
The 2-variable Second Derivative Test

z = f(x, y)

x = x0 + αs

y = y0 + βs

By the chain rule, the first derivative in the direction < α, β >, where
α2 + β2 = 1, is

df

ds
= ∂f

∂x
dx
ds

+ ∂f

∂y

dy

ds
= αfx + βfy

If fx = 0 and fy = 0 at (x0, y0), then df

ds
= 0 in any direction, and (x0, y0)

is a critical point. To decide if it is a maximum, minimum, or neither, we need
the second directional derivative:

d2f

ds2 = α dfx

ds
+ β

dfy

ds
= α[∂fx

∂x
dx
ds

+ ∂fx

∂y

dy

ds
] + β[∂fy

∂x
dx
ds

+ ∂fy

∂y

dy

ds
] =

α[αfxx + βfxy] + β[αfyx + βfyy] = α2fxx + 2αβfxy + β2fyy =
α2[fxx + 2mfxy + m2fyy]

where m ≡
β

α
. Note that we have just applied the chain rule to calculate

the derivatives of the functions fx(x, y) and fy(x, y) with respect to s.

Now if

1. fxxfyy − f2

xy < 0, the discriminant (2fxy)
2
− 4fxxfyy is positive, and the

quadratic equation fxx + 2mfxy + m2fyy = 0 has two real roots. This

means this quadratic factor, and thus d2f

ds2 , is negative for some m, and
positive for other m, which means the surface is concave down in some
directions, and concave up in others, and so the critical point (x0, y0) is
a maximum in some directions, and a minimum in others, that is, it is a
saddle point.

2. fxxfyy −f2

xy > 0, the discriminant is negative, and the quadratic equation

has no real roots. Then either this quadratic factor, and thus d2f

ds2 , is
positive for all m, or negative for all m.

a. If fxx > 0, it is positive for m = 0 and thus it must be positive for
all m, which means means the surface is concave up in all directions,
and the critical point is a minimum.

b. If fxx < 0, it is negative for m = 0 and thus negative for all m, which
means the surface is concave down in all directions, and the critical
point is a maximum.
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