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@ Why another interpolating polynomial?
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Consider the following discrete data:
Natasha S
Sharma, PhD

x| 0 1 2 |25 3 35 | 4
y| 2505051515 |1125|0

Our goal is to construct a polynomial which:
interpolates the given 7 data points,
has range between 0 and 2.5,

does not contain sharp corners i.e., a smooth function.
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ooy We can construct a polynomial interpolating 7 points. This
Mok polynomial should be of degree 6 and assumes the following

Interpolation
shape

Voilates condition2!
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Voilates condition=3!
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Natasha S {O, 1, 2}, {2, 25, 3}, and {3, 35, 4}
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Voilates condition 3 at=x=2:3l



@ Natural Cubic Spline
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Gl We need to construct an interpolating polynomial s(x) which
pline

BN  satisfies conditions (1)—(5)

Natasha S.
S e s(x) is a cubic polynomial on [x;i—1,x;], i=1,2,---n, (1)
S(Xi):yi i:()?l?"'n? (2)
lim s'(x;)) = lim s'(x;)), i=1,---n—1,
X=X, x—x;t

lim s"(x;) = lim s"(x), i=1,---n—1
X=X, X—xi"

s"(x0) = s"(xn) = 0. (5)

Note: s(x), s'(x) and s”(x) are continuous on [xo, Xp).



@ Back to our original problem...

Wleith 470 Calculate the natural cubic spline interpolating the data:
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s o x] 0] 1] 225 3] 35 |4
T y [ 25]/05]05 15|15 1.125|0

Bl Using (1)—(5), we can construct the following cubic spline:

Figure : Satisfies the three conditions!



@ Questions on cubic splines

g Find the cubic spline satisfying

Analysis

P s(0) =0, s(1) =1, s(2) =2,5'(0) =0, s"(2) =2.
Interpolation
Natasha S. Check whether the following function is a spline:
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x3 0<x<1,
s(x) =¢2x—1 1<x<2,

3x2 -2 2< x<3.

Find a, b, ¢ and d such that the following s(x) is a
natural cubic spline:

(x +1)3, —2<x <1,
s(x) =< ax® 4+ bx? 4+ cx + d, —1<x< 1,
(x —1)2, 1<x<2
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M,' = SH(X,'), I = 0, e n.

Since S(x) is a cubic spline on [xj_1, x;]
= S5”(x) is linear hence determined by its values at the end
points x;_1 and Xx;.

X;i — X X — Xi_1
S"(x) = Mj_1—2 M= 6
(x)=M; L M T (6)



@ Construction of Splines
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i From the second antiderivative of S(x) on [x;_1, x;] and

Sl applying the interpolating conditions:
Natasha S .
Sharma, PhD S(Xj—l) = .y_]_17 5()(_]) = .y_j' we Obtaln

(xj — x)*Mj_1 + (x — x_1)*M;

s(x) =

6(x; — xj—1)
+(><j = X)yj-1+ (X = xi-1)y;
(X — xj-1)

_é(xj —x-1) (05 = x)Mj—1 + (x = xi-1)M;),  (7)

where j=1,---  n.
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Chapter 04: Formula (6) ensures the continuity of $”(x) while (7) implies
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el the continuity of S(x) and that it interpolates the given data.
Natasha S To guarantee the continuity of S’(x) we require S”(x) on
B [x 1, x] and [x;, xj11] to have the same value at the knot
xj, j=1,---n—1

Xj = %1
6

Mj_1+>9'+1—>9>1Mj+Xj+1—Xj
3 6

Yi+1 =Y  Yi — Y1

X+l — Xj o X Xj—1

My =M, =0, j=1---n—=1. (9)

M1 =,

(8)

leads to the values of My, --- , M, and hence the spline S(x).




@ Natural Spline Construction
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C";fj“en'eo“: Calculate the natural cubic spline interpolating the data
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atasha S 1 1
sf,{j',,Z,Lf "PhD {(17 1)7 (27 5)7 (37 5)7 (47 _)}

4

Here, n = 3 and x;j;1 — x; = 1. The system in unknowns
My, My, My, M3 becomes:

1 2 1 1

“Mo+2My + =M =z

6 0+3 1+6 2 3

1 2 1 1

M+ =My + =M = .

g T3Vt ghs 12
Using My = M3 = 0 we obtain
1

My ==, M,=0.

2
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BESUEA  The spline is of the form:

x3 x2 X 3
%3t T
sCI=q-Rp+%-F+¥  2<x<3,
X 7
-5+ 5, 3<x<4



@ Error Analysis
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Let f(x) be a function defined on [a, b] that we want to
interpolate on evenly spaced nodes/points xg, Xi,--- , Xn.
b—a . .
h= — xi=a+(y—1)h, j=1,--- ,n+1

and sp(x) be a natural cubic spline interpolating f(x) at
X0, Xn. Then,

_ < ch?
arg)?gb\f(x) sn(x)| < ch

where ¢ depends on f”(a) and f"(b) and max,<x<p |f*)(x)|.



