thus (3) holds.

For part (4), if H(J) is homeomorphic to Ty x I then J is the boundary of the
cocore disk for some tunnel arc 7 of 7} x I. As H is a handlebody, by [6, Lemma
1.1] the arc 7 is isotopic in 7} x I to a vertical arc {x} x I and so (H,J) is home-
omorphic to the trivial pair (7} X I,dT;). The converse follows by definition of
trivial pair. 0

We now construct a special family of pairs described in [19, §4]. Let F be
a once-punctured torus and o, C F properly embedded circles that intersect
transversely in one point. The manifold F x I is a genus 2 handlebody with bound-
ary (F x{0})U((dF) xI)U(F x {1}), and the circles 3 = oy x {0} C F x {0}
and y» = op x {1} C F x {1} form a basis of the rank two free group m (F x I).
We denote by J the separating circle (0F) x {1/2} C d(F xI). Fig. 1 shows the
4-tuple (F x 1,J,71,%) up to homeomorphism.

Let H be the manifold obtained by gluing solid tori Vi, V; to F x I along annular
regular neighborhoods of the circles 71, 7», respectively, so that ¥; is the fiber of a
fibration of type (a;, p;) in V; for some p; > 1 (whence ¥ runs p; times around V;).
By Lemma 3.5(2) H is a genus two handlebody.

We will call a pair (H,J) constructed as above a pair of type (ai, p1;az2,p2), or

in short of type (p1, p2); clearly, any pair of type (p1, p2) is also of type (p2, p1).
Remark 3.8. 1. A pair is trivial iff it is of type (1,1).

2. A pair is simple iff it is of type (p, 1) or (1, p) for some p > 2 (see Fig. 9(a)).
For if (H,J) is a (p,1) pair, with H = (F x I)UV, and J = (JF) x {1/2}
as above, then the core @; C Tj of the annulus dV; \ (F x {0}) is a power
p > 2 circle in H with companion annulus dV; N (F x {0}); thus the once-
punctured torus 7| induced by @; C 7 in H can be identified with F x {0},
which is parallel to 7, = F x {1} in H, whence the pair (H,J) is simple.
Conversely, if (H,J) is simple then we may assume that there is a circle
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D, FxI

Figure 1: The genus two handlebody F x I.

@ C Ty which is a power p > 2 circle in H, with companion annulus A C H
and companion solid torus V C H, such that 7; is parallel in H to the once-
punctured torus 7/ C H induced by ®;. Thus the region in H cobounded by
T and T is homeomorphic to 7> x [0, 1], with T corresponding to 7> x {0},
T/ to T» x {1}, and J to the circle (d7>) x {0}; as H is homeomorphic to
the handlebody obtained by adding the companion solid torus V of @ to the
core of the annulus A C 7> x {1}, by definition (H,J) is a (p, 1) pair.

3. A pair of type (p1, p2) with py1, p2 > 2 will be called a double pair.

The following result summarizes the content of Lemmas 4.2, 4.3 and 4.4 of
[19].

Lemma 3.9 ([19]). For any pair (H,J),
1. if (H,J) is simple then it is minimal,

2. H contains at most two once-punctured tori with boundary slope J which are
mutually disjoint and non-parallel, and not parallel into JH. O

In light of Lemma 3.9, we will say that

e a pair (H,J) is maximal if H contains two disjoint, mutually non-parallel
once-punctured tori 7], 7y C H with boundary slope J which are not parallel
to Ty or 7T5.

In such case, by Lemma 3.7 T{ U7, cuts H into handlebodies Hy,H,H, with
JdHy =T/UT] and H = H, Ugy Ho Ugy Ha. The following result is an immediate
consequence of Lemmas 3.7(3) and 3.9(1).
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Figure 2: The circle 6; C Ty.

Corollary 3.10. If (H,J) is a maximal pair with H = H, Ury Ho Uz H then the
pairs (Hy,J) and (Ha,J) are simple. O

The construction of maximal pairs will be discussed in more detail in Re-
mark 7.7. The last result of this section provides a useful classification of trivial or
simple pairs.

Lemma 3.11. A pair (H,J) is of type (1, p) for some p > 1 iff there is a disk in H
which intersects J minimally in 2 points.

Proof. Suppose that (H,J) is a (1, p) pair obtained from the pair (F xI,J) in Fig. 1
by gluing a solid torus V, along the circle }» C d(F x I), so that > runs p times
around V;. Then the disk D1 C F x I shown in Fig. 1 is properly embedded in H
and intersects J C d H minimally in 2 points.

Conversely, suppose D C H is a non-trivial disk which intersects J C dH min-
imally in 2 points, and let dH = Ty Uy T». Then, foreachi = 1,2, o = T;NdD is a
non-trivial, hence non-separating arc in 7;, and so D is a non-separating disk in H.

Let fB; be the core circle of the annulus obtained by cutting 7; along the arc
o; C T;. Then B and B, are disjoint from the circle dD = a; U o, hence from
D, so by Lemma 3.4 the circles 3 and 3, are coannular power p > 1 circles in
H. We also let 6; C T; be any circle that intersects the arc oy C 77 and the circle
B1 C T each transversely in one point, so that 9 is primitive in H. The situation is
represented in Fig. 2.

If p > 2 then by Lemma 3.4(4) the power circle 3, has a companion annulus
B C H and companion solid torus Vz C H disjoint from D, with core circle 8} C B
such that 85 and f3; are coannular and primitive circles in the genus two handlebody
Hy CH |B.
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If p>2welet H = Hp, and if p =1 we set H' = H. Thus H’ is a genus two
handlebody with J, B, 85,81 C dH' and D C H’', where D intersects J minimally
in two points and is disjoint from the coannular primitive circles f3;, 3, C dH'.

Now, the disk D' = frN(8; UD) C H' is a waist disk of H’ that separates the
primitive circles &, 8, C dH’ and intersects J C dH’ minimally in 4 points. There-
fore the 4-tuple (H',J,6;,;) is homeomorphic to the 4-tuple (F x I,J,%,7%) of
Fig. 1; since H = H' for p =1 and H = H' Ug V for p > 2, it follows that the pair
(H,J) is of type (1, p). O

4 Genus one hyperbolic knots in S>

In this section we assume that K C S° is a genus one hyperbolic knot and T =
Ty U---UTy a collection of N = |T| > 1 mutually disjoint and non-parallel once-
punctured tori properly embedded in Xg with boundary slope the longitude J of
K, where the T;’s are labeled consecutively around dN(K) following some fixed
orientation of the meridian slope u C dN(K), as in Fig. 3.

4.1 Complementary regions of T C Xg

For any 1 <i,j < N with i # j denote by R; ; C Xk the region cobounded by T;
and 7} that contains the oriented arc of u with u N d7; as initial point and u N AT;
as terminal point (see Fig. 3), so that R; ;N R;; = T;UT; and Xx = R; ;UR; ;. For
i = j welet R;; = cl[Xg \ N(T;)] be the manifold obtained by cutting Xk along T;.

Since the surface T is essential in Xk, by Lemma 2.2 there is a Gabai meridional
planar surface Q for T which intersects T minimally in essential graphs Gp =
ONT C Q and Gy = QNT C T such that each circle component of QNT is
essential in Q. We denote the subgraph QN (T;, U---UT;,) C Q of Gg by Gy ™.

The next result establishes connections between properties of the graph Gy and
the regions R; ;.

Lemma 4.1. Each boundary cycle of any face of Gg has an even number of edges,
and for any i, j either R; j is a genus two handlebody or an atoroidal irreducible
and boundary irreducible manifold. In particular, the following regions are genus
two handlebodies:

1. at least one of the regions R; j or R ; for any i # J,
2. any region R; j that contains a disk face of GiQ’j (with i = j allowed),

3. any region R; ;11 if Gg is connected or each vertex of Gg has degree at least
3, and if some region R; ;1 is not a handlebody then |T| < 4 and any other
region R; j 11 is a handlebody.
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Figure 3: The once-punctured tori 7; C Xg.

Proof. That each boundary cycle of any face of Gp is even sided follows from
the fact that each component 7; of T has one boundary component. As K is a
hyperbolic knot, its exterior Xx C S is irreducible and atoroidal, and since 7; and
T; are incompressible in Xk each region R; ; is irreducible and atoroidal too.

Since the boundary slope J of 7; and 7T; is a longitude of K, in S3 the surfaces
JR;j and JR;; for i # j or dR;; and JIN(T;) for i = j are mutually parallel and
hence compressible. If, say, dR; j compresses in R; j then the maximal compres-
sion body W of dR; ; in R; ; with ;. W = dR; ; (see [1]) is non-trivial and so either
d_-W =0 or d_W is a collection of incompressible closed tori in R; j. As T; and
T; are incompressible surfaces in Xk, any torus component of d_W must be in-
compressible in Xk, contradicting the hyperbolicity of K; therefore d_W = 0, so
W = R; ; is a genus two handlebody, and so (1) holds.

Part (2) follows now from Lemma 2.1 and the argument above. If Gy is con-
nected then all its faces are disks, while if each vertex of the reduced graph Gp
has degree at least 3 then by Lemma 2.3 any extremal component of Gg has an
interior vertex vo, whence all faces of G¢ incident to vo must be disks; in either
case we have that necessarily each region R; ;| contains a disk face of Gg, so the
first part of (3) follows from (2), and the second part is now a consequence of (1)
and Lemma 3.9(2). ]

Lemma 4.2. [f for some i # j the region R; j contains a bigon disk face of Gléj then
R; j is a handlebody and the pair (R; j,J) is simple. In particular |e| < 2 for each
edge e of éQ.
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Proof. Suppose that D C R; ; is a bigon face of GiQ’j ; in particular, D may be the
bigon disk face D in G cobounded by the outermost edges e¢; C 7; and ¢; C T of
some edge € = {e;,eit1,...,¢;} of G with |e| > 2. By Lemma 4.1(2) the region
R; j is a handlebody and so (R; ;,J) is a non-trivial pair, while by Lemma 2.1 the
disk D C R; j is non-trivial and intersects d7; LI T; minimally in 4 points, hence J
minimally in two points. Therefore by Lemma 3.11 the pair (R; ;,J) is simple and
hence minimal by Lemma 3.9(1), which in the case of D = D implies that j =i+ 1
and hence that |e| = 2. O

We now establish a first approximation to Theorem 1.

Lemma4.3. IfK C S® is a genus one hyperbolic knot and T =T, - --UTy C Xk is
a collection of N > 1 mutually disjoint and non-parallel once-punctured tori then
N <6, and if N > 5 then each complementary region R; ;11 is a handlebody.

Proof. By Lemma 2.2, there is a Gabai meridional planar surface Q C Xk for T
which intersects T minimally in essential graphs Gp C Q and Gt C T, such that
each vertex of the graph G has degree N and, by Lemma 4.1, each disk face of
Gy, and hence of its reduced graph Gp, has an even number of edges around its
boundary. Therefore, by Lemma 4.2 each vertex of Gg has degree at least N /2. If
N > 5 then each vertex of Gg has degree at least 3 and so, by Lemma 2.3(2), Go
has a vertex of degree 3 > N/2, so N < 6, and each region R; i1 is a handlebody
by Lemma 4.1(3). ]

In the next couple of sections we digress to present the supporting results
needed for the analysis in Section 7 of the case |T| = 6 and the construction in
Section 8 of examples of hyperbolic knots for the cases |T| =4, 5.

5 Toroidal surfaces in knot exteriors

The results in this section analyze the interaction between once or twice-punctured
tori in a satellite knot exterior in S* and the companion annuli of circles in such
surfaces, and will be used in §7.1 to establish the connection between hyperbolic
knots in S* with 6-component collections T and the family of hyperbolic Eudave-
Muiioz knots.

5.1 Once-punctured tori in Xg

We extend the definition of companion annulus given in §3.1 to include the case of
circles in non-separating orientable surfaces.
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Figure 4: The knot Ky as a boundary component of the pair of pants P = (dB) x
IubcCV.

Let F be a properly embedded orientable surface in the exterior Xx of a knot
K C S and F x [—1, 1] a thin regular neighborhood of F in Xx with F = F x {0}.
A surface S in X is said to locally lie on one side of F if dS C F, FNint(S) =0,
and either SN (F x [—1,0)) =0 or SN (F x (0, 1]) = 0; that is, near dS, S intersects
only one side F x [0,1] or F x [—1,0] of F x [—1,1].

A companion annulus for a non-trivial circle Y C F is an annulus A that locally
lies on one side of F and is not parallel into F, with the circles dA isotopic to ¥ in
F.

Examples of genus one knots Ky C S* with a once-punctured torus F C Xg
that contains a non-separating circle y with companion annuli on either side of
F can be constructed as follows. Let L C S be a cable knot with solid torus
regular neighborhood V C S* and essential annulus B C X; = S? \ int (V). Us-
ing a thin regular neighborhood (dV) x [0,1] C V of dV = (dV) x {0}, extend
B slightly into int(V) to an annulus B = BU ((dB) x [0,1]). Construct a pair
of pants P embedded in V by suitably attaching a band b C int(V) to the annuli
(dB) x [0,1] C V connecting the boundary circles (dB) x {1}, in such a way that
the circles diPLIchP = PN IV (= dB), when oriented relative to P, end up with
opposite orientations relative to dV, and the circle Ky = 3P is non-trivial in V (see
Fig. 4). It follows that the knot K is a satellite of L with winding number zero in V
and F = PUB is a once-punctured torus bounded by Kj; moreover, the core ¥ of B
is a circle in F with companion annuli the closures of the components of dV \ dB,
which lie on either side of F.
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In fact, the argument of the next result shows that any such knot Ky C S? is
obtained in this way.

Lemma 5.1. Let K C S° be a genus one knot and F C Xk a properly embedded
incompressible once-punctured torus. If there is a non-trivial circle Yy C F which
has companion annuli locally on either side of F then Y is non-separating in F' and
K is a satellite knot.

Conversely, if an essential torus in Xg intersects F minimally in a nonempty
collection of circles then there is a non-separating circle in F which has companion
annuli locally on either side of F.

Proof. Let A and A’ be companion annuli for ¥ C F that locally lie on opposite
sides of F. Without loss of generality, we may assume that A and A’ have been
isotoped so as to intersect minimally with the circles dA = dA’ cobounding an
annular neighborhood B C F of y. Let V,V’ C Xk be the regions in Xy bounded
away from dXx by the closed tori AUB,A’ UB, respectively, and let r denote the
slope of yin dV and dV'.

Suppose that 7 is parallel to dF in F, and consider the companion annulus A
of 7. Then A can be isotoped in Xk so that its boundary lies in dXg, whence A
becomes an essential annulus in Xg. It follows that either A is a cabling annulus for
K, in which case X (JF) has a lens space connected summand, or K is a composite
knot with A a decomposing annulus having meridional boundary slope, neither of
which is the case since JF is a longitude of K. Therefore 7 is not parallel to dF
and so Y is a non-separating circle in F.

Recall that F Nint (A) =0 = FNint(A"). If ANA’ = 0 then each component in
a minimal intersection of A and A’ is a core circle in A and A" and so it is possible
to construct a closed surface S in Xx which intersects F transversely in the circle y
out of the annular components of A\ A’ and A"\ A. As 7 is non-separating in F, it
follows that S is a non-separating closed torus or a Klein bottle in Xy C S?, which
is impossible.

Therefore ANA’ = 0 and so VNV’ =0, hence V Ug V' is a manifold with torus
boundary which contains B as an essential annulus. Thus V Ug V' is not a solid
torus, so V, = S*\ int (V Ug V') is a solid torus whose core L is a non-trivial knot in
S* with exterior X, =V Up V' and N(K) C V. Since B is an essential annulus in X,
the boundary slope r C dX;, of B relative to the solid torus V;, is either meridional
or integral.

Now, the surface P = F NV, is an incompressible pair of pants in V; with
dyP = dF C dN(K) and d\P LI P C 9V oppositely oriented circles of slope r
relative to V. Thus K has zero winding number in V;, and is therefore not a core of
Vi.
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Suppose K is disjoint from some meridian disk D of V. If the slope r is merid-
ional in Vg then the circle ¥y C F bounds a disk in Xx and so F is not 7|-injective
in Xk, contradicting the incompressibility of F. Therefore r is an integral slope in
Vi, so if D and P are isotoped so as to intersect minimally then an outermost disk
of DN P C D boundary compresses P in V, towards dV; into an annulus whose
boundary component in dVy is a trivial circle; thus dyP = dF bounds a disk in V,
so K bounds a disk in V;, contradicting the non-triviality of K in S3.

It follows that K is a non-trivial knot in the solid torus V;, and hence that K is
a satellite of the non-trivial knot L in S3.

Conversely, suppose that T is an essential torus in Xx which intersects F min-
imally in a nonempty collection of circles 7N F. Then T N F consists of at most
two parallelism classes of circles in F: a class corresponding to the slope of some
non-separating circle y C F, and a class of circles parallel to JF.

Since T separates Xk, TN F cannot consist of a single copy of the non-separating
circle yin F, hence the closure P of the component of F \ T that contains JF is not
equal to F.

Suppose that P is an annulus. If 7 bounds a solid torus V C S? with N(K) C V
and Vx = V \ intN(K) is the exterior of K in V, then the annulus P is properly
embedded in Vk and so K is a cable of the core of V with dPNJIN(K) the slope
m/1in dN(K) of the cabling annulus of K, where necessarily m # 0, contradicting
the fact that dF = dPNJdN(K) is the longitude of K.

Therefore P is not an annulus, which implies that all circles 7 N F have slope
Yin F, and hence that ¥ has companion annuli on both sides of F. O

5.2 Twice-punctured tori in Xg

In this section we assume that K C §* is a knot whose exterior X contains a prop-
erly embedded incompressible, separating, twice-punctured torus F with boundary
slope r C dXk, such that the closures FB F" of the components of Xx \ F are
genus two handlebodies.

We consider the following auxiliary conditions:

(C1) there is a non-separating circle in F which is a power circle in F? and F",

(C2) for some {x,*x} = {B,W} there are two mutually disjoint and non-isotopic
non-separating circles in F' which are power circles in F* and primitive and
coannular circles in F**.

Lemma 5.2. If the knot K C S3 is a satellite then either (C1) or (C2) holds and K
is a satellite of a torus knot, and if (C2) holds then K is a genus one knot and the
boundary slope r of F is the longitude of K.
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Proof. Let K C S? be a satellite knot and T C Xx an essential closed torus that
bounds a solid torus V C §° with K C N(K) C V whose core is a non-trivial knot
with exterior X = 3\ int (V) C Xx.

Isotope T so as to intersect F minimally. Since F8 and F" are handlebodies,
we must have that T N F £ (. By the incompressibility of 7 and F and the mini-
mality of 7N F, each component of 7 N F is a circle which is non-trivial in both T
and F; thus for x € {B,W } each component of 7N F* is an incompressible annulus
in F* which is not parallel into F'.

Suppose A, is a component of, say, T N F2, which is parallel in F2 into dF5.
By minimality of TN F, A; must be parallel in FZ to the annulus FZ N N(K), that
is, the circles d1A1, A must be parallel in F' to the circles dF,ohF. If Ay is
the component of T NFY with djA, = d»A| then 9A, is neither a primitive nor
power circle in F¥ and so, by Lemmas 3.3 and 3.4, A, is parallel into dF". By
minimality of 7 N F, it then follows that 7 = A; UA», hence that T is parallel in Xx
to dN(K), contradicting the hypothesis on T'.

Therefore no annulus component of 7N F* is parallel in F* into dF*, so again,
by Lemmas 3.2, 3.3 and 3.4, in dF* each component of 7 N F is a non-separating
primitive or power circle in F*, and so in F' the circles T N F form at most two
parallelism classes, neither one parallel to JF.

If some component of T N F is a power circle in both FZ and FW then (C1)
holds. If some component y; of T N F is not a power circle in, say, F2, then ¥; is
primitive in 2 and by Lemma 3.3 it has no companion annulus in F5; hence the
component A? of T N FB with y; € dA® must be a non-separating annulus in F5.
It follows that 7N F has two parallelism classes in F, represented by the circles
JAB =y Uy CF.

Any component AW of TN FW that is a non-separating annulus in FV can be
isotoped in FW so that dA? = 9dAW, thus producing a closed Klein bottle or non-
separating torus A8 Uy A" C Xg C S?, which is impossible. Therefore T NFW is a
union of a family of disjoint companion annuli for y; and another family of disjoint
companion annuli for J5. By Lemma 3.3(2), ¥ and 7, must be power circles in F?
and so (C2) holds. Moreover, in this case the circles JAZ = 7 U7, cut the surface
F into two pairs of pants, hence the frontier of N(A® U F) in Xg consists of two
disjoint once-punctured tori, each with boundary slope r, and so K is a genus one
knot with longitudinal slope . O

We remark that the converse of Lemma 5.2 holds, that is, if one of the condi-
tions (C1) or (C2) is satisfied then K is a satellite knot, though we shall not make
use of this fact.

Examples of knots K C S* with such a twice-punctured incompressible torus
F C Xk satisfying condition (C1) or (C2) can be constructed, not exhaustively, as
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Figure 5: The (p;, p2)-torus knot L in H; and V; (with (p1, p2) = (2,3)).

follows. We begin by constructing two distinct genus two Heegaard splittings of
S* associated to any (p1, p2)-torus knot L C S* with py, p» > 2. Fig. 5(a) shows a
genus two handlebody H; standardly embedded in S, which produces a Heegaard
splitting Hy U H of S3, where the knot L is embedded in dH; in the ‘bottom-half’
solid torus part of H;. Thus, for i = 1,2, L is power p; circle in H;.

Fig. 5(b) shows the knot L in the boundary of a solid torus V| which is part
of a genus one Heegaard splitting V; UV, of S®. Let N(L) C S® be a thin regular
neighborhood of L, and for i = 1,2 let % be a core of the annulus V; NdN(L) C
dN(L), so that ¥; runs p; times around V;. As the arc T C dV; with endpoints in L
shown in Fig. 5(b) is a tunnel for L, the genus two handlebody H; = N(LUT) C S
is part of a Heegaard splitting H; UH, of S>. After a small isotopy if necessary, we
may assume that the circles y; LI % lie in dH; = dH,, whence ¥, are coannular
primitive circles in H; while ¥; is a power p; circle in H, fori = 1,2.

Clearly, if K is any circle embedded in dH; \ L or dH; \ (y; U7, ) which is nei-
ther a primitive nor a power circle in H; and H, (any ‘sufficiently complicated’ such
embedding will do), then by Lemma 3.3(1) the knot K and the twice-punctured
torus F = (dH)) N Xk satisfy condition (C1) or (C2), respectively.
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6 Structure of pairs

‘We now take a closer look at the structure of pairs. We begin with a classification of
pairs (H,J) of type (p1, p2), which include all simple and double pairs, in terms of
the number of intersections of J with non-trivial disks in H. Each simple pair (H,J)
is shown to have a distinguished core knot in H, and double pairs are shown to be
obtained as a union of two simple pairs. Basic and primitive pairs are introduced
in order to classify maximal pairs and to discuss properties of more general pairs
(H,J), including the relationship between primitive, power, and Seifert circles in
dH \ J. These properties will be used in later sections in the analysis of knot
exteriors in S° that can be decomposed as a union of non-trivial pairs.

Lemma 6.1. A pair (H,J) is of type (p1, p2) for some py,p2 > 1 iff there is a disk
in H which intersects J minimally in 4 points.

Proof. Let (H,J) be a pair of type (p1,p2). By construction, the pair is obtained
by attaching solid tori to the genus two handlebody F x I shown in Fig. 1 along the
circles 1,7 C F x I; clearly the waist disk D,, C F x I shown in Fig. 1 lies in H
and intersects J minimally in 4 points.

Conversely, suppose that (H,J) is a pair with dH = T1 U; T, and E C H is disk
which intersects J minimally in 4 points. Then, for i = 1,2, T; N dE consists of 2
arcs such that either (1) for i = 1,2, the arcs ;N JE are parallel in T}, in which case
E is a separating disk, or (2) for some {i, j} = {1,2}, the arcs 7; N JE are parallel
in 7; and the arcs Tj N JE are non-parallel in 7}, in which case E is a non-separating
disk. Notice that, by connectedness of JE, the case where the arcs 7; N E are not
parallel in 7; for i = 1,2 does not occur.

In case (1) E is a waist disk for H. Let y; C T; be the unique circle in 7; which
is disjoint from the arcs 7;NJE. Then the circles ¥, are separated in H by E
and so, for each i = 1,2, ¥; is a power p; circle for some p; > 1, which implies that
(H,J) is a pair of type (p1,p2)-

In case (2) we may assume that (i,j) = (1,2), and Fig. 6 shows the triple
(0H,J,dE) up to homeomorphism. Since the arcs 7, N JE are not parallel in 7>,
there is a unique circle 5 C T which intersects the arcs 7> N dE each minimally in
one point with algebraic intersection number % - JE = +2 (see Fig. 6). If E' is a
disjoint parallel copy of E and « is any arc component of 1> \ (JE UJE’) not in the
parallelism region between E and E’ then Ey = frN(E U UE') is a waist disk of
H which can be isotoped so as to intersect J minimally in 4 points and be disjoint
from E U%,. Therefore, by case (1) the pair (H,J) is of type (pi,p2) for some
p1,p2 > 1. In fact, since E and D form a complete disk system for H, it follows
that 7, is a power 2 circle in H and hence that p, = 2. O
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6.1

Figure 6: The unique circle 75 C T, with A(},0E) = |y - 0E| = 2.

Cores of simple pairs

The next result classifies simple pairs via power circles and summarizes some of
their properties.

Lemma 6.2. Let (H,J) be a pair with dH =T, U; T». Then (H,J) is a simple pair
of type (1, p) for some p > 2 iff the pair (H,J) is minimal and there is a circle in
T or T, which is a power p circle in H, in which case

1.

there are power p circles @; C T; which are coannular in H and such that
dH \ (@) U @,) compresses along a non-separating disk D C H that inter-
sects J minimally in 2 points.

any power circle in T; is isotopic to @,
any disk in H which intersects J minimally in 2 points is isotopic to D,

H(J) = A?(p) with singular fiber of index p represented by the core K of the
solid torus H|D and regular fibers the circles o; C T; C dH(J); moreover,
if (H,J) is a simple pair of type (0,1;a,p) then there are essential annuli
A1,Ay C H\N(K) with d|A; = @; and d,A; C IN(K) a circle of type (a,p)
in N(K) (see Fig. 7),

if a non-separating circle o C T; intersects @; and D minimally then |0 N
;| = |oeND|; in particular, o C T; is primitive in H iff |aoN ;| = 1 = |aND|,
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and if g = |aN@;| = |@ND| then

(S'xD*#L, ¢=0
H(a)=H(J)(a) =1 S'xD? g=1
D*(p,q) q>2.

Proof. Suppose that (H,J) is a simple pair of type (1, p) for some p > 2. Thus
H = (F xI)UV for some once-punctured torus F, where J C dH is the core of the
annulus (dF) x I and V is a solid torus glued to F' x I along an annular neighbor-
hood of some non-separating circle y C F x {0}, such that y runs p times around
V. If 5 C F x{0}\V is a circle parallel to v in F x {0} and &y C F x {0} is an
essential arc in F x {0} disjoint from V U }p then the annulus B = 9 x I C F x I
is properly embedded in H with boundary a pair of coannular power p circles
O] :alB:’)/()X{O}CFX{O}CT] and(x)z:azB:}/OX{l}CFX{l}CTz
in H, and D = &) x I is a non-separating disk properly embedded in H which in-
tersects J minimally in two points and is disjoint from @; Ll @,. That @j; is the
only power circle in 7; follows from Lemma 3.6, while by Lemma 3.3(1), the disk
D C H is the unique compression disk for dH \ @;; thus (1), (2) and (3) hold.

As v is a primitive circle in F x I, ¥ is also primitive in the solid torus F x I|D
and so the core of V and the core K of the solid torus H|D = (F x I|D) U,V are
isotopic in H|D C H. From the identity

H(J) = (FxD)(J)UyV = (F x ) Uy V

it follows that the manifold H(J) is a Seifert fiber space A?(p) over the annulus
with singular fiber K C H of index p and regular fibers w; C f, and so (4) holds.
Finally, let @ C 7 be any non-separating circle, and consider the arc §; =
Ty NdD C D. After isotoping o in T; so as to intersect @; U 8; C T minimally we
must have ¢ = |aN®;| = | N ;| = [N D|. Since J bounds a disk in H(a) we

have the identity H(a) = H(J)(a) = A%(p)(a); therefore,

« is primitive in H <= H(a) = A%(p)(a) is a solid torus
= lano|=1,

and the rest of (5) follows in a similar way. ]

o We will call the knot K C H in Lemma 6.2(4) the core of the simple pair
(H,J), and say that K and the pair (H,J) have index p > 2.
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H

Figure 7: The core knot K and power circles @ C T and w, C 7, of a simple pair
(H,J).

Lemma 6.3. Let (H,J) be a simple pair with dH = Ty U; T, core knot K C
H, power circles wy C Ty and @, C T, and incompressible annuli Ay,A, C H \
intN(K) as shown in Fig. 7. Then the solid torus Vi = N(A;) UN(K) C H has
core K and is the companion solid torus of the power circle ®y, and there is a
homeomorphism

H =cl[H\V)|=cl[H\ (N(A])UN(K))| =~ T, x I

such that T, C H' corresponds to T, x {0} C Ty x I and the circle Ay\N(K) C dH'
tom x {1} CThx{l}.

In particular, if (H*,J*) is a pair with JH* = T{" Uy T," and M = H Ur,—1; H"
then M is a handlebody iff 0y C Ty = Ty is primitive in H*.

Proof. Vi =N(A1)UN(K) C H is indeed a solid torus with core K, with the power
p > 2 circle @, running p times around V; by Lemma 6.2(4). Therefore fr (N(A;)U
N(K)) is a companion annulus for @, in H with companion solid torus V;, both of
which are unique up to isotopy in H by Lemma 3.3, and so the first part follows
from the definition of a simple pair. As the homeomorphism H' = cl[H \ (N(A;)U
N(K))] = T» x I induces a homeomorphism M ~ H* U, Vi, the second part now
follows from Lemma 3.5(1). ]

Proof. Since fr(N(A;) UN(K)) is a companion annulus for @, in H with compan-
ion solid torus V; = N(A;) UN(K), both of which are unique up to isotopy in H
by Lemma 3.3, the first part follows from the definition of a simple pair. As the
homeomorphism H' = cl[H \ (N(A;)UN(K))] = T» x I induces a homeomorphism
M =~ H* U, V1, the second part now follows from Lemma 3.5(1). L]

Lemma 6.4. Let (H,J) be a simple pair with dH = Ty U; T», core knot K C H
of index p > 2, and power circles @; C Ty and @, C Tr. Denote by XHg = H \
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intN(K) the exterior of K in H, and by r the slope in dN(K) corresponding to the
circles hA; (see Fig. 7).

If oy C Ty and oy C Tp are primitive circles in H then there is a unique slope s C
IN(K) such that the circles oy and oy are coannular in the handlebody X Hk (s),
and the following conditions hold:

1. A(s,r) =1 and the pair (XHk(s),J) is trivial,

2. there is a unique circle s C dH \ (a U aa) which cobounds an annulus </
in XHg with s C IN(K); s intersects each circle @y, w0, C dH minimally in
one point,

3. the circles ay U0y C dH and s C IN(K) cobound a pair of pants & in XHg
disjoint from the annulus <7,

4. the slope s is integral in N(K) iff oy, are basic circles in H iff s' is a
primitive circle in H, in which case each circle o,y runs once around the
solid torus H(s").

Proof. By Lemma 6.2 there is a unique disk D C H which intersects J minimally
in two points, is disjoint from @; L @, and intersects each primitive circle a;, ap
minimally in one point. Thus the frontier D,, of a thin regular neighborhood of
o1 UD is a waist disk of H which minimally intersects J in 4 points and the circle
0 in 2 points.

The waist disk D,, separates H into two solid tori V,V’ with VNV’ = D,, and
D a meridian disk of V. Since the solid tori H|D and V' are isotopic in H, the core
knot K of the pair (H,J) can be identified with the core circle of V'. Therefore
the exterior Vi = V' \ intN(K) of K in V' is a product of the form (dN(K)) x I
and V() is a solid torus with dVy(s) = dV’ for each slope s C dV’. In particular
we have that XHg(s) =V Up, Vi(s) is a handlebody, and each slope s C IN(K)
cobounds an annulus .27 in Vy, with a unique slope s C dV’\ D,,, so that s’ bounds
a meridian disk D) in the solid torus Vi (s).

We also have that @, C dV’\ D,, and that ; = a; NIV’ is a single arc which, by
Lemma 6.2(5), intersects @, minimally in one point. The situation is represented
in Fig. 8(a), where for simplicity we have used p = 2 and a specific primitive circle
o C Ty; the circle ¢ is not shown in this figure.

For any slope s C dN(K), as D/, is disjoint from a;, by Lemmas 3.3(1)(b) and
3.4 the circles o, @, are coannular in XHk (s) iff D/ is disjoint from oy, that is,
iff the circle s’ = D), is disjoint from the arc #,. Since, up to isotopy, there is a
unique such circle s’ C dV’\ D,,, namely the circle obtained as the union of 7, and
a component of dD,, \ 12, it follows that there is a unique slope s C JN(K) such
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circles oy, 0, @1, @, in dH and X Hk(s).

Figure 8: The
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that a; and oy are coannular in X Hk (s), in which case A(s,r) = 1 since |s' N ;| =
|t Nz = 1, and the corresponding meridian disk D) C V(s) is disjoint from
o, and intersects @, minimally in one point; thus D) intersects J = dN(oy U ;)
minimally in two points and so the pair (XHk(s),J) is of type (1,1), that is, trivial.
Moreover, the circles o, 0,s" are necessarily mutually non-parallel in dH and
hence separate dH into two pairs of pants, so 0, & and the slope s cobound a pair
of pants & in XHg disjoint from <7

Finally, let D’ be a meridian disk of V/ which is disjoint from D,, C dV’ and
intersects o minimally, and let x,y C H be circles dual to D, D/, respectively, which
represent a basis for 7; (H). Then there is a nonzero integer m such that, in 7, (H) =
(x,y| — ), oy =x and op = xy™. It follows from the above construction (see
Fig. 8(a)) that s’ = y™ in m;(H), hence that s runs |m| times around N(K), and
hence that

the slope s is integral <= |m| =1
<= Qy, 0 are basic circles in H
<= s is primitive in H,

in which case H(s") is a solid torus and the circles ¢, @, run once around H(s').
O

6.2 Basic simple pairs and Seifert circles

A pair (H,J) with dH = T} U; T5 is a basic pair if there are circles o) C T} and
o C T, which are basic in H. Any trivial pair is basic, and the next result classifies
the simple pairs that are basic. The construction of general basic pairs will be
discussed in Remark 7.7.

Lemma 6.5. Let (H,J) be a simple pair of type (0, 1;a, p) with dH =Ty N; T, and
unique meridian disk D C H with |DNJ|=2. Then (H,J) is a basic pair iff a = £1
mod p, in which case if oy C T is any primitive circle in H then

1. there is a circle oy C T, such that o, 0 are basic circles in H,

2. up to isotopy in Tp, the circle oy C T, is unique if p > 3, and there are exactly
2 such circles if p =2,

3. for each pair of basic circles oy C Ty and o C T, there is a unique complete
disk system D' D" of H disjoint from D such that |D" Noy|=1=|D'nN
o), [ID"Noy|=0=|D' Noy|; moreover, the 7-tuple (H,J,D,D' D" oy, 05)
is homeomorphic to the one shown in Fig. 9(b) (where p = 2 is used for
simplicity).
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(b)

Figure 9: A basic simple pair (H,J) of index p = 2.

Proof. By Lemmas 3.11 and 6.2(3),(5) there is a unique disk D C H which inter-
sects J minimally in two points such that a circle in 77 or 75 is primitive in H iff it
intersects D minimally in one point.

If oy C T is any primitive circle in H then the frontier D,, of a regular neigh-
borhood of ¢ UD is a waist disk of H which intersects J minimally in 4 points.
Therefore the 5-tuple (dH,J,dD, dD,,, a;) is homeomorphic to the 5-tuple (J (F x
I),J,Dy,D,,, 1) of Fig. 1, which implies that the 5-tuple (H,J,D,D,,, a;) is home-
omorphic to the one shown in Fig. 9(a) (where p = 2 is used for simplicity).

We construct a circle Y C 7> which intersects @ minimally in one point as
follows. The waist disk D,, separates H into two solid tori V.V’ with VNV’ = D,,
and meridian disks D C V \ D,, and D’ C V'\ D,,,, such that @, C dV’ represents a
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circle of type (a,p) in V/, R =V NT is a rectangle intersected by one arc of 9D,
and A’ =V’ N T is an annular neighborhood of @, in 75.

Let r C A’ be any properly embedded arc with endpoints in dD,, which inter-
sects @, minimally in one point. Then # along with an arc of dD,, produces a closed
circle 7 C V' of type (c,q) in V' for some integers c, g such that |g| = |[D’ Nt| and
ag—pc=+1;thusa=+¢~' mod p.

The union of the arc ¢ with a core arc in the rectangle R = V N T, which inter-
sects dD N R minimally in one point produces the desired circle ¥ (see Fig. 9(b)).
Since y and @, form a basis for the integral first homology group of 75, if op C 75
is any circle which intersects @, minimally in one point then, homologically, the
identity op = Y+ nw, holds in 75 for some integer n.

Therefore, if x and y represent the basis of m;(H) dual to the complete disk
system D, D’ C H, respectively, then, in 7 (H) = (x,y | — ), under some orientation
scheme, we can write @y = x and o = x- (y?)" - y? = x - y"™*4 for some m € Z.
Hence o, o are basic circles in H iff mp+q = £1, so ¢ = 1 mod p, and so
a==+q¢'=+1 mod p.

Now, there is at most one solution m for each equation mp 4+ g = %1, and there
are integers my,mp withm;p+qg=1and myp+qg= —1iff p =2 and ¢g is odd, in
which case m|; —my = 1. Hence o = Y+ ma» is unique up to isotopy if p > 3, and
there are two such circles oy if p = 2.

Since D’ is disjoint from o, if o and o are basic circles in H then by
Lemma 3.3(1)(b) D’ is the unique non-separating compression disk of dH \ a,
while [D'Nap| = |mp+q|=1. As [DNa;| =1 = |DN ], cutting dH along dDU
o Ud D' produces an annulus A C dH which intersects a;; minimally in one span-
ning arc. Thus the core of A is a circle in dH disjoint from DU o, U D’ that bounds
a non-separating disk D" in H, hence by Lemma 3.3(1)(b) D" must be the unique
compression disk for dH \ 0. Therefore the 7-tuple (H,J,D,D', D", ay,00) is
homeomorphic to the one shown in Fig. 9(b) (where p = 2 for simplicity and one
of the two possible circles oy is shown).

Conversely, if a = £1 mod p then the 4-tuple (H,J,D,D,,) is homeomorphic
to the one shown in Fig. 9(b) and so a circle oy C 7> representing xyT!in m (H)
can be easily constructed, in which case a; = x and o = xyil are basic circles in
H. O

A circle o C dH in a genus two handlebody H is a Seifert circle if the manifold
H(a) is a Seifert fiber space of the form D?(x, *).

In the following result, we use the structure of the annuli obtained by 2-handle
addition on a 3-manifold given in [4, Theorem 1] in order to characterize the Seifert
circles oo C dH in terms of properties of the surface dH \ o or the pair (H, o). Its
statement uses the concept of a primitive pair (H,J), a non-trivial pair that contains
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a non-separating annulus whose boundary components are primitive circles in H
separated by J; the properties of primitive pairs will be developed in §6.4.

Lemma 6.6. Let H be a genus two handlebody and o C dH a circle such that
J0H \ a is incompressible in H. If H(®) contains an essential annulus A’ with
dA' C dH \ « then one of the following conditions holds:

1. there is a circle in dH \ o which is a power circle in H (necessarily, its
companion annulus is essential in H(a)),

2. o separates dH and the pair (H, Q) is trivial or primitive,
3. a is non-separating in dH and H(aUJdA") = L, for some p # 1.

Proof. If H(a) contains an essential annulus A’ then, by [4, Theorem 1] and Re-
mark (d) after its statement, there is an essential annulus A C H () satisfying con-
dition (a) or (b) of that theorem and whose boundary is parallel in dH to one or
both of the components of JA’.

Suppose first that part (a) of [4, Theorem 1] holds, that is, the annulus A lies
in H with A C H\ a, which by [4, Theorem 1] is the case if o separates dH.
Necessarily A is incompressible and not boundary parallel in H, so by Lemma 3.2
each component of dA is a non-separating circle in dH, and by Lemmas 3.3(2)
and 3.4 both components of dA are primitive or both are power circles in H. In the
latter case (1) holds, so assume that the circles dA are primitive in H. Since A is
not boundary parallel in H, by Lemma 3.3(2) A must be a non-separating annulus
and so the circles a,d|A,d»A are mutually disjoint and non-parallel in dH, and
H(d)A) is a solid torus with meridian circle d»A. If @ C dH is a separating circle
then by definition the pair (H, &) is either trivial or primitive, so (2) holds, while if
o is non-separating then the circles chA and o are parallel in dH (9, A) and hence
H(alUdA") = H(dA) =S' x S? = Ly, so (3) holds.

Suppose now that part (b) of [4, Theorem 1] holds but not part (a), so that
o is a non-separating circle in dH and no circle in dH \ « is a power circle in
H. By Remark (b) after the statement of [4, Theorem 1], there is an incompress-
ible, non-boundary parallel pair of pants P C H with two boundary components
01P,0,P C dH \ a which are non-separating and mutually parallel, and a third
boundary component osP C dH \ o which separates 0 P LI o, P from «, such that
the surface P C H(ct) obtained by capping off 3P with a disk in H (o) is an es-
sential separating annulus with the same boundary slope as A’. Moreover, P sep-
arates H(a) into two components N and 7, where T is a solid torus such that if
T C H(a) is the cocore of the 2-handle attached to H along «, then 7 can be slid
over itself to form the union of an arc 7, and a core 7; of T, where 7, N T is a
straight arc in 7 from dT to 7;; the situation is represented in Fig. 10. Therefore
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Figure 10: The manifold H (o) and the disk D C H, C T (p = 1).

H=cl[H(a) \N(71 UT,)], and in dH the meridian circle of N(1;) C T is isotopic
to o while the meridian circle of N(1;) is isotopic to dsP.

The circle o3P separates dH into two once-punctured tori 717,75, with 0P LI
P C Ty, a C Th, and dT; = 03P = dT», while the incompressible surface P sepa-
rates H into two genus two handlebodies Hy, H; (see [19, Lemma 2.3]), where the
notation is chosen so that &« C T, C dH, and hence Hp(a) =T.

Since the annulus P is not boundary parallel in H(c) and H (o) = H, (33P) Up
Hy(a), P must run p > 2 times around the solid torus T = Hy(ct). Thus there is
a disk D properly embedded in H, which is disjoint from d; P J d> P and intersects
P in one arc, d3P minimally in two points, and & minimally and coherently in p
points; the disk D is shown in Fig. 10 (in the case p = 1 for simplicity).

Boundary compressing P in H along D produces two non-separating annuli
Bi,B, C H, where 0By = 0P, d\B, = d,P, and d,B1,0d,B, are parallel circles in
T, C dH with A(a,0:B;) = p=A(a,d,B;). By Lemma 3.4 and our hypothesis on
JdH \ a not containing any power circles in H, dB; and 9 B; are primitive circles
in H. Therefore the pair (H,dsP) is primitive and H(d,B)) is a solid torus with
meridian disk B| such that A(ct,dB)) = A(a,:B,) = p, whence H(ctL10A") =
H(otLd1By) =L, so (3) holds. O

Lemma 6.7. Let H be a genus two handlebody and oo C dH a non-separating
circle. Then o is a Seifert circle in H iff the surface dH \ o is incompressible in H
and contains a power circle B with companion annulus B C H such that (1) ot is a
primitive circle in the handlebody Hg C H|B, in which case (2) B is a regular fiber
of H(a), and any power circle in dH \ o satisfies (1) and (2).

Proof. If o is a Seifert circle in H then by Lemma 3.3 and the 2-handle addition
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theorem the surface dH \ oy C H is necessarily incompressible and contains a
power p > 2 circle by Lemma 6.6 applied to the unique separating essential annulus
A'in H(a) = D?(*,%).

Let B C H and Vg C H be the companion annulus and solid torus of 3, re-
spectively. From the identity H () = Hp(ot) Up Vg = D?(x, %) it follows that the
annulus B is essential in Hg(a) and hence that Hg(o) is a solid torus. Therefore
o is a primitive circle in Hg and the circles dB, and hence f3, are regular fibers of
H(a) = D?(x, ). The converse holds by a similar argument. O

6.3 Double and maximal pairs
Lemma 6.8. Let (H,J) be a pair with 0H = Ty U; T5.

1. Suppose that @, C T\ and @, C T, are, respectively, power p| and p, circles
in H that induce disjoint once-punctured tori T| and T, in H with boundary
slope J. Then T] UT] cut H into 3 genus two handlebodies Hy,H,,H, as
shown in Fig. 11(a), such that

(a) (Hy,J)and (H,,J) are simple pairs of types (1,p1) and (1, p2), respec-
tively,

(b) (Ho,J) is a basic pair; specifically, the power circles w; C T| in H
and @5 C T, in Hy are basic circles in Hy, with @ and o} primitive
circles in HyU H, and Hy\U Hy, respectively,

(c) if (Ho,J) is a simple pair with power circles Yy C T| and v, C T, then,
foreachie {1,2}, A(o!,v) =1 and ¥y, is a primitive circle in H,

(d) if the pair (Hy,J) is non-trivial then any non-separating circle oy C Ty
which is not isotopic to @y in T\ is neither a primitive nor a power
circle in H; in particular, the surface 0H \ @ is incompressible in H
and the manifold H(a,) is irreducible with incompressible boundary,
with a; a Seifert circle in H iff o is primitive in Hy U Hy.

2. (H,J) is a double pair of type (p1,p2) iff there is a once-punctured torus
T C H with dT = J that separates H into simple pairs (Hy,J) and (Ha,J) of
types (1,p1) and (1, p2), respectively (see Fig. 11(b)), in which case

(a) any once-punctured torus in H bounded by J is parallel to T, Ty, or T,

(b) if o] CT C Hy and &, C T C H, are the power circles in Hy and H,
then A(w{, w)) =1, 0 is a primitive circle in Hy, and 5 is a primitive
circle in Hy,

(c) if oy C 11 is any non-separating circle which intersects @, minimally
in g points, then
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Figure 11: Once-punctured tori in a genus two handlebody H.

H(oy) = Hx(J) Uz Hi ()
(St x D?)#L,, g=0
S x D2 q = 1 and oy is primitive in H
D?(pa,r) for some r >2 q=1and a is not primitive in H
A p)Up DX (prg)  g>2

Proof. For part (1), that the manifolds Hy, H;,H; are genus two handlebodies fol-
lows from Lemma 3.7, so the pairs (H;,J) and (H,,J) are simple by definition and
so (1)(a) holds.

By a similar argument both Hy U H; and Hy U H; are handlebodies. Now, if
Vi C Hy, V, C H, are companion solid tori of the power circles @] C T}, @5 C T,
(see Fig. 11(a)) then, by Lemma 6.3, H' = V; U Hy UV, is homeomorphic to H,
so by Lemma 3.5(2) the circles @] and @) are basic circles in Hy. Similarly, by
Lemma 6.3 @] is primitive in H, UH, and @)} is primitive in H; U Hp, and if the
pair (Hy,J) is simple and y; C T/ is a power circle in Hy then A(®!,y;) = 1 by
Lemma 6.2(5), and we also have that ¥; is primitive in H;. Therefore parts (1)(b)
and (1)(c) hold.
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For part (1)(d), if ¢ is not isotopic to @; then by Lemma 3.6 ; is not a
power circle in H. If o is a primitive circle in H then by Lemma 6.3 the manifold
H Uy, V obtained by gluing a solid torus to H along an annular neighborhood of
o in 11, so that o runs p > 2 times around V/, is a genus two handlebody which,
as (Hp,J) is a non-trivial pair, contains three mutually disjoint non-parallel and
not boundary parallel once-punctured tori with boundary slope J, contradicting
Lemma 3.9. Therefore ¢ is also not primitive in H, so by Lemma 3.3(1) the
surface dH \ ¢ is incompressible in H, and so by the 2-handle addition theorem the
manifold H () is irreducible with incompressible torus boundary. The remaining
part of (1)(d) follows from Lemma 6.7.

For part (2), if (H,J) is a double pair of type (pi, p2) then, by construction,
there are power p; circles w; C T; and so the hypothesis of part (1) is satisfied with
(Ho,J) = (T{ x 1,J) a trivial pair; therefore by (1)(a) the torus T = T separates
H into simple pairs (H;,J) and (H,,J) having the claimed types. Conversely, if a
once-punctured torus 7 C H exists that separates H into simple pairs (H;,J) and
(Hy,J) of types (1, p1) and (1, p2), respectively, then again 7; and 7> contain power
p1 and p» circles, so by (1) and (1)(a), along with Lemma 3.9(1), we have that the
induced once-punctured tori 7} and T are parallel in H to T, so (Hp,J) is a trivial
pair and so (H,J) is a double pair of type (p1, p2). In particular, (2)(a) holds.

Since for any two non-separating circles o, 3 C T, in Hy = T x [—1,1] the
circles e x {—1} C T x {—1} and B x {1} C T x {1} are basic circles iff & and 3
intersect transversely in T in one point, (2)(b) follows from (1)(b) and (1)(c), while
(2)(c) follows from the identity H(0t) = A%(p,) Uz Hy (). O

6.4 Primitive pairs

Recall that a non-trivial pair (H,J) with dH = Ty U; T, is primitive if there are
circles a; C 71 and oy C 7> which are primitive and coannular in H. In this section
we use primitive pairs to analyze the structure of non-minimal pairs with power or
Seifert circles.

Lemma 6.9. If (H,J) is a primitive pair with 0H = T; U; T, A C H is any annulus
with boundary a pair of primitive circles oy C T, 0o C T», and B; C T; is any
non-trivial circle with A(B;, ;) > 1, then

1. the manifold H(B;) is irreducible and boundary irreducible, and if A(B;, o) >
2 then H(;) is toroidal,

2. any incompressible, non-boundary parallel annulus in H with boundary in
dH \J is isotopic to A, and any circle in T; which is primitive in H is isotopic
to Q.
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Proof. Assuming (1) holds, if ; C 7; is a primitive or power circle in H then H([3;)
has compressible boundary by Lemma 3.3(1)(b), hence 3; must be isotopic to o;
also any incompressible and non-boundary parallel annulus B C H with boundary
in dH \ J is either a companion or a non-separating annulus in H, hence each
component of dB is a primitive circle in H by Lemmas 3.2, 3.3 and the argument
above, and so B must be isotopic to A in H by Lemma 3.4(4). Thus part (2) follows
from part (1).

Suppose now for definiteness that B; C Tj is any non-trivial circle such that
A(B1,01) > 1. By Lemma 3.7(1) the manifold H(J) is irreducible with incom-
pressible boundary 7j L T>. Set H(J)(c) = H(J) UV), where V; is a solid torus
attached to H(J) along 7} so that o bounds a disk in V;. Then H(J) (o) = H(ay)
is a solid torus with meridian disk A C H(0y) which intersects the core K; of V;
minimally in one point, so in H(q;) the knot K; has wrapping number one and
exterior H(J) C H(a).

Since the pair (H,J) is not trivial, by Lemma 3.7(4) the knot K] is not a core of
H(ay). Therefore K is a locally knotted core of the solid torus H (o), that is, the
torus F C H(J) obtained as the frontier of M = N(AUJH(J)) C H(J) is essential
and separates H (/) into two components X and M, where X is the exterior of a non-
trivial knot in S (ie, of the local knot tied along the core of H(a1)), and M can be
identified with a Seifert fiber space of the form P x S!, P a pair of pants, such that
OM =T, T, UF and the annulus A C M is fibered. Thus H(f;) = X UpM(B1) is
irreducible and boundary irreducible.

Since M(B;) ~ A%(q) for ¢ = A(oy,Bi) > 1 and IM(B;) = TLUF, if g > 2
then 75 and F are not mutually parallel in M(B) and so the torus F is essential in
H(pB). Therefore (1) holds. O

In the following result we determine the structure of a general pair (H,J) for
which there is a circle y C dH \ J which is either a power circle (eg if (H,J) is a
simple, double or maximal pair) or whose complement dH \ y contains a power
circle (eg if v is a Seifert circle).

Lemma 6.10. Let (H,J) be a pair with 0H = Ty U; T, and T C H any once-
punctured torus with dT = J which separates H into non-trivial pairs (Hy,J) and
(Ha,J) with 9H; = T UT..

1. If oy C T is a power circle in H then either @ is a power circle in Hy or
the pair (Hy,J) is primitive with @; a primitive circle in Hy and coannular
in H\ to some circle w; C T which is a power circle in H,.

2. If oy C Ty is a non-separating circle such that the surface 0H \ a; C H is
incompressible and contains a circle B which is a power circle in H, as is
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the case when Q is a Seifert circle in H, then either B C T, or each pair
(Hy,J) and (H»,J) is a simple or double pair; in particular,

(a) there is a circle in T, which is a power circle in H,

(b) if o is a Seifert circle in H then o is a primitive circle in H| and there
is a circle in Ty which is a power circle in H,.

Proof. For part (1), by Lemma 3.3(2) there is a companion annulus A for w; in
H. As A and T are incompressible in H, A can be isotoped so as to intersect T
minimally, so that ANT consists of circles which are non-trivial in A and 7'. If
ANT =0 then @ is a power in H; by Lemma 3.3(2), so assume that ANT # 0.
Then AN H; has an annulus component A; with djA; = @ and hA| = 0] C T,
and the component A, of AN H, with djA; = @] is, by minimality of ANT, a
companion annulus for @[ in Hy; thus @] is a power circle in H, by Lemma 3.3(2).
If 7' C H, is the once-punctured torus induced by @] then, by Lemma 3.7(2), H»|T’
consists of two handlebodies H),H}, say with T’ C dHj, so that the pair (H5,T’)
is simple. Similarly, H|T' consists of two handlebodies H; Uy Hj, and HY and so,
by Lemma 6.3 applied to the pairs (H;,J) and (H},J), the circle ], and hence
are primitive circles in Hj; therefore the pair (H,J) is primitive.

For part (2), let B C dH \ oy be a power circle in H. Notice that if ¢ is a
Seifert circle in H then by Lemma 6.7 the surface dH \ o) C H is incompressible
and contains such a power circle 3; in particular, by Lemma 3.3(1) ¢ is neither a
primitive nor power circle in H.

We assume that 3 has been isotoped in dH \ oy so as to intersect J minimally.
As oy is not a power circle in H, if BNJ =0 then § C T5.

Suppose now that NJ # 0, and let B C H be a companion annulus for § which
is disjoint from o and intersects 7 minimally, so that the graphs of intersection
Gr =BNT CT and Gg = BNT C B are nonempty. Since dH \ ; is incompress-
ible in H, the minimality of BN T implies that if e C BN T is an arc that bounds a
trivial disk face D in B (T, resp.) then e is essential in 7' (B, resp.) and so D is a
boundary compression disk for 7' (B, resp.) in H.

If the graph Gr = BNT C T has a trivial disk face D7 then boundary com-
pressing B along Dy produces a non-trivial separating disk in H with boundary in
JdH \ oy, contradicting the incompressibility of dH \ a; in H; therefore the graph
G has no trivial disk faces.

If the graph Gy = BNT C B has a trivial disk face Dg and Dp C H; then Dg
intersects J minimally in 2 points by Lemma 2.1(3) and so the pair (H;,J) is simple
by Lemma 3.11. If Dg C H; then, as q; is disjoint from dB, o is disjoint from
Dp C B and so by Lemma 6.2(5) «; is disjoint and hence isotopic in 7} to the
power circle of the simple pair (H;,J), which is not the case. Therefore Dg C
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H, and so the pair (H,,J) is simple, whence 7> contains a power circle in H, by
Lemma 6.2(1).

Otherwise the graphs Gy and Gp are essential, so Gp consists of spanning arcs
that cut B into a collection of 4-sided disk faces, alternately lying in H; and Hj.
By minimality of BN T any such disk face of Gp in H, intersects J minimally
in 4 points; therefore each pair (H;,J) and (H,J) is a simple or double pair by
Lemma 6.1, so again 7, contains a power circle in H,. Thus (2)(a) holds.

Observe now that H (a1 ) = Hy(J) Uz Hi (01 ), where Hy(J) is an irreducible and
boundary irreducible manifold by Lemma 3.7. If o is a Seifert circle in H then
H(oy) = D?(x, *) is an irreducible and atoroidal manifold, hence 7 bounds a solid
torus in H(a;) and so H; (o) must be a solid torus, so @ is primitive in H;. By
(2)(a) there is a circle ¥ C T, which is a power circle in H. If 7y is not a power circle
in H; then by (1) the pair (H,,J) is primitive, with y C T, a primitive circle in H;
and coannular to a circle Y C T which is a power g > 2 circle in H;. By Lemma 3.4
the circles o and ¥ are separated in Hy, hence the meridian disk of the solid torus
Hy (o) intersects ¥ minimally in ¢ > 2 points, which by Lemma 6.9(1) implies
that H(oy) = Hy(J) Uz Hi (o) = D?(x, %) is a toroidal manifold, a contradiction.
Therefore y C T, is a power circle in H, and so (2)(b) holds. ]

7 The case |[T| =6

In this section we assume that K C S° is a hyperbolic knot and T = T Li--- LU Ty
a collection of N mutually disjoint and non-parallel once-punctured tori in Xk,
initially considering several special cases with N < 5 before discussing the case
N = 6 in detail.

For the rest of this section we extend each once-punctured torus 7; C Xk up to
the knot K via annuli in N(K) with disjoint interiors, so that d7; = K and int (7;) N
int (7;) = 0 for i # j; for simplicity we will continue to say that the 7;’s are mutually
disjoint.

Using the notation set up in §6.1, we represent and label the regions R; ;| as
in Fig. 12 (where we take N = 6), each of which is a handlebody by Lemma 4.3.
In particular, if a pair (R;;4+1,K) is simple then its core K; has index p; > 2 and its
power p; circles @; C T; and @] C T;1| cobound annuli A;,A} C R; ;1\ intN(K;)
with djA; = w;, d1A} = o/ and circles hA;,hA: C IN(K;) of slope a;/p; relative
to N(K;), where ged(a;, p;) = 1, so that (R; ;41,K) is a pair of type (0, 1;a;, p;).
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Figure 12: The complementary regions R; ;1 of T C Xk.

7.1 Core knots and hyperbolic Eudave-Muiioz knots

The next result establishes a connection between the core knots K; produced by
the collection T and the family of hyperbolic Eudave-Muioz knots under some
conditions.

Lemma 7.1. Let K C S? be a hyperbolic knot that bounds a collection T = Ty U
T, UTs of mutually disjoint and non-parallel once-punctured tori, such that R  is
a handlebody and (R 2,K) a simple pair with core knot Ky, and the regions R\ 3
and Rz are not handlebodies. Let Vi = N(K;) UN(A;) C Ry be a solid torus
neighborhood of Ky and identify Xk, with S*\ intVy, so that @, is a non-integral
slope in dXk, of the form a,/p,. Then,

1. the twice-punctured torus F = cl(Ty UT3 \ V1) C Xk, is essential in Xk,,

2. X, (o) is an irreducible manifold and F C Xg, (o) is an incompressible
separating torus,

3. if T, C Ry3 and T, C R3 1 are once-punctured tori bounded by K which are
not parallel to T, Tz and Ty, T3, respectively, then

(a) K is a hyperbolic Eudave-Muriioz knot of index p; =2,
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Figure 13: The regions F2 and FV in Xg, = S3\ intV].

(b) there are circles ¥,y C T5 with A(Y,Y") # 0 which are power circles
in Ry 3,R3, respectively; in particular, if any of the pairs (Ry3,K) or
(R3,,K) is minimal then it is simple,

(c) the regions Ry , and Ry, » are handlebodies,

(d) if each of the pairs (R2 4,K) and (Ry,1,K) is simple of index 2 then the
region Ry, , is a handlebody.

Proof. Let FB FW C Xk, be the closures of the components of Xk, \ F, with FW =
Rj3 1; the situation is represented in Fig. 13. By Lemma 6.3 F8 is homeomorphic to
R> 3, while by Lemma 4.1(1) the regions R 3 and R3; are handlebodies; therefore
FB and FY are handlebodies.

By Lemmas 5.1 and 6.3, the circle @; C T is neither primitive nor a power in
Rj3.1. Therefore the surface F' is incompressible in R3; by Lemma 3.3(1) and so,
by the 2-handle addition theorem, F" (®;) = R3 1(®;) is an irreducible manifold
with incompressible boundary the torus F.

Using the solid torus neighborhood V| = N(K;) UN(A}) C R, of Kj, it fol-
lows in a similar way that @ is neither a primitive nor power circle in R, 3, and
hence that dR; 3 \ o] is incompressible in R; 3 and R, 3(®]) is an irreducible and
boundary irreducible manifold.

Since the homeomorphism between F' B and R, 3 identifies F' with the surface
JR> 3\ intN(®]) and the slope @; of the core of the annulus Vi N Fp with @], we
have that F' is incompressible in Xk, and

(%) Xk, (@1) = F" (01) Up F? (o) ~ Ry 1 (01) Uy Ry3(])
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is irreducible with F C Xk, (1) an incompressible separating torus, so (1) and (2)
hold. In particular, K is not a torus knot, so by [17] K] is either a satellite or
hyperbolic knot.

For part (3) observe that, by Lemma 3.7(2), (R24,K), (Ru3,K), (R3,K) and
(Rp.1,K) are all non-trivial pairs. As the boundary slope @; C dXk, of F is non-
integral, if K| is a satellite knot then by Lemma 5.2 there is a circle ¥ C F, not
parallel to JF, which is a power circle in F® and FW. Via the homeomorphism
FB ~ R 3, Y corresponds to a circle in 8R273 \ a){ which is a power circle in R; 3, s0
by Lemma 6.10(2)(a) there is a circle ¥ C T3 which is a power circle in F2 ~ R; 3.
A similar argument applied to F" = R3 1 shows that there is a circle ¥’ C 73 which
is a power circle in F". However, by Lemma 3.6, the circles y and ¥’ are isotopic
in dF3(w]), while y and y” are isotopic in dF" (). But then ¥ and y’ must
be isotopic in 73, which by Lemma 5.1 cannot be the case since K is a hyperbolic
knot.

Therefore K1 must be a hyperbolic knot, so by [9, Theorem 1.1] Kj is a hy-
perbolic Eudave-Muiioz knot and the slope a;/p; of dF) is half-integral, whence
p1 =2. By [5, Theorem 2.1] and the invariance argument used in [5, Proposition
2.2], the closed torus F C K; (o) is unique up to isotopy and separates Xk, (@)
into two Seifert fiber spaces F2(w;) and FW (®;) of type D?(x,*) (the uniqueness
of the torus F C Ki () also follows from the fact [9] that the regular fibers of
the two Seifert fiber spaces D?(x, *) in K (@) intersect transversely in one point).
Therefore, by Lemma 6.10(2)(b), there are circles ¥, ¥y’ C T5 which are power cir-
cles in R, 3,R3 5, respectively, where A(Y,y’) # 0 by Lemma 5.1. And whichever
pair (R, 3,K) or (R3,K) is minimal, by Lemma 6.2 it must be simple.

Moreover, as @ is a Seifert circle in FV = R31, by Lemma 6.10(2)(b) the
circle @ is primitive in R;; and so Ry is a handlebody by Lemma 6.3. Since
FB(wy) corresponds to Ry 3(®]), in a similar way it follows that @] is primitive in
R> 4 and Ry 4 is a handlebody. Therefore (3)(a), 3(b), and 3(c) hold.

For (3)(d), if each of the pairs (R} 1,K) and (Rz 4, K) is simple of index 2 then
each circle d,A> C IN(K>) and d»A), C IN(K}) (see Fig. 13) bounds a Moebius
band B, C N(K;) and B, C N(K}). By (3)(c) and Lemma 3.5(1) the circles @ =
d1A}, and @] = d1A; are primitive in R} » and so by Lemma 6.4(3) there is a slope s
in N (K;) which along with @} LI @, cobounds a pair of pants P; in R; » \ intN(K}).
Thus the slope s; C dN(K;) bounds the once-punctured Klein bottle B, UP; UBy, in
the exterior S* \ int N(K7) of the hyperbolic knot K; and so by [8, Theorem 1.3] the
slope s; is integral; therefore the circles a),'), @, are basic in Ry > by Lemma 6.4(4)
and hence R, , is a handlebody by Lemma 3.5(2). 0
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7.2 Heegaard splittings of S°

For the rest of Section 7 we consider the case N = 6 exclusively. In this section
we prove that some pair of complementary regions R; ;13,R;3; form a Heegaard
splitting of S*. For convenience we summarize below a number of properties of
the regions R; ;.

Lemma 7.2. 1. Each region R; 4, is a handlebody and each pair (R;;1,K) is
minimal and non-trivial.

2. For some i € {1,2} each pair (R;i+1,K), (Rit2,+3,K) and (Rit4y5,K) is
simple.

3. Each region R; ;> is a handlebody.

4. No pair (R;;i11,K) is a double pair, and if a region R; 3 is a handlebody
then (R;i13,K) is neither a simple nor a double pair and (Riy1 42,K) is a
basic non-primitive pair.

5. The region R; ;3 is a handlebody iff the pair (R;;y1,K) is simple and the
power circle a)l-' C Ti11 of R j41 is primitive in Ri 11 ;13, and if R; i3 is a han-
dlebody then (Ri12,13,K) is also a simple pair. Thus, if all regions R; ;3 are
handlebodies then all pairs (R; 11, K) are basic and simple, and if (R; j+1,K)
is not a simple pair then the regions R; ;13 and R;_» ; are not handlebodies.

Proof. Part (1) follows directly from Lemma 4.3 since the degree of each vertex
of Gg is 6. Also, by Lemmas 2.3(1) and 4.2 there is a vertex v in Gg of degree
3 around which there are 3 incident bigon disk faces of G¢ located in alternating
regions; thus (2) holds. We also have that for each i the region R;;» contains no
bigon disk faces of GiQ’HZ, so the graph GI.Q"’HLZ’i+4 is reduced with each vertex of
degree 3 and so by Lemma 4.1(3) the region R; ;1> C Xk is a handlebody; therefore
(3) holds.

If the region R; ;3 is a handlebody then by Corollary 3.10 the pairs (R;;+1,K)
and (R;12,+3,K) are simple, and by Lemma 6.8(1)(b) the power circles @/ C T4
and ;> C T;y, are basic in R;1,;42. Therefore, in Ri11 ;42, the circles ], 0412
are primitive but not homotopic to each other, hence not coannular, which by
Lemma 6.9(2) implies that the pair (R;11,42,K) is not primitive. The remaining
parts of (4) and (5) follow from (1) and Lemmas 3.7(3) and 6.8. ]

Lemma 7.3. At most one pair (R;;y1,J) may not be simple.

Proof. Suppose, for definiteness, that the pair (R;,K) is not simple. Then the
region R4 is not a handlebody by Lemma 7.2(5), so R4, is a handlebody by
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Lemma 4.1(1). By Lemma 7.2(4), neither (R;»,K) nor (R4;,K) is a simple or
double pair; as the pair (R 4,K) is not minimal, by Lemma 3.9 it is not sim-

ple. Therefore by Lemma 4.2 the graph G1Q’2’4 has no bigon disk faces, and by

Lemma 6.1 it has no 4-sided disk faces in Ry, or R4 1. It follows that GlQ"Z’4 s a

reduced planar graph with each vertex of degree 3, which by Lemma 2.3 must have
4-sided disk faces, all of which must lie in the region R; 4. Therefore (R, 4,K) is a
double pair by Lemma 6.1 and so the pair (R34, K) is simple by Lemma 6.8(2).

A similar argument applied to the graph GEZ’S shows that the pair (Rs¢,K)
is also simple. Since by Lemma 7.2(2) the pairs (R 3,K), (R45,K) and (Re 1,K)
must be simple, the lemma follows. O

Lemma 7.4. If the region R 4 is not a handlebody then
1. all the pairs (R; i11,K) are simple,

2. the core knots K1 C Ry and K3z C R34 are hyperbolic Eudave-Muiioz knots
of indices py =2 = p3,

3. all regions R; j+3 # Ry 4 are handlebodies.

Proof. Recall that if the region R; ;3 is a handlebody then by Lemma 7.2(5) the
pairs (R;i11,K) and (R;y2i43,K) are simple.

Since R 4 is not a handlebody, by Lemma 4.1(1) the region R4 is a handle-
body, hence the pairs (R4 5,K) and (Re 1,K) are simple. By Lemma 7.3 we may
assume that one of the pairs (R »,K) or (R3 4,K), say (Rj2,K), is simple. Thus at
most one of the remaining pairs (R 3,K), (R34,K), or (Rs ¢, K) may not be simple.

Now, by Lemma 7.2(3) the region R; 4 is a handlebody, while by Lemma 3.9
R4 is not a handlebody. Therefore, by Lemma 7.1(3) applied to the simple pair
(R12,K) and the collection of tori 7, 7>, T4 with T, = T3 and T, = T5, the knot K
is a hyperbolic Eudave-Muiioz knot of index p; = 2, the minimal pair (R3 4,K) is
simple, so the core knot K3 is defined, and Rs > is a handlebody and so the pair
(Rs,6,K) is simple. By symmetry, K3 is also a hyperbolic Eudave-Muiioz knot of
index p3 = 2 and R3¢ is a handlebody.

If R 5 is not a handlebody then applying the argument above applied to the
simple pair (R4 5,K) shows that (R 3,K) is a simple pair and the core knots K, C
R>3 and K4 C Ry 5 are hyperbolic Eudave-Muioz knots of indices p) = 2 = py,
contradicting Lemma 7.1(3)(d) applied to the simple pair (R34,K) and the tori
T1,73,T; and T, = T5,T, = Ts. Therefore R, 5 is a handlebody, so (R, 3,K) is a
simple pair, and in a similar way Re 3 is also a handlebody. O

We now combine the results above to obtain a genus two Heegaard splitting of
S3.
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Proposition 7.5. All the pairs (R; i+1,K) are simple and, without loss of generality,
we may assume that all the regions Ry 4,R4.1,Rs5> and R3¢ are handlebodies. In
particular, R1 4 Uy Ry 1 is a genus two Heegaard splitting of S* and w, C Ty and
w} C T, are Seifert circles in Ry .

Proof. That all pairs (R;;+1,K) are simple follows from Lemma 7.2(5) if all the
regions R; ;43 are handlebodies, and otherwise from Lemma 7.4, which also im-
plies that at most one region R; ;3 is not a handlebody, so we may assume that
R1.4,R41,Rs5 7 and R3 ¢ are handlebodies.

Since R3¢ is a handlebody, by Lemma 7.2(5) the circle a)é C T4 is primitive in
R4.6 and hence a Seifert circle in R4 1 by Lemma 6.8(1)(d), disjoint from the power
circle a)é CcT C 8R174. In a similar way, @; C T is a Seifert circle in R4 since
Rs > is a handlebody. ]

7.3 Heegaard diagrams

In this section we construct the Heegaard diagrams of the genus two Heegaard
splittings Ry 4 Uy Ry of S® provided in Proposition 7.5. To this end we first ob-
tain specific homeomorphic representations of basic simple pairs and more general
pairs with the help of the following result.

Lemma 7.6. Let S be a closed genus two surface and ay,by,a,by,a9,bg,co C
S non-trivial circles which intersect minimally as shown in Fig. 14(a), where c
separates S into two once-punctured tori S1,S> with a; Ub; C S;. Then

1. any non-trivial separating circle c, C S which is disjoint from a; Uay and
intersects ag minimally in 2 points is obtained by Dehn twisting co along b,
that is by connecting the endpoints of 2n non-trivial arcs in Sy \ a; and 2n
non-trivial arcs in S \ ay in one of the two ways shown in Fig. 14(b);

2. any non-trivial separating circle c, C S which is disjoint from by U b, and
intersects by minimally in 2 points is obtained by Dehn twisting co along ay,
that is by connecting the endpoints of 2n non-trivial arcs in Sy \ by and 2n
non-trivial arcs in S \ by in one of the two ways shown in Fig. 14(c).

Proof. Let Ap C S be a thin annular neighborhood of ¢(; we will refer to the com-
ponents of S\ intAg as S} and S, correspondingly, so that dS; LI dS, = dAy.
Suppose ¢, C S is a non-trivial separating circle disjoint from a; Lla,. Then ¢,
may be isotoped so as to intersect co minimally, hence to intersect Ay C S minimally
into a collection of parallel spanning arcs. The arcs ¢, N S;, being disjoint from the
circle a; C §;, form a disjoint family of mutually parallel non-trivial arcs in S;.
Since |ag Na;| = 1 it is possible to isotope c,, if necessary, so that the arcs ¢, N S;
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Figure 14: The separating circles c,,cp C S.
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a1

aoNAo agNAg

2n

Figure 15: Generators of the arcs ¢, N Ay in the annulus Ag.

are disjoint from the arc ap N S;, that is, so that the points ¢, Nag lie in the annulus
Ap. Also, as ¢, separates S, we must have |c, N S;| = 2n for some integer n > 1.
The situation so far is represented in Fig. 14(b).

In the annulus A the endpoints of the spanning arcs ¢,MNAg C Ag are distributed
around dAy = dS; L1dS; and separated by the two arcs agNA, as shown in Fig. 15.
Now, the collection of arcs ¢, N Ao is uniquely determined by one spanning arc
connecting a point of ¢, MN.S; with a point of ¢, N S,. It is not hard to see that
the only collections ¢, N Ay which intersect a N A, minimally in two points are the
ones generated from the arc connecting the points 1 and 2 or the arc connecting
the points 3 and 4 indicated in Fig. 15, each of which in fact produces a separating
circle ¢, in S as shown in Fig. 14(b). Therefore part (1) holds, and (2) follows in a
similar way. O

We now construct a diagram for the Heegaard splitting Ry 4 Uy R4 1 as follows.
Since Ry 4 = R12Ur, Ry 3 U, R3 4 is a handlebody, by Lemma 6.8(1)(b) the circles
a){ C 1> and @3 C T3 are basic circles in R; 3; therefore, as the pair (R; 3, K) is sim-
ple, by Lemma 6.5(3), there are unique disks D, D', D" C R; 3 such that the 7-tuple
(R3,D,D', D", ], @3,K) is homeomorphic to the 7-tuple (H,D,D’, D", o, 0, J)
in Fig. 9(b) (where p, = p = 2 is used for simplicity).

Since |@] ND"| =1, by Lemma 3.4 E» 3 = frN(w{ UD") C R 3 is the unique
disk that separates the primitive circles o, @3; moreover E; 3 intersects D mini-
mally in one arc and the separating circle K C dR, 3 minimally in 4p; points (see
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Fig. 9(b), with J = K).

Therefore, by Lemma 7.6(2) with a; = dD", a; = dD', by = dD, by = 0|, b, =
3, co=0dE,3 and ¢, = K, the 7-tuple (Ro3,D,D', D", o, w3, K) is homeomorphic
to the 7-tuple shown in Fig. 16(a), where there are two choices for the circle K,
while the 6-tuple (JR»3,dD, ], @3,0E>3,K) is homeomorphic to the 6-tuple in
Fig. 16(b) by Lemma 7.6(1), where there are two choices for the circle 8E273.

Remark 7.7. (1) If (H,J) is any basic pair and oy C Ty and oy C T, are basic
circles in H then, by the 2-handle addition theorem and Lemma 3.4, oy and o
are separated in H and so the compression disk of dH \ o intersects o minimally
in one point. It is not hard to see by the argument above that the pair (H,J)
must therefore be homeomorphic to the pair (R 3,K) in Fig. 16(a) obtained by any
valid connecting pattern between the endpoints of the arcs KNSy and KNS, and
that (H,J) is simple iff it is constructed using the specific connecting schemes in
Fig. 16(a).

(2) By Corollary 3.10 and Lemmas 3.5 and 6.3, any maximal pair (H,J) is homeo-
morphic to a manifold obtained by attaching solid tori V,V, along annular neigh-
borhoods of basic circles ay C T/, an C T,, respectively, of a nontrivial basic pair
(Ho,J) with d0Hy = T} U; T}, in such a way that each circle o; runs at least twice
around V;.

By Lemmas 3.5(2) and 6.3, attaching the companion solid tori V| C R; , and
V3 C R34 to Ry 3 along the circles @ and s, respectively, yields a handlebody
homeomorphic to R; 4 such that the 5-tuple (IR 4, ®;, ®},dE> 3,K) is homeomor-
phic to the 5-tuple (dR, 3, @], ®3,dE> 3,K) in Fig. 16(b).

Notice that E> 3 C R, 3 becomes a waist disk in Ry 4 which cuts Ry 4 into two
solid tori Vi,V3 C R 4, and such that dE; 3 cuts dR) 4 into two once-punctured
tori §; C dV; and S4 C dV3, with @) C Si, @} C S4, and meridian disks D; C V}
and D3 C V3 with dD; C S| and dD3 C S4. Thus D; and D3 are the compres-
sion disks in R 4 of dR; 4\ @} and JR; 4\ o, respectively, which are unique by
Lemma 3.3(1)(b). Since in dR; 4 the circles o, @} are disjoint from K U JE; 3
while oy, @ are disjoint from K with |o; N@f| = 1 = |04 N @], it follows that
the 7-tuple (JR; 4, @1, W5, 04,05, dE> 3,K) is homeomorphic to the one shown in
Fig. 16(c).

Let 8E2(13) and 8E§23) be the versions of the circle dE; 3 shown in Fig. 16(c)
obtained by connecting the endpoints 1 and 2 or 3 and 4 in Fig. 16(b), respectively.
It is not hard to see that the automorphism of JdR; 4 obtained by reflecting the

surface R 4 across the plane that contains the circles @ LI @4 maps 8E2(l)3 onto
JEY)) for {i, j} = {1,2}.
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Figure 16: The circles K and JE
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Therefore in the sequel we will assume for definiteness that 8E2’3 = BEZ(IQ , as
shown in Fig. 17(a) (where p, = 2). '

In order to obtain the first half of the Heegaard diagram for Ry 4 UR4, it re-
mains to identify the circles dD; C S; and dD3 C Sy in the version of dR 4 =
S1 Uy S4 shown in Fig. 17(a), where p, = 2 is used for simplicity. We do this with
the help of a specific homological frame for S; and Sj.

The oriented circles a;,b; indicated in Fig. 17(b) lie in 77 and have the minimal
intersections |a; Nb1| = |a; Nw| = [bi Nwf| =1 and |by N ;| = 0. Since aj,b;
are disjoint from 8E§13) and |@; N dD;| = p;, homologically in S; we can write
dD| = pi1a) +q1by for some integer ¢ with ged(p1,q91) = 1.

This and future arrangements can be described as follows: An oriented circle
with a box | k |on top represents a collection of |k| mutually disjoint, parallel circles,
oriented in the direction given by the arrows on the circle if k£ > 0, and in the
opposite direction if k < 0; thus dD; is the circle obtained as the homological sum
of the circle collections with boxes p; and ¢; in Fig. 17(b). The circle dDj is
constructed in a similar way as the homological sum of the collection of circles
with boxes p3,¢3, ged(ps,g3) = 1, shown in Fig. 17(c).

The second half of the Heegaard diagram for R; 4 U R4 1 is obtained similarly:
A waist disk E5 ¢ C R4 1 is constructed that separates R4 1 into solid tori that contain
the power circles @4 and a)é and have meridian disks D4 and D¢ with minimal inter-
sections |DsN@y| = pa, |DeN ;| = ps, and |[DsN@f| = 0= [Dg N @y|. We then use
the method of Lemma 7.6(2) (see Fig. 14(c)) to represent the circle 8E576 C 8R471
on top of the diagrams for dR; 4 = dR4; of Fig. 17.

e We will call the diagram for dR4 | obtained by constructing the circle dEs ¢ =
8E5(16) using the endpoints labeled 1 and 2 in Fig. 14(c) a type I diagram, and

a type 2 diagram if dEs ¢ = 8E5(26) is constructed using the endpoints labeled
3 and 4 in Fig. 14(c).

The Heegaard diagrams are now uniquely determined up to some number n € Z
of Dehn twists along the annulus Ay C dR; 4, which we consider in more detail in

the sequel. In the meantime, for n = 0, Fig. 18(a) shows the circle 8E5(16) of a type
1 diagram for R4 ; with ps = 2, and the circles dD4 and dDg appear in Fig. 18(b)
and (c), as obtained from the construction above.

We summarize our findings in this section in the following result:

Lemma 7.8. IfK C S? is a genus one hyperbolic knot whose exterior Xy contains 6
mutually disjoint and non-parallel once-punctured tori, then S admits a genus two
Heegaard splitting Ry 4 Uy Ra 1 of type 1 or 2 with K C dR| 4 = dR4,) a separating
circle. O
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7.4 The type 1 Heegaard diagrams for Ry 4 U R4 ;

The identification of 8R174 and 8R471 is completely determined by the images of
the circle pairs @; U @y, and o} LI @4 up to some number n € Z of Dehn twists along
the annular neighborhood Ax C dR; 4 of K shown in Fig. 19(a); the Dehn twists
are applied only to the arcs Ax N (d D4 dDg), where n > 0 is taken as the direction
indicated by the arrows along the arcs ¥, d in Ax shown in Fig. 19(a).

Fig. 19(a) shows the embeddings of the circles dD; and dD3 in dR; 4 obtained
with p, = 2, and the embeddings of d D, and dDg are shown in Fig. 19(b) and (c),
respectively, with n = 0 and ps = 3.

7.4.1 Fundamental group presentations I

In order to analyze the fundamental group of the manifold Ry 4 Uy R4 1 and proper-
ties of the words represented by circles in the Heegaard surface dR; 4, we consider
here the situation in more general terms.

Let H be a genus two handlebody; its fundamental group is isomorphic to the
rank 2 free group F,. Fori= 1,2, let y; C JH be disjoint separated power p; circles
with p; > 1 and p; > 2, where if p; = 1 then ¥, is taken to be a primitive circle.
Thus there is a waist disk D that cuts H into two solid tori Vi, V, with 3; C dV; \ D,
and by Lemma 3.3(1)(b) the meridian disks D; C V; \ D and D, C V, \ D are the
unique compression disks of dH \ y» and dH \ y;, respectively. Let x; be a core
circle of V; dual to D;, so that ) (H,q) = (x1,x2 | — ) (¢ € D).

By Lemma 3.3(2) the companion annulus Ay C H of 7 is unique and can be
isotoped away from D and into V5, hence D lies in the handlebody Ha, C H|A; as
a waist disk; since by Lemma 3.5(1) the core circle t; C dHy, of A, is primitive in
Hy,, we have that 7 (Ha,,q) = (x1,t2 | — ) (g € D).

The next result now follows from Van Kampen’s theorem.

Lemma 7.9. The map m (Ha,,q) — m(H,q) (q € D) induced by the inclusion
Hy, C H is an injection given by x| — x| and t, — x5°. In particular, if a circle
Y C dH \ ', is represented by the words w(x),ty) € T (Ha,,q) = (x1,t2 | — ) and
W(x1,x2) € m(H,q) = (x1,x2 | — ) (¢ € YND) then W (x1,x2) = w(x,x57). O

Determining which words in the free group IF, of rank two are primitive will
be useful in the sequel. The next result from [3] gives a simple condition satisfied
by such words.

Lemma 7.10. (/3]) In any cyclically reduced primitive word in Fy = (xj,x2 | — )
different from x;' or x5\, for some {i, j} = {1,2}, the exponents in x; are all equal
to 1 or all equal to —1, while the exponents in x; are all nonzero of the form m or

m+1 for some m € Z. O
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Figure 19: The type 1 Heegaard circles for Ry 4 URy4 1:

and (¢) dDg (n =0, py =2, ps =3).
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7.4.2 Fundamental group presentations II

Recall that Dy,D3 C R) 4 are the compression disks of dR; 4\ @} and dR; 4\ @y,
respectively. Therefore we have that 7;(R; 4) = (x1,x3 | — ) where the free gen-
erators xp,x3 represent the circles in Ry 4 dual to the disks Dy and D3 constructed
in §7.4.1, respectively; similarly, 7; (R4,1) = (x4,%¢ | — ) where x4, x¢ represent the
circles in R4 1 dual to the disks D4 and De, respectively.

Set & =q; — p; fori=1,3,4,6.

Lemma 7.11. ged(p;, &) = 1fori=1,3,4,6, and & = q;— p; € {1} fori=4,6.

Proof. That gcd(p;, ) = 1 follows from the fact that ged(p;, ¢q;) = 1.
From Fig. 18 we have that, in 7 (R4,1) = (x4,X6 | — ),

_ (P4 Pe\ps—1_P4_ 4o I __ (DP6.,.P4\ps—1_ D6 44
O = (2, xg" )yt and @5 = (xg°xy" )7 X0 Xy

relative to the base points @; N @} and @} N @4. By Proposition 7.5, @} is a Seifert
circle in R4 disjoint from the power circle a)(; C Ti C Ry,1. Therefore, by Lem-
mas 6.8(1)(d) and 7.9 the word (xex}*)P5~!xexd* obtained by replacing x£° with
xe in the word that represents @} must be primitive in the free group (xs4,x6 | — ).
Since p4 > 2, by Lemma 7.10 we must have g4 = ps £ 1, hence that &4 € {+1}.
That & € {£1} follows in a similar way by considering the word for @;. O

For convenience, in the sequel we will denote the generators x,x3 of the free
group 71 (R 4) = (x1,x3 | — ) and their inverses by x,y and X,Y, respectively.

Let F; = (x,y | — ) denote the rank two free group generated by x,y and M,
the monoid generated by x,X,y,Y. Denote the cyclic reduction of any word w € [,
by [w]. For any two words wy,w; in the monoid M, we denote their equality in
M, by w; = w, and in the free group F, by w; = w,. Thus w; = w, implies that
w1 = wp, and x7y =2 xxy =2 [Xx3yﬂ but x%y 2 Xx3y % x*Xy.

Cyclic permutations of a word w in [F, are performed by treating w as an ele-
ment in My, that is, without performing any cancellations on w.

For any two words wy,w; in [F,, we say that

e w) is equivalent to wy and write w; = wy if wy is some cyclic permutation of
w1 or wl_l.

e w) divides wy if wy = a-wy - b for some (possibly empty) words a, b.

e wi || wy if there is a word u such that [w;] = u and [wz]] = u - v, that is, if
some word equivalent to [w;] divides some word equivalent to [w;].

With this notation the following result follows from Kaneto’s theorem [15]:
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Lemma 7.12. ([15, Theorem 1]) If (x,y | r1,r2 ) is a presentation of 7 (S*) ob-
tained from a genus two Heegaard splitting of S* then, for some {i, j} = {1,2},
either [r;i] = x and [rj] =y, or ri||r;. O

Unlike the division relation, the relation || is not transitive: if w; = ny, Wy =
x%y?, w3 = xy*xY then wy ||wy and w, = xy*x || ws; however, none of the cyclic
permutations x%y, xyx, yx> of w; divides any of the cyclic permutations xyxY,
y2xYx, yx¥xy, x¥xy?, Yxy?x of w3, from which it follows that wi Jlw3. We have
however the following restricted version of transitivity for ||.

Lemma 7.13. Suppose that wi and w; are cyclically reduced words in o with
wi [|wa. If each cyclic permutation of w is divisible by one of the words s,t € F,
then s||wy ort || ws.

Proof. Without loss of generality we may assume that wy =2 u - v for some cyclic
permutation u of wy, and that s divides u; by definition it follows that s ||w,. [

7.4.3 Presentations for the group 7 (R4 Uy R4 )

In order to apply Lemma 7.12 to the group presentation
T (R14UyRs 1) = (x,y | dD4,0D¢ )

we need to determine the words represented by the circles dD4,dDg C dR4 | =
dR| 4 in the free group 7 (R14) = (x,y | — ). At this point we remind the reader
that the bound p; > 2 holds foreach 1 <i <6.

We shall see below that some of the circles representing dDy4 or dDg contain
disjoint parallel copies of the oriented arcs y and 0 shown in Fig. 19(a), obtained
by Dehn-twisting once a corresponding spanning arc in the annulus Ax C dR; 4
in the indicated directions. Reading the oriented intersections of y and & with the
disks D1,D3 C Ry 4 produces the words

Y= (xplym)Pz . (XPIYPS)PZ and 6 = (YP3XP1)P2 . (yPSXPI)PZ,

which will appear as factors in some of the words for dDy4,dDg € 71 (R 4) = (x, |
—).
Let o and 3 be oriented components of the collections with p4 and g4 circles
shown in Fig. 19(b), respectively, so that homologically we have dD4 = psot + g4 3
and B = —wy4. It follows that dDs = wa(,B) in 7 (R14) = (x,y | — ), where
wa(at, B) is a cyclically reduced primitive word in the free group (@, B | — ) (which
is unique up to cyclic order) with abelianization pso + g4f3. Since we have by
Lemma 7.11 that g4 = p4 + €4 with & = £1, we can take D4 = dD] = (aff)-f
ife4=+41and 0Dy =0D, = a-(af)P if ey = —1.
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In a similar way, in 7, (R; 4), we have dDg = 8D§ = (uv)Pe -vif g = +1 and
0D = dDg = u- (uv)Ps~! if € = —1, where u,v are oriented components of the
collections in Fig. 19(c) with pe and g circles, respectively, so that v = @f.

Taking N B and uNv as base points, the words corresponding to a, 8 and u,v
in m; (R; 4) after n € Z Dehn twists along the annulus Ag, with n > 0 taken as the
direction indicated by the arrows on the arcs y,d in Fig. 19(a), are given by the
following expressions obtained with the convention that ¢, say, reads x whenever
it intersects the oriented circle dD; from right-to-left, and x~ ! = X otherwise:

o = [§" XD PLytyP3 =3 Ps =L §N a1 =Pl [yP3 xP1] P2
— [6"}(‘9] }/IY?/}]ps*l S"xE Y xP! [yP3xPl ]Pz*l ,

ﬁ — (,‘)4*1 — (XPlYPS)Pz—lxplyp3+83 — (Xplyps)pzy%,

OCB = [511x817/ly83]p5yp3,

u = [ytyP3=a3 §nxd1=P1|Ps=lytyp3—as Sy ps (X Py p3)p2=l

= [y'Y8 88 ]ps*l YYE Y (XPyrs)rl
V= = (ypsxpl)Pz—lyP3xP1+81 — (ymxm )P2x81,
uy = [Y'Y 88" ¥ PsxPr

Therefore we obtain the following words for d D4 and dDg:

aDI — (aﬁ)pétﬁ — [5nx81,}/'YSS]pSYP3:|p4(XP1Yp3)p2y€3

aD; = a(apf)r!

=[x Y & ]Ps 1§y P [yPa P12 {[5nx£1}/zye3}psyp3 b4

aD;r = (MV)PGV — [b/ly% 5nx€1]1)5xp1}p6 (yPS_xPl)szSl’
dDg = u(uv)Ps!

= [»}/’Y83 58 ]Ps—l »}/’Y83 Sy 3 (XPI yPp3 )Pz—l [hﬂy& 5nx81]P5xP1 pe-1
There are 3 cases to consider, depending on the value of n € Z.

7.4.4 Thecasen—=0

‘We have the identities
OD} = [(xF1YB)PsyP3]ps . (XP1YP3)P2y s
e — |

S
D = (581 Y& \ps—1 P& p3 pr\P2—1 (&1 yE\PsyP3]pa—]
AD; = (xE1yE)r 48 (g [0 ey

1L 1
s t

aDg_ — [(Y83x81)175x171]176 . (yl’3xp1‘)172x£1
8Dg = (YE3XEI)P5*1YP3+€3 . (Xpnym)pH . [(Yﬁ%xsl)[?sxpl]p(,fl
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It is then not hard to see that
1. any cyclic permutation of [dD; ] is divisible by s = (x¥1Y®)PsY?s but s /
19Dg,
2. any cyclic permutation of [[GD;]] is divisible by
5= xP1té (ymxm)Pz—lxsl or t=Y®5 (x81Y83)P5—1yp3
but s,z /| 8Dgt.
Observe now that the words (9DiE and 8DgE are related by the following symmetry:
(S) For each x € {£} there is a word w(x,y,X,Y;a,b,c,d,e) in the free group
(x,y,X,Y | — ) depending on parameters a, b, c,d,e € Z such that
oDy = w(x,y,X,Y;€1,p1,83,p3, p4),
IDg = w(Y,X,y,x;€,P3,€1,P1,P6)-

Similarly, in items (1) and (2) the words for s and ¢ are each of the form

W (x,y,X,Y;€1,p1,€,p3),
that is, independent of p4 and pg. Therefore, replacing s and ¢ in (1) and (2) above
with the words s',#’ corresponding to the transformation
W(X,y,XaY§£17P17€3aP3) = W(Y7X7y7X;83ap3,817p1)
and using the symmetry (S) above, statements (1) and (2) transform into the fol-
lowing equivalent statements:
(1) any cyclic permutation of [dDg ] is divisible by s' = (Y®x®)P5x”! but s’ /
19Dy,
(2) any cyclic permutation of [dDj | is divisible by either
§ =ypites (Xplyp3)l?2—1y83 or t =xt (Y€3x81)175—1xp1
+
but s',¢" fdD;.
We therefore have by Lemma 7.13 that [0D;°] H&Dﬂ] for each {i, j} = {1,2}.

In all cases that follow for type 1 or 2 Heegaard diagrams we will explicitly

establish the equivalent version of statements (1) and (2) above, and that the corre-
sponding equivalent versions of (1’) and (2') also hold will follow by the argument
above.
Remark 7.14. The values p; =2 for 1 <i <5, p¢ =4, € =+1 and & = —1
for i = 3,4,6 produce an integral homology 3-sphere Ry 4 Uy Ra1 which by the
argument above is not homeomorphic to S® for n = 0. Thus in general integral
homology does not differentiate the manifolds Ry 4 Uy R4 1 from S3.
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7.4.5 Thecasen >0

aD;f_<

| |
C L 1
A
. (XPI YP3)P2Y83
— 1
B

Ps P4
[(Ypsxpl)pz(ymxpl)m}nx81 {(xplym)m (mem)l’z}ny%l yP3> .

ps—1
aDZ = {(YPsXPI)Pz (yPSXPl)p2:|nx£l {(xplyps)Pz(Xplyps)Pz}nY53] .

. [(YP.%X{N )Pz (yP3x17I )Pz} nxgl [(xplyps)liz (Xpl YP3)P2} nxpl (yl’3xl’1 )Pz*l .

t
" n ps Do
aD6+ — ( [[(xplym )172 (XPIYP3 )Pz} Y& [(ymxm )172 (yP3xP1 )Pz] x81] xl’l) .

. (yp3x171 )P2x81

Ds pa—1
[(YP3XPI )Pz (ymxpl )Pz} nx81 |:(xPlyP3)P2 (Xpl YyP3 )Pz} ny&] YP3>

r 1p5—1
aDg = {(xmyps)pz (Xplyps)[’z} nY£3 [(YP3XP1 )Pz (yP3xP1 )P2:| nxfl

. Pi\,P3\P2 (Y P1yP3 pzn & D3 Y P1\P2 (,P3 P1 pznps pryp3\p2—1,
(P PP (XPLY PR )2 Y S | (YPRXP P2 (yPxPr )P Y Ps (X Py Ps)

r Ps pe—1
. < [(xmym)pz (mem)pz]nyss [(mem)pz (yPSXPI)P2i|nx8| xm)

1. Any cyclic permutation of [[8Dj{]] is divisible by s = Y3738 (located in AC)
or
t =ABC = (XPI Yps )szp3+€3 (XPI YyP3 )Pz V& (YP3XP1 )Pz ,

buts,t fdDg.
2. Any cyclic permutation of [dD; | is divisible by either
s=Y3t8s o = (XPLYP3)P2xP1(yP3 P! )Pz—l

buts,t fdD.
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7.4.6 Thecasen <0

We use the identities
Y= (}fl)lﬂl — [(yp3xP1)P2 (YP3XP1)P2:| In
ot = (5—1)\"\ — [(Xplypa)m (xPIyPS)P2:| I

to obtain the words

aDj:<

Ds P4
|:(XP1YP3)P2(XPIyP3)P2}|n‘x£1 |:(yp3xP1)P2(YP3XP1)P2]nYE‘}] Y”3> :

N

. (Xpl V& )172 Y€3

ps—1
o = Jamami ] sesamsn ]

. [(Xplym)m (xmypz)pz} ‘n‘xsl [(ymx”' )[Jz (mepl )Pz} I . xP! (ypzxm )172*1 .

A
g o 17\
aDg- — [(ypsxpl)pz (Yp3xp1)P2} V& |:(Xl71 YP3)P2 (xplyPS)P2:| ¥ xP .

. (ymxpl )szel

| I——

Ps pa—1
|:<XP1 yP3 )172 (xplym )Pz} ‘n|x€1 [(ymxm )Pz (Yp3xp1 )Pz} |n‘ y€3] YP3>
B

| I |
N

ps—1
oDy = [(ypsxpl)pz (Ypsxpn)pz} |"|Y53 |:(X[)1Yp3)p2 (xp'ym)m} |”|x£1] '

. |:(y173x171 )Pz (Yp3xp1)p2} |n|Y£3 |:(XP1YP3)P2 (xPIyPS)P2:| |n|yp3 (XPIYP3)P2_1_
—1

. ( [[(ymxl’l )P (Y P X P! )pz} |"\ys3 [(Xp] yrs)r (xplym)pz} Inx€1] Psxp1 > Pe
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1. Any cyclic permutation of [dD] ] is divisible by s = Y”+& but s J| dDg.
2. Any cyclic permutation of [dD; | is divisible by either
s=YPTB or 1 =AB= (yPxP)Pypr(XPyrs)r
but s,t JdDZ.
By Lemmas 7.13 and 7.12, we have therefore established the following result:

Lemma 7.15. If the Heegaard diagram of Ry 4 Uy Ra1 is of type 1 then Ry 4 U,
Ryy #S°. O

7.5 The type 2 Heegaard diagrams for R 4 U) R4 |

We follow the outline of the analysis of type 1 Heegaard diagrams given in §7.4.

The circles 8E5(?6),8D4,8D6 C dR4 = IR 4 are shown in Fig. 20, and the
circles dD; C dRy 4, i = 1,3,4,6, comprising the Heegaard diagram of type 2 for
R14Uj R4 are shown in Fig. 21 (where n =0, p» =2, ps = 3).

The circles o, Bu,v C dR; 4 are defined and their words in 7 (R 4) = (x,y |
— ) computed relative to the base points o« and uNv as in §7.4, obtaining the
following identities:

o= (xplyp3)l72 [5nx81 f)/lyss]PsyszrEs’ B=Y& (YPSXPI )172

ﬁOC = [Y% Okl }/'}Psym

u= (YP3XP1)P2 1Y & §nxE[Ps X PITEL |y = x41yPs3 (xplyps)prl = X1 (xP1yP3)P2

vu = [xsl 7"Y83 5"]Psxl71

The conclusion of Lemma 7.11 applies in the present context, so we can take
D4 = 9D} = (Ba)P*B if &g =+1and dDs = 9D, = a(fa)?* ' ife4=—1, and
dDe = dD} = (vu)Psv if & = +1 and dDg = dDg = u(vu)Ps~! if g = —1. This
yields the following words:

aDI — ([3 a)[’4ﬁ — [[Y83 S"x& yn]PsyP3:| p4y83 (Yp3xp1 )Pz

aD; = oc([}oc)l’4‘1 = (xP1yP3)P2 [5nx€1}/'yﬁ3}175yp3+83 [[Y83 5nx81yn]p5yp3}p4_1
al)g = (vu)Poy = |:[x81 Y'Y 5"]175)([71} p6x81 (xPryP3)p2

-1
OD; = u(vu)Po~! = (YPsXP1)P2 [y Sy |ps X Piel |:[_x£] PYe 5n]psxm}p6
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/IES

OR41 =Ry 4

Nop,

dDg "

2) and 8D4, 8D6 in 8R4,1 = 8R174.

Figure 20: The circles 8E5(26) (n=0, ps
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Figure 21: The type 2 Heegaard circles for Ry 4 Uy R4
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7.5.1 Thecasen=0

3D2f — |:(Y83x81 )Psym} bs .Yye (Yp3xp1 )Pz
! ,Y83 (Yp3xp1)172

s A

P4
— (Y€3x81 )Ps yp3 [(Y% x& )Psym}
B L

-1
3D; = (xmym)pz (x81 Y&‘s)PsypaJr& [(Y£3 ¥ )Psyl’a} b

(9D6+ = [(xb‘l Y£3>P5XPli|p6x51 (xP1yP3)P2
ODg = (YPsXP1)P2(YEsxer)ps X Piten [(xe] YSS)pSXp]i|p6—1

1. Any cyclic permutation of [[8D;H] is divisible by
s=yP"8 or t=AB=x"YBXP (YPsxm )P2*1Y€3x81
but s,t fdDZ.
2. Any cyclic permutation of [dD; | is divisible by s =y~ or t = Y #x€1yP

buts,t fdD.

7.5.2 Thecasen >0
" n ps P4
8Di _ ([yez [(ypsxpn)pz ("3 lel)Pz} X {(xpn yPe P2 (Xplym)[’z} ] ym) .

—
N

_Y83 (Yp3xp1)172

8D; — (xplyp3)P2

ps
[(Ypsxpl )Pz (yp3 xP! )Pz} nx81 [(xpl yp3>P2 (XPI YP3)P2} nY83] .

| —
s

ps pa—l
'yp3+£3 ( lysz [(Ypsxm )pz (yp3xp1 )p2:| nxel [(xplym)m (XplYps )Pz} n] yl’3>

ps Ps
Xpl> .

_xé‘l (xplym)l?z

(9D;r = ([xel [(xmyps)pz (Xplyps)pz]nyes |:(YP3XPI)P2 <yp3xp1)pz}n
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aDg — (YI’3Xm )Pz

Ps
[(xmym)pz (xP sz)pz] "yes [(YI”X”] )P2 (3PP )pz} "xa] :

Ps Pe—1
Xp1>

In this case we have that any cyclic permutation of [[QDZH] is divisible by s =
x?P1+€ (located in several disjoint sites) but s | 8Dgt.

.XP1+81 ( [xé‘l [(xplypz)l?z (Xplyps)l?z] nY83 |:(YP3XP1 )Pz (yp3xp1)172} "

7.5.3 Thecasen <0

aDj:<

pPs P4
Y83 |:(X171 YP3)P2 (xplyps)pz} |n|x£1 [(y[’.%xl’l )172 (YP3XI71 )Pz} n] yl’3> .

i—
c e
Y8 (Yp3Xp' )Pz
I |
B

aDZ — (xl’lyp3 )Pz
—

ps
|:(Xplyl’3)[’2 (xplyps )Pz} |n‘x8| |:(y173x17| )Pz (YP3Xp1 )PZ] \n| Y83] .

L
D A
—1
.yP3+£3 Y€3 [(Xm Y.U3)P2 (xplyp3)l72i| |n|x£1 [(ypsxm )172 (YP3XP1 )P2:| In " ypz "
—=\[7 =

aDg' = ( [xgl [(ymxpl )P (YPIXP )Pz] \n\Y£3 [(Xplym)m (xmym)m] g

ps Pe
Xm) ,

,x€1 (xPlyP3)P2

8D6_ — (YPSXPI )Pz

Ds
[(ypsxpl)pz (Yp3xp1)P2} |n|Y€3 [(Xplypa)l?z (xPIyPS)P2:| |n|x€1] .

Ps Pe—1
Xpl>

In|

.XP1+81 ( [xé‘l |:(yp3xl71)172 <YP3XP1)P2] ‘n‘yfs |:(Xp1y173>172 (xmyps)liz]
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1. Any cyclic permutation of [dDj | is divisible by either
s=AC=y""% or t=ABC=Y%(XPyrs)rIxprys
buts,t foD;.
2. Any cyclic permutation of [dD; | is divisible by
s=AA'B=y""5 or t=CD =y (xPyP)r
buts,t fdDg.
By Lemmas 7.13 and 7.12, we have therefore established the following result:

Lemma 7.16. If the Heegaard diagram of Ry 4 Uy R4 1 is of type 2 then Ry 4 U,
R4y #S%. O

We are now ready to give the proof of the first main theorem of this paper:

Proof of Theorem 1: Let K C S® be a genus one hyperbolic knot and T = T LI
--- Ty a collection of N > 1 disjoint, mutually non-parallel once-punctured tori
in Xx. By Lemma 4.3 we then have that N < 6, and if N = 6 then by Lemma 7.8
S3 has a genus two Heegaard splitting of type 1 or 2, contradicting Lemmas 7.15
and 7.16. Therefore N < 5. O

8 Examples of genus one hyperbolic knots in S°

By Lemmas 4.1 and 5.1, if K C S? is a hyperbolic knot with a collection T C Xx
of once-punctured tori then each complementary region of T is atoroidal and no
circle in any component 7; C T has a companion annulus in Xx on either side of
T;. The next result shows that these two properties essentially characterize genus
one hyperbolic knots and gives properties of some of its surgery manifolds. For
notation, a surface S properly embedded in a manifold M is strongly knotted if the
manifold obtained by cutting M along S is irreducible and boundary irreducible.
As usual, J C dXk denotes the slope of the standard longitude of K.

Lemma 8.1. Let K C S® be a genus one knot whose exterior Xy contains a col-
lection T=TiU---UTy C Xk of N > 1 mutually disjoint and non-parallel once-
punctured tori.

1. If for each 1 <i < N the region R; 1 is atoroidal and no circle in T; has
companion annuli in Xg on both sides of T; then either K is a hyperbolic
knot or N = 1 and K is the trefoil knot.
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2. For K a hyperbolic knot and r C dXk any slope such that A(r,J) > 2,

(a) if some component T; C T is strongly knotted then the manifold Xk (r)
is Haken,

(b) if N > 4 then each component of T is strongly knotted and the manifold
Xk (r) is Haken and hyperbolic.

Proof. For part (1), the hypotheses on the regions R; ;1 imply that any essential
torus T C Xk can be isotoped so as to intersect T minimally with T N Tj, say, a
non-empty collection of circles which are non-trivial and mutually parallel in T
and T;.

For Ry} = cl(Xk \ T1 x [—1,1]), each component of 7 NR; | is therefore an
annulus which is either (a) a companion annulus in R;; for one of the slopes
TN(T; x {—1,1}) or (b) a non-separating annulus in R ; with one boundary com-
ponent in each of 73 x {—1} and T} x {1}. By hypothesis not all the annuli in
T NRy,1 can be of type (a), while any annulus component of type (b) can be ex-
tended via an annulus in 77 x [—1, 1] to form a closed Klein bottle or non-separating
torus in Xx C S3, which is impossible. Therefore K is not a satellite knot, so by
[17] K is either a hyperbolic or torus knot, and in the latter case K must be the
trefoil knot and N = 1.

For part (2)(a), assume for definiteness that 77 is strongly knotted. Let F =
JR1,1 C Xk and let r C dXk be a slope with A(r,J) > 2. If Xk (r) = Xk Uy V., where
V, is a solid torus and r bounds a disk in V,, then the annulus A = N(77) N d Xk is
incompressible in the manifold M = N(T}) Uy V,, and we can write

X[((}’) = [R]y_] UN(T])]UV, :Rl,l Ur [N(T])UA Vr] :Rl-,l UpM.

Since N(T1) ~ T; x [—1,1] with T} corresponding to 77 x {0} and A to (dT7) x
[—1,1], if D C M is a compression disk for JM = F then the minimal intersection
of A and D in M is nonempty, with AN D C A consisting of a collection of spanning
arcs of A. Hence if £ C D is an outermost disk cut out by an outermost arc of
AND C Dthen E lies in N(T}) or V, and JF intersects the core J of A minimally in
one point, which is impossible since J, the core of A, runs A(r,J) > 2 times around
V, and separates dN(T). Therefore M is irreducible and boundary irreducible and
so the manifold Xk (r) = Ry 1 Ur M is Haken.

For part (2)(b), suppose that N > 4 and there is an incompressible torus T in
Xk (r). Since the manifold R;; contains the collection T\ 77 of N —1 > 3 once-
punctured tori, the once-punctured torus 7 is strongly knotted by Lemmas 3.9 and
4.1.

After an isotopy, T may be assumed to intersect V, minimally in a non-empty
collection of meridian disks, so that T = fﬂXK is an essential punctured torus
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2 3 3 2

Figure 22: The graph Gr =TNT CT.

which intersects T minimally in essential graphs Gr =TNT CTand G=TNT C
T.

If p = A(r,J) > 2 then each vertex of Gy has degree pN > 8 and so, by the
initial part of Lemma 4.1 and by Lemma 4.2, both of which hold with T in place
of the many punctured 2-sphere Q, for the reduced graph Gr (see §2.3) each of its
edges has size at most 2, so each of its V = |dT| > 2 vertices has degree at least
PN /2 > 4, and each of its d > 0 disk faces has at least 4 edges. Applying Euler’s
relation to the reduced graph Gr yields the relations

4V <2E<2V+2d = V <d,
4d <2E <2V +2d = d <V,

which imply that d =V, hence that p = 2 and N =4, and that in Gy all vertices
have degree 4, all faces are 4-sided disk faces, and each edge e is the amalgamation
of two mutually parallel edges from G7.

So if f is a 4-sided disk face of Gr that lies in, say, the region R 5, then the
union of f and the bigon disk faces of Gr incident to each edge around f forms
a 4-sided disk face f3* of the graph G3:* = TN (T3UT,) C T which lies in the
region R4 3 O Ry > (see Fig. 22). Thus by Lemmas 2.1(3) and 4.1(2) the region R4 3
is a genus two handlebody such that the disk f>* C R4 3 intersects K minimally in
4 points. By Lemma 6.1, (R4 3,K) must be a simple or double pair, contradicting
Lemma 6.8(2)(a) since the punctured tori 77,72 C R4 3 are neither boundary parallel
nor mutually parallel in R43. Therefore the Haken manifold Xk(r) is atoroidal,
hence hyperbolic by Thurston’s hyperbolization theorem [17, 18]. O

The type 1 Heegaard diagrams for the manifold M = R 4 Uy R4 1 constructed
in Section 7.4 can be adapted to yield knots in M that bound 5 mutually disjoint
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Figure 23: The knot K = K(l)(pl,ql,m, 03, P6,46)-

and non-parallel once-punctured tori, simply by setting ps = 1 so that 75 and T
become mutually parallel in R4 1, and 4 and 6 become consecutive labels.

After setting ps = 1, a simple strategy to obtain M = S* consists in choosing
some of the parameters p;,g; in such a way that the circle dDj, say, is primitive in
Rj 4, so that Ry 4(9Dy) is a solid torus and hence M = R 4(dD4 U dDg) is a lens
space. Choosing the remaining parameters so that the circles dDy4,dDg represent
an integral homology basis for R) 4 finally yields that M = S>.

We remark that the symmetry between the words of dD4 and dDs in (R 4)
discussed in Section 7.4.4 makes irrelevant which of these two circles is chosen
to be primitive in Ry 4, and also that it does not seem possible to implement this
strategy using a type 2 Heegaard diagram for Ry 4 Uy R4 1.

For the rest of this section we will use the notation set up in §7.4. We implement
the strategy outlined above by setting the standard parameters

I’l:O, QI::H, P2:27 83::l:1) Q3:_(P3+53)a
(P4,q4) = (27 1)7 ps=1,

on top of the generic conditions py, p3, pe > 2 and ged(p;,qi) = 1.

As in §7.4, x,y and x4,x¢ denote circles dual to the complete disk systems
Dy,D3 C Ry 4 and D4,Dg C Ry, respectively, so that m;(R;4) = (x,y | — ) and
71 (R4,1) = (x4,%6 | — ). Therefore, in m; (R} 4), we have

o= quypsxl’l7 ﬁ — XPIYPSXPIY‘IS’ U= Y%xplypsj y= yp3xplyp3x€n’
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and hence dDy = dD; = B = x7'yP3x yP3+% is primitive in 71 (Ry 4).
From the proof of Lemma 7.11 we have that, in 7 (R4,1),

__ (P4, P6\ps—1.P4 45 __ .2 46
O = (o) xg" )57 Xy X = XX,

I __ (+P6.,Pa\ps—1_ D6 d4 __ P6
03 = (xg°xy " )5 xgoxyt = xaxg®,
while from Fig. 19(a) we obtain, in 7; (R} 4),

-1
@y = (xP1yP3)P21yPrys — xPLyP3 P Yp3+537

wé - (yp3xp.)p2—1yp3xq. = yP3xP1yPixdt

relative to base points at the orientation arrows for w4 and @/ indicated in Figure
17(b). In particular, the circle @} C 74 is primitive in R4 ;.

By construction we still have that @y C 74 and a)é C Ty are power circles in
R4.1, so Ts and Tg are the tori in R4 1 induced by the power circles w4 C T4 and
@ C T. Since the circle @} C Ty is primitive in R4, by Lemma 6.8(1)(d) T5
and Tg are indeed mutually parallel in R4 ; and can be identified with one another,
whence by Lemma 6.8(2)(b) we must have A(w), ws) = 1 in T5 = Tg.

The knot K C dR; 4 C M now depends on 6 parameters and will be denoted

K =KY(p1,q1,p3,85,p6,q6) C M,

with the 5 once-punctured tori T =71 UT, UT3 UTs U Tg C Xk and the core knots K;
of the complementary regions of T represented by the diagram in Fig. 23, obtained
by setting 75 = Tg in Fig. 12. Homologically, in R 4 we have

dD4 =200+ B =2q1x+ (p3 — q3)y = 2q1x+ (2p3 + 83)y,
dD¢ = peu+qsv = [q6(p1 +q1) — P1P6)x+ [2P3g6 + O3 p6y,

and so

M =S’ <= 9D,,dDs form a basis for the first homology of R; 4

2q; 2p3+ 03
(p1+491)96 —P1Ps  2p3g6+ O3p6

where A = p(2p3 + 83) +283¢1 and B = q1(2p3 — 8) — p1(2p3 + 83).

<= det =Aps+Bge = € € {£1},

Lemma 8.2. gcd(A, B) = 1 for any of the standard values of p;,q;, 83, in particular,
there are infinitely many pairs (pe,qs) with ps > 2 such that M = S>, for which

g6 > pe/2 > 1.
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Proof. Since 83,q; € {£1}, we have that A+ B = q;(2p3 + 83) is odd and A —
q1P1(A+ B) = 283q1 = £2, hence that gcd(A, B) = 1. The estimates

A=pi(2p3+8) +28q1 >2(2p3—1) -2 >4
—B=pi1(2p3+8)—qi1(2p3 — 6) > p1(2p3 —1) — (2p3 + 1)
=(p—-1)2p3—-1)-2>1

show that g > 1. The relations

Aps—€ _ ps(—=B)+ps(A+B)—
—B —B
2p3+63)—¢€ 2p3+ &) —¢€
:p6+CI1P6( p3+83) — peta1- Po(2p3+83) —€qu
—-B p1(2p3+83) —q1(2p3 — 33)
imply that g¢ > pg for g1 = +1, while for g; = —1, since € < 1 < 2p3 — 83, we
have

q6 =

Pe(2p3+03)+¢€ Pe(2p3+63)+ (2p3 — 83)
P1(2p3+83)+(2p3—683)  pi1(2ps+63)+(2p3 — 33)

Ps(2p3+83) + (2p3 —83) _ ps
T 22p3+03)+(2p3—&) T 2
Ps _ D6 ps(2p3+83)+¢
and hence that gg — — > — > 0. O
I = T PP+ 85+ (2ps— )

Let ¢ denote the family of all knots K\ (py,q1, p3, 8, ps,qs) C S* with stan-
dard parameters such that Apg + Bge = € € {£1}.

Proof of Theorem 2: For each knot K € % there is a collection T = T; U T, L
T;UTyUTs C Xk of 5 mutually disjoint once- punctured tori such that for each i
the region R; ;11 is a handlebody and the circles @/, ; C T; are power circles in
Ri_1,,R; 1, respectively, with Alo! /1, ;) = 1. If there is a circle y in 7; which is
a power in Xk on either side of 7; then, by Lemma 3.1 applied to R;;, ¥ must be
isotopic in 7; to a)l-’fl and ;, contradicting the fact that A(a)l-’fl , @;) = 1. Therefore,
by Lemma 8.1 the knot K is hyperbolic and the slope r = a/b of any exceptional
surgery on K satisfies the condition |a| = A(r,J) < 1, so Xg(r) is an integral ho-
mology 3-sphere.

Moreover, each pair (R;;11,J) is simple of index p; > 2, so by Lemma 6.2(4)
Xk (J) is the union of Seifert fiber spaces of the form A%(p;), A%(p2), A%(p3),
A2(p4), A%(pg), and hence the collection T produces the JSJ decomposition of
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Xk (J). As the manifolds A%(p) and A%(g) are not homeomorphic for p # g (see
[11, VL16)), if {p1,p3,pe} # {P}. P5, Ps} then for the knots

K:K(])(plaq1ap3753ap6>q6) € X and K, :K(l)(plhq/],pgv(S?:ap/évqg) S 4

the surgery manifolds Xk (J) and Xg/(J') are not homeomorphic, hence K and K’
are knots of different types and so by Lemma 8.2 the family of knots .#" is infinite.
O

The following result establishes a connection between the hyperbolic knots in
the family . and the hyperbolic Eudave-Muiioz knots.

Lemma 8.3. For each knot K = K(l)(pl,ql,pg, 03, P6,q6) € K the core knot Ky
of the simple pair (R46,K) is a hyperbolic Eudave-Muiioz knot; if (p1,q1) # (2,1)
then K, is also a hyperbolic Eudave-Muiioz knot, and otherwise a trivial or cable
knot.

Proof. By construction, the power circles @/ | C T; C Ri—j; and @; C T; C R; 41
intersect minimally in one point, hence each region R 3,R 4,R36,R4,1 and R > is
a handlebody by Lemma 7.2(3).

As o = xﬁxg6 € m(R4,1) and g6 > 2 by Lemma 8.2, @ is a Seifert circle in
R4,1 and so by Lemma 3.5(1) R4 is not a handlebody.

Since Dy, D3 are the compression disks of dR; 4\ @},0R; 4\ @) in Ry 4, re-
spectively, the set up in §7.4.1 applies and so by Lemma 7.9 the circle wy =
XP1yP3xP1Y P+ € oy (Ry 4) = (x,y | — ) is represented by the word @y = zyP*z¥ 73+
in m(R24) = (z,y | — ), where @] =z. Since p3+ 03 = p3 =1 > 1, the word
w4 = zyP3z¥ P39 is not primitive in (z,y | — ) by Lemma 7.10 and so R, ¢ is not a
handlebody by Lemma 3.5(1). Therefore, by Lemma 7.1 applied to the collection
15,14, Ts C Xk, it follows that Ky is a hyperbolic Eudave-Muiioz knot.

Since @f = yPxP1yP3x? € m(Ri4) = (x,y | — ) and g = £1, we have by
Lemmas 6.8(1)(d) and 7.9 that

@y is a Seifert circle in Ry 4 <= § = tx"'tx?" is primitive in 7y (R 3) = (x,7 | — )
= (p1,q1) = (2,1).

Thus, by Lemma 3.5(1), R¢3 is a handlebody iff (p1,q1) = (2,1). Therefore, if
(p1,q1) # (2,1) then Rg 3 is not a handlebody and so Kj is a hyperbolic Eudave-
Muiioz knot by Lemma 7.1 applied to the collection 75, T3, T C Xg.

For the case (p1,q1) = (2, 1), since R; 4 is a handlebody and the pair (R, 3,K) is
simple, by Lemmas 3.5 and 6.4 the circles @{ C 7> and @3 C T3 are basic in R, 3 and
there is an integral slope s C N(K>) C R 3 which is coannular in R, 3\ intN(K>) to
a circle s, C dRy 3\ (@] L w3) which intersects each of the power circles @, C T
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and @) C T3 minimally in one point, whence s, intersects K C dR» 3 minimally
in two points; also, s’2 is a primitive circle in R» 3 and the circles w{ , 3 TUN once
around the solid torus Ry 3(s5).

By Lemma 6.3, s} can be isotoped in R 4 onto a circle K, in OR 14\ (0 Uaj)
so that it intersects K C dR; 4 minimally in two points, hence each of the circles
@4, 0, minimally in one point. Thus K> must be the circle shown in Figs. 19(a) or
(b) (where p, = 2), modulo some number m € Z of Dehn twists along the annulus
Ak C OR 1,4-

Moreover, by Lemmas 6.3 and 6.4(4) the manifold R 174(1?2) is homeomorphic
to the union of the solid torus R, 3(s5) and the companion solid tori of the power
circles a)i ,03 in Ry 2, R3 4, respectively and hence it is a Seifert fiber space of the
form D?(py, p4), so K, is a Seifert circle in R 4.

In the case of the circle K, in Fig. 19(a), in 7 (R14) = (x,y | — ), the word
represented by K> is of the form

m m
w(xz,ym) — ymxz [XZmelymeyPsXZYm} {XzymxzymszszYm ,

and it is not hard to see that if m # 0 then the cyclic reduction of the word w(x, y?)
contains both x and X (and y”* and Y??) and hence it is not a primitive word by
Lemma 7.10, which by Lemmas 6.8(1)(d) and 7.9 implies that 1?2 is not a Seifert
circle in R; 4, contradicting the above argument. Therefore we must have m = 0
and so 1?2 C dR; 4 is isotopic to the circle shown in Fig. 19(a). In the case of the
circle K, of Fig. 19(b) a similar computation shows that the word w(x,y”?) is not
primitive for any m € Z and so this case does not arise.

It follows that the circle dDs = ps0t+qaff =200+ B C IR 4 = IRy 1, obtained
from Fig. 19(b) with ps = 1, intersects K> minimally in one point and so Ky isa
primitive circle in R4 ;. The proof of Lemma 3.3(1) now shows that the unique
compression disk E C Ry for the surface dRy \1?2 can be made disjoint from Dj.

Since EZ is isotopic in S? to K5, we can therefore identify the exterior X, C S?
of the knot K, with the manifold R; 4(dE), so that dD4 C dX; is the meridian slope
and K> C 90X, has integral slope.

Now, relative to the point K>ND, C JR| 4, the words in 7y (R 4) = (x,y |—)
represented by the circles 1?2 and dDy (oriented as in Figs. 19(a),(b)) are

K= yix? and 9Dy = yPxYPx.

If |g3] = p3+ 8 =1 then p3 =2, 83 = —1, and g3 = —1, in which case we have
that N
oDy - (Kz)_1 0Dy = yp3xY2‘13x = (ny)2
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and hence 2 - 0Dy — 1?2 C dR) 4 (written homologically) is a power circle in R 4,
while if |g3| > 2 then

(Ky) ™' 0Dy = (XYx)%
and hence 0D, — 1?2 C dR) 4 is a power circle in R; 4. Therefore in all cases there
is a circle y C N(dD4 U Izz) C dR; 4 which is a power in R; 4 and is disjoint from
JE, hence the companion annulus and companion solid torus of ¥ in Rj 4 lie in
X = R1 4(dE) and so K; is either a trivial or cable knot. O

Remark 8.4. (1) Other infinite families of hyperbolic knots K in S* with a col-
lection T C Xk of 5 once-punctured tori can be obtained using variations of the
construction above, for instance, by setting the parameters n =0, (pa,q4) = (1,0),
and
(p1.q1) =(2,1), p2=ps=2, p3#0(mod3), gq3==+l1,

along with the conditions p3,pe > 2 and gcd(pe,q6) = 1 on a type 1 Heegaard
diagram, in which case the core knot Ks is always a hyperbolic Eudave-Muriioz
knot.
(2) The above process can also be modified to produce examples of hyperbolic
knots in S® which bound a maximal collection of 4 mutually disjoint and non-
parallel once-punctured tori as follows.

On top of the generic conditions py, ps, pa, pe > 2 and ged(pi,q;) = 1, set the
standard values

n=0, P2:1’ (P4aQ4):(271)7 p5:lv
along with the condition
(%) 21 —p1 =6, ==%1 or q;==*l1.

Then A = —(2q) — p1)q3 and B = q1q3 + (2q1 — p1) p3 are relatively prime inte-
gers, and an infinite family of hyperbolic knots K = K(l)(pl,ql . P3,43,D6,q6) C S
is produced by the condition Apes + Bqs = £1, each of which has exterior that
contains a family of 4 mutually disjoint and non-parallel once-punctured tori T =
T\ UT, UTy U Ty that separate Xk into simple pairs, so that T produces the JSJ
decomposition of Xk (J) consisting of Seifert spaces of the form A%(py), A%(p3),
A*(p4), and A*(p). ~

Now, any incompressible torus in Xk (J) can be isotoped away from T and into
the interior of some atoroidal cable space A*(py), whence it must be isotopic to
some component Ty C T of 0A%(py). Soif ' =T/UTJUT{UT{UT. C Xg is a
5-component maximal family of once-punctured tori then, for some i 7 j, T"i’ and YA"j’
must be mutually isotopic, hence parallel, in Xk (J), and hence by Lemma 3.7(4)
T! and Tj’ must be mutually parallel in Xk, which is not the case. Therefore the
collection T is maximal.
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