Interpolation

Lagrange polynomial interpolant to (zo, f(z0)), (1, f(x1)), (x2, f(22)), (x5, f(x3)):
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Lagrange polynomial error bound:
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Proof of error bound:

Glt) = J(t) — La(t) — {mmmlmliomioss {70 1)

G = 0 at xg,21,22,23,2, S0 G' = 0 at at least 4 points, G = 0 at 3
points, G = 0 at 2 points, G*(x)) = 0, where min(zg, z1, T2, x3,7) < P <
max(zxg, T1, Ta, T3, T).
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For Taylor or Lagrange polynomial of degree n, if all interpolation points

in an interval of width h, |p,(z) — f(x)| < (n%l)!maﬂf"“(xﬂh”“.

Safer to fix n (n = 37), let h — 0.

T3 matches f(z;), f'(z;), f"(z:), f”(x;); T3 not continuous.

L3 matches f(x;), f(x; + h/3), f(z; + 2h/3), f(x; + h); L3 continuous.
Hjz matches f(z;), f'(x;), f(x; + h), f'(x; + h); Hs, H; continuous.

Sy matches f(x;), f(z; + h); Ss,55, S continuous.

Find cubic spline interpolant S3(z;) = f(x;),i =0, ..., N.

Number of unknowns, 4 x N.

Number of interpolation conditions, 2 % V.

Number of continuity conditions (for S5, %), 2* (N —1).
Need two more "end” conditions, for example:

1. Si(zo) = f'(x0) and Si(xy) = f'(zn).
2. SY(xo) = f"(x0) and S (xy) = f"(xN).
3. SY(x) continuous at x; and xy_; ("not-a-knot” condition).

4. SY(x¢) =0 and S{(xy) = 0 ("natural” end condition).

First 3 result in O(h*) accuracy, natural cubic spline only O(h?).



