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Introduction

In April of 2009 the World Health Organization
(WHO) announced the emergence ot a novel strain
of A-H1IN1 influenza. In June of 2009 WHO declared
the outbreak to be a pandemic.

Different continuous time approaches have been
used to study single influenza outbreaks.

The identification of optimal control strategies that
involve antiviral treatment and isolation have also
been studied in the continuous case.

We introduce a optimal control problem in order to
minimize the number of infected and dead
individuals via the use of the most ' cost-effective"
policies involving social distancing and antiviral
treatment using a discrete time epidemic framework.
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Discrete SAIR model

The model is given by the system of difference equations:

St = Gy

A =05 (1_Gt)+(1_01)At

i = 0=9)S, (1-G; )+ (1-07 )(1- )1, (1)
R.i=R +61(1—5)I i

Dy,; =D, +0l, /.\
oo
where
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Discrete SAITR model

The model is given by the system of difference equations:

St = 5Gy

Ay :qSt(l_Gt)‘l'(l_Gl)A(

= 0-0)S (1-G,)+(1-7)(1-0y)(1-0) 1, ()
Tos=(1-05)T, 47, (1-0;) (1-6) 1, -

Ryt =R +01(1-6)1 +0,T, - V . -
D, =D, +4l
tHZ et L-a)S,A-G)_ S

S

where

l+m A +pT,
~B(1-x)+—1
G.—¢ t
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Final Epidemic Size

In the absence of controls we get the final size relation

Sol_p (1 5 (3)
In(soo}_Ro(l Nj

with the basic reproductive number given by

A
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The addition of controls replace (3) by the inequality
S S
In| =% | < Ry|1-=2 4
2enfy]

Result : If S, isasolution of (2) and s" satisfies the
inequality (3) then
5 >3

0 0

x)
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ﬁmal Control Problem

The goal is to minimize the number of infected and dead individuals with the
judicious (cost effective) use of social distancing and antiviral treatment measures over
a finite interval [0, T . We compare three different Strategies:

Strategy 1 : Only Social Distancing,
T
minimize 1>’ [Bolt2 +B,D? + Bzxtz] s e
— At =050-Gy)+(1-0) A
i = 1-0)S; (1-G; )+ (1-07 ) (1-6) 1,
R =R +0y(1-6)1,
Diyy =Dy +ol,

subject to model (1) and 0 < X, < Xpux
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Strategy 2 : Only Antiviral Treatment,

e E
minimize 1 B.12 + B.D? + B.z2 t+l = OtV
: gc;[ e o J At+1:qst(1_Gt)+(1_01)At
subject to model (2), and 0<7, <7, =-S5 (1-G)+(1-7)(1-0)(1-6)]I,
Tt =(1-0)T, 47, (1- 07 )(1-6)1,
R =R +ar(l-d)l 40T,
D, =D, +6l,

Strategy 3 : Dual of Social Distancing and Treatment.

Ll

minimize 1|8y’ +BD{ +B,X’ +Byr7 |  (5)
t=0

subject to model (2), 0<7, <7, and 0< X < Xy
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Numerical Solution

The discrete Hamiltonian associated with problem (5) is given by:

2 2 . ST
H, = Byly +B,Df +ByX +Bsry + A 1Yi41

Where Y:i= G.A10ToR.D)'  and AL, €R® are the state and adjoint
variables.

The adjoint equations are defined as

. OH,
L 6 (6)
97
and the optimality conditions are:
oH, oH,
SR g it
o%, oz, (7)
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Adjoint Equations For Strategy 3:

The adjoint equations associated with problem (5) are:
A =Goaty (043 +(1-9) 4% )(2-G)
22 =88 R (1 %) L + (1= 01) 22y + 0128
2% = Byl, +5,G, %(1— %) L +(1-6)| (1= 01)((1-7) B+ 2y )+ 0180 |+ 520

114 = 3G %(1_ X ) i +(1_52 )Atdjrl +<72215+1
A‘IS :45+1
¢ =BiD + A

where L4 = —ﬂtl+1 4 qﬂtzﬂ"' (1— CI)/ﬁl
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Optimality Conditions

The optimality conditions are:

OH,
c%t (1 51)(1 5) t(ﬂtil_ﬂ’[il)_FB:%Tt:O
OH,
= Bzxt+SGat(/11+1 qﬂ't%rl_(l_Q)ﬂ’al):
t
where
_p(i-x (M A+pT,
Gt:eﬂ( = , ’B(It+mA+pT)
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Algorithm: (Forward-Backward method)

Step 1. The initial guess x, ¢ and condition y, is selected.
Step 2. Solve the state equations (1 or 2) forward in time.

Step 3. Solve the adjoint equations (6) backward in time with the
transversality conditions,

(1) =0
Step 4. Solve the optimality condition (7).
Step 5. Check convergence. If Hu WJHOM <0.001, stop; else go to Step 2.
u
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Numerical Results

We present the results of selected simulations generated by
the numerical implementation of Strategy 1, 2 and 3.

We compare the number of infected individuals generated
by low R, (1.3 -1.8) or high R, (2.4 - 3.2) with no controls or
in the presence of single or dual optimal controls.

A sensitivity analysis is also carried out by studying the
robustness of our simulations in relationship to the weight
constants and the upper bounds of controls.
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Figure 1: For Ro = 1.3, The optimal control solution does not
required the application of the permitted maximum values.
However, there is a strong impact in the reduction of the final
epidemic size by the application of each strategy. Strategy 3 has
the most significant reduction, almost 32%
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Implication of social distancing and antiviral

treatment (
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2.4, the optimal solution requires the
implementation of the highest permitted values for each control.
Strategy 3 produces a reduction of less than 22%. Even when there
is a maximum control implementation, the effort is not enough
and the reduction in the final epidemic size is less significant
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/Co{parison of final epidemic size vs. R,
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Figure 3: By fixing the weights B2 and B3 of each control function,
the results show that Strategy 3 yields the highest reduction of the
final epidemic size (more than 31% for small values of R,).
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Effect of weight constants
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Figure 4: In Strategy 1, the value of the weight constant B2 is
varied. For a small value of B2 the optimal solution permits the
implementation of high values of social distancing and we obtain a
high reduction in the final epidemic size (20%). For a large value of
B2 the reduction in the final epidemic size is not significant (7.5%).
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Figure 5: by increasing the cost on antiviral treatment, B3, the
optimal solution permits the application of smaller value for
treatment. We obtain an increase in the cumulative proportion of
infected cases. In contrast, when the cost is moderate the optimal
solution permits the implementation of high values of treatment
and we get a strong impact in the reduction of the final epidemic
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Final Epidemic size for Strategies 1 and 2:
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Figure 6: The final epidemic size vs. R, for Strategies 1 and 2 by
changing the weight constants for social distancing and antiviral
treatment. When we have a moderate cost of social distancing, there is
a reduction in the final epidemic size for every value of R, for (A);
however, by changing B, there is not a significant difference in the
final epidemic size . R@ > 2.5 (B?
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smaller x_ . = 0.07, the reduction of the final epidemic size is small
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Upper bound for Strategy 2
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Figure 8: The impact of the control in Strategy 2 is reduced when
the resources are limited. For a small upper bound, t,,,, = 0.007 ,
we get a small reduction of the final epidemic size 5%. When the

upper bound is t,,,, = 0.02, the final epidemic size is reduced by
13%.
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Conclusions

The use of single and dual strategies (social distancing and antiviral
treatment) results in the reduction on the cumulative number of
infected individuals.

We compare the impact of relative costs on the effort carried out in the
implementation of each single strategy (weight constants on controls)
and also the use of limited resources (control upper bounds).

Dual strategies have stronger impact in terms of the reduction in the
final epidemic size, but it is more cost-expensive.

Future work: we want to include a time delay in the application of
policies
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