
The centered explicit method approximates utt = c
2
uxx by:

U(xi, tk+1) − 2U(xi, tk) + U(xi, tk−1)

∆t2
= c2 U(xi+1, tk) − 2U(xi, tk) + U(xi−1, tk)

∆x2

We substitute U(xi, tk) = am(tk)e
Imxi :

am(tk+1)e
Imxi − 2am(tk)e

Imxi + am(tk−1)e
Imxi

∆t2
= c2 am(tk)e

Imxi+1 − 2am(tk)e
Imxi + am(tk)e

Imxi−1

∆x2

or

am(tk+1) − 2am(tk) + am(tk−1)

∆t2
eImxi = c2am(tk)

eIm(xi+∆x) − 2eImxi + eIm(xi−∆x)

∆x2

dividing through by eImxi :

am(tk+1) − 2am(tk) + am(tk−1)

∆t2
= c2am(tk)

eIm∆x − 2 + e−Im∆x

∆x2

now, using the same trig identities as previously, we get:

am(tk+1) − 2am(tk) + am(tk−1) = c2 ∆t2

∆x2
am(tk)[−4sin2(m∆x/2)] = −4ram(tk)

where r ≡ c2 ∆t2

∆x2 sin2(m∆x/2). Then the characteristic polynomial is:

λ2 + (−2 + 4r)λ + 1 = 0

The product of the two roots of this quadratic always equals 1. If the discriminant in the
quadratic formula, (−2+4r)2−4 = 16r(r−1) is positive, there will be two different real
roots, and since their product is 1, one of them must be larger than one in absolute value,
and the method is unstable. If the discriminant is negative, there will be two complex
conjugate roots with the same absolute value, and their absolute values must be one, so
the method is stable. Thus the method is stable if and only if r ≤ 1 for all m, which will
only happen if ∆t ≤ ∆x

c
.
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