Quadrature
Jo f(x) doe =S, [ f(x) de
(where z; =a+1i h, h=(b—a)/N)
Simpson’s local rule:
Sy F(@) do e [ [0t £(0) + Gla=SCtls F(R)/2) + Gt £(h)] da
= §/(0) + G f(h/2) + 5 f ()
Simpson’s composite rule:
J2 f@) de ~ Y, [%f(fb’i—l +0) + G f(zioa +1/2) + G f(2ion + h)}
Quadrature rule with sample points rq, r9, r3, ... and weights wy, we, ws, ...:
[P f() de = SN [wihf (21 + r1h) + wahf(ziy + 1oh) + wshf(xi1 4 r3h) + ...

Newton-Cotes formulas:

Name 'L Te T3 T4 T w; W W3 Wsg Ws
Trapezoid 0 1 % %

Simpson 0 % 1 é % %
L B AR N A
Boole 0o & 3 321 Ioaolzos T

Theorem: If a quadrature rule is exact for f(z) = 1,2, 22, ...,2™, then
the global error is bounded by Ci,, maz(p|f™ ) (z)|hmH

Proof: see chapter 5 video



MATLAB function implementing Simpson’s rule

function int = simpson(f,a,b,n)

h = (b-a)/n;
wl=1./6.;
w2 = 4./6.;
w3 =1./6.;
rl = 0;

r2 = 0.5;

r3 = 1;

int = 0.0;

for i=1:n

ximl = a + (i-1)*h;

int = int + wlxh*f(ximl+rlxh)
+ w2*h*f (xim1+r2*h)
+ w3xh*f (xim1+r3*h) ;
end

Experimental Order of Convergence
E(h)=1I(h)—1=M h®

If exact integral I is known:

. _ EMh) _ Mh* _ 9a
ratio] = B2 — M (hj2)e = 2
SO o = 7%(;;(%01)

If exact integral is not known:

I(h) — I =M he
I(h)2) — I = M (h/2)
I(h/4) — I = M (h/4)

and



I(h) = I(h/2) = M[h* — (h/2)°]
I(h/2) = I(h/4) = M[(h/2)* — (h/4)*] = M 3z [h* — (h/2)?]

dividing gives:

ratioy

SO @ =

Derivation of Gauss-3 point quadrature formula.

I(h)—I(h/2)
= I(h/2)—1(h/4)

In(ratioz)

In(2)

20(

— 9o

Gauss Quadrature

f; f(l‘) dr ~ sz\il [wlhf(xi,l + Tlh) + wghf<l'i71 + Tgh) + wghf(xi,l + Tgh)]

To make the algebra simpler, let’s take a = —1,b=1,N =1, h = 2:

1 (@) do =~ 2wy f(=1 4 2r) + 2ws f (=1 + 2r2) + 2w f(—1 + 2r3)]

By symmetry, we can assume:

2’11}1:14

2’LU3:A

—1+2r = —s,
_1+27‘2:0, 2w2:B
—14 2r3 = s,

that is,

21 f(w) da ~ [Af(=s) + Bf(0) + Af(s)]

and we try to make this formula exact for 1,z, 2%,z

Sulo Dwio © DN
I

[t 1dz
1 wda
Y 2?dx
fil r3dx
Y ztdx
[t 2bdx

A+B+ A

A(—s) + B(0) + A(s)
A(—s)? + B(0)? 4 A(s)?
A(=s) + B(0)? + A(s)?
A(—=s)* + B(0)* + A(s)*
A(—s)® + B(0)5 + A(s)®
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5.

2A+ B
0

2As?

0

2As%

0



The solution is s = /0.6, A = 8, B = %, which gives:

r =158 = 1206 — (.112701665
r=1=05

ry = s = 1506 _ () 887298335
wy = %A::?%

w2 ::%[3::7%

ws =4 =

MATLAB function implementing Gauss 3-point formula

function int = gauss3(f,a,b,n)

h = (b-a)/n;

wl = 5./18.;

w2 = 8./18.;

w3 = 5./18.;

rl = (1-sqrt(0.6))/2.0;
r2 = 0.5;

r3 = (1+sqrt(0.6))/2.0;
int = 0.0;

for i=1:n

ximl = a + (i-1)*h;
int int + wlxh*f(ximl+rixh)
+ w2xh*f (ximl+r2%h)

+ w3xh*f (ximl+r3*h) ;

end



