CHAPTER 1

PARTIAL DIFFERENTIAL EQUATIONS

Many natural processes can be sufficiently well describetthemacroscopic level, with-
out taking into account the individual behavior of molesuylatoms, electrons, or other
particles. The averaged quantities such as the deformat&msity, velocity, pressure,
temperature, concentration, or electromagnetic field areeigned by partial differential
equations (PDEs). These equations serve as a language farthulation of many engi-
neering and scientific problems. To give a few examples, PRlE®mployed to predict
and control the static and dynamic properties of conswusti flow of blood in human
veins, flow of air past cars and airplanes, weather, therniabition of tumors, heating
and melting of metals, cleaning of air and water in urbanlitees, burning of gas in
vehicle engines, magnetic resonance imaging and compunergraphy in medicine, and
elsewhere. Most PDEs used in practice only contain the fidsacond partial derivatives
(we call them second-order PDES).

Chapter 1 provides an overview of basic facts and technithatsre essential for both
the qualitative analysis and numerical solution of PDEge/ifitroducing the classification
and mentioning some general properties of second-ordatieqs in Section 1.1, we focus
on specific properties of elliptic, parabolic, and hypeib®DEs in Sections 1.2-1.4.
Indeed, there are important PDEs which are not of second.ofdenention at least some
of them, in Section 1.5 we discuss first-order hyperbolibjgms that are frequently used
to model transport processes such as, e.qg., inviscid fluid flourth-order problems rooted
in the bending of elastic beams and plates are discussedni&aapter 6.
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2 PARTIAL DIFFERENTIAL EQUATIONS

1.1 SELECTED GENERAL PROPERTIES

Second-order PDEs (or PDE systems) encountered in physiegly are either elliptic,
parabolic, or hyperbolic. Elliptic equations describe adal state of a physical system,
which is characterized by the minimum of certain quantitftgjo energy). Parabolic
problems in most cases describe the evolutionary procedsléhds to a steady state
described by an elliptic equation. Hyperbolic equationscdée the transport of some
physical quantities or information, such as waves. Othgesyof second-order PDEs are
said to be undetermined. In this introductory text we restrurselves to linear problems,
since nonlinearities induce additional aspects whoserstateding requires the knowledge
of nonlinear functional analysis.

1.1.1 Classification and examples

Let O be an open connected sefRfi. A sufficiently general form of a linear second-order
PDE inn independent variables = (z1, 22, . .., 2,)T is

NG ou LA ou
_Mzz:la—% (aija—zj> —|—; (6—21 (biu)—i_cia_zi) + agu = f, (1.2)

wherea;; = a;;(2),b; = bi(2),¢c; = ¢;(2),a0 = ap(z) andf = f(z). For all derivatives
to exist in the classical sense, the solution and the cosffisihave to satisfy the following
regularity requirements: € C?(0), a;; € C*(0),b; € C1(0), ¢; € CH(0), a0 € C(0),
f € C(O). These regularity requirements will be reduced later whePDE is formulated
in the weak sense, and additional conditions will be impasedder to ensure the existence
and uniqueness of solution. If the functiomg, b;, ¢;, andag are constants, the PDE is
said to be with constant coefficients. Since the order of thigl derivatives can be
switched for any twice continuously differentiable fumetiv, it is possible to symmetrize
the coefficients:;; by defining
apft = (af;ig + a;?i”g)/2

and adjusting the other coefficients accordingly so thaetigation remains in the form
(1.1). This is left to the reader as an exercise. Based ombgsrvation, in the following
we always will assume that the coefficient matdigz) = {a;;}},;_, is symmetric.

Recall that a symmetrie x n matrix A is said to be positive definite if

vTAv >0 forall0#wveR"
and positive semidefinite if
vIAv >0 forallv e R™.

Analogously one defines negative definite and negative sfmitk matrices by turning the
inequalities. Matrices which do not belong to any of thegegy/are said to be indefinite.

Definition 1.1 (Elliptic, parabolic and hyperbolic equations) Consider a second-order
PDE of the form (1.1) with a symmetric coefficient mattie) = {ai;}7;_;.

1. The equation is said to kliptic at z € O if A(z) is positive definite.

2. The equation is said to lparabolicat z € O if A(z) is positive semidefinite, but not
positive definite, and the rank pA(z), b(z) + ¢(z)] is equal ton.
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3. The equation is said to beyperbolicat z € O if A(z) has one negative and — 1
positive eigenvalues.

An equation s calledlliptic, paraboli¢ or hyperbolidn the setO if itis elliptic, parabolic,
or hyperbolic everywhere i@, respectively.

Remark 1.1 (Temporal variablet) In practice we distinguish between time-dependent
and time-independent PDEs. If the equation is time-inddpetywe puh = d andz = =,
whered is the spatial dimension and the spatial variable. This often is the case with
elliptic equations. If the quantities in the equation deghen time, which often is the case
with parabolic and hyperbolic equations, we put= d + 1 and z = (x, t), wheret is

the temporal variable. In such case the §ktepresents some space-time domain. If the
spatial part of the space-time domafhdoes not change in time, we talk about a space-time
cylinderQ x (0,7, whereQ2 C R? and (0, T') is the corresponding time interval.

Notice that, strictly speaking, the type of the PDE in Defamitl.1 is not invariant under
multiplication by—1. For example, the equation

3
—Au=f (Where Z 4 ) (1.2)

is elliptic everywhere ilR3 since its coefficient matrix is positive definite,

1 00
A= 01 0
0 0 1
However, the type of the equation
Au=—f

cannot be determined since its coefficient matrix

is negative definite. In such cases it is customary to myltipé equation by—1) so
that Definition 1.1 can be applied. Moreover, notice that migfin 1.1 only applies to
second-order PDEs. Later in this text we will discuss two dnt@nt cases outside of
this classification: hyperbolic first-order systems in #ecfl.5 and elliptic fourth-order
problems in Chapter 6.

Remark 1.2 Sometimes, linear second-order PDEs are found in a sliglitfgrent form

- Z aij (= azzazj Z azz ao(z)u = f(z), (1.3)

4,j=1 =1

usually with a symmetric coefficient mateiz) = {ai;}7 ;—1- When transforming (1.3)
into the form (1.1), it is easy to see that the matrickg) and A(z) are identical, and
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thus either one can be used to determine the ellipticityapalicity, or hyperbolicity of the
problem. Moreover, if the coefficiertis; andb; are sufficiently smooth, the two forms are
equivalent.

Operator notation  Itis customary to write elliptic PDEs in a compact form
Lu=f,

whereL defined by

0 " Ju
Lu__za_xi(”f)x>+z< (b;u) —|—claxz>—|—a0u (1.4)

i,j=1 i=1

is a second-order elliptic differential operator. The mdrf with the highest derivatives,
"0 0
-2 g () 9

is called the principal (leading) part df. Most parabolic and hyperbolic equations are
motivated in physics, and therefore one of the independmdbies usually is the time
The typical operator form of parabolic equations is

ou
o + Lu = f, (1.6)

whereL is an elliptic differential operator. Typical second-artigperbolic equation can
be seen in the form

0%u
where againl is an elliptic differential operator. The following exareglshow simple
elliptic, parabolic, and hyperbolic equations.

B EXAMPLE 1.1 (Elliptic PDE: Potential equation of electrostatics)

Letthe functiorp € C(Q) representthe electric charge density in some open bounded
setQ ¢ RY. If the permittivity e is constant inQ, the distribution of the electric
potentialy in 2 is governed by the Poisson equation

—eAp = p. (1.8)

Notice that (1.8) does not possess a unique solution, smrcarfy solutionp the
function ¢ + C, whereC' is an arbitrary constant, also is a solution. In order to
yield a well-posed problem, every elliptic equation hasecehdowed with suitable
boundary conditions. This will be discussed in Section 1.2.
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B EXAMPLE 1.2 (Parabolic PDE: Heat transfer equation)

Let @ C R? be an open bounded set apd= C(2) the volume density of heat
sources irf2. If the thermal conductivity:, material density, and specific heat
are constant i}, the parabolic equation

a9 k q

—_ A= 2L 1.9

ot oc oc (1.9)
describes the evolution of the temperatéfe,t) in Q. The steady state of the
temperaturedd/dt = 0) is described by the corresponding elliptic equation

—kAO =q.

Similarly to the previous case, the soluti@ris not determined by (1.9) uniquely.
Parabolic equations have to be endowed with both boundakrinéral conditions in
order to yield a well-posed problem. This will be discusse&éction 1.3.

B EXAMPLE 1.3 (Hyperbolic PDE: Wave equation)

LetQ ¢ R?be an openboundedset. The speed of sawrah be considered constant
in  if the motion of the air is sufficiently slow. Then the hypelib@quation
2

% —a*Ap=0 (1.10)
describes the propagation of sound wavef irHere the unknown functiop(x, t)
represents the pressure, or its fluctuations around soriteaaylronstant equilibrium
pressure. Again the functiomis not determined by (1.10) uniquely. Hyperbolic
equations have to be endowed with both boundary and initiatlitions in order
to yield a well-posed problem. Definition of boundary cormatis for hyperbolic
problems is more difficult compared to the elliptic or par&boase, since generally
they depend on the choice of the initial data and on the swiutself. We will return
to this issue in Example 1.4 and in more detail in Section 1.5.

1.1.2 Hadamard’s well-posedness

The notion of well-posedness of boundary-value problempdatial differential equations
was established around 1932 by Jacques Salomon Hadamard.

J.S. Hadamard was a French mathematician who contribueifisantly to the analysis
of Taylor series and analytic functions of the complex Valgaprime number theory, study
of matrices and determinants, boundary value problemsddigb differential equations,
probability theory, Markov chains, several areas of matitéral physics, and education of
mathematics.

Definition 1.2 (Hadamard'’s well-posedness)A problem is said to bevell-posedf

1. it has a unique solution,

2. the solution depends continuously on the given data.

Otherwise the problem i-posed
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Figure 1.1 Jacques Salomon Hadamard (1865—-1963).

As the reader may expect, well-posed problems are moregrieés deal with than
the ill-posed ones. The requirement of existence and uniggseof solution is obvious.
The other condition in Definition 1.2 denies well-posedr@sproblems with unstable
solutions. From the point of view of numerical solution of ) the computational domain
), boundary and initial conditions, and other parametersateepresented exactly in the
computer model. Additional source of error is the finite comep arithmetics. If a problem
is well-posed, one has a chance to compute a reasonableapgtion of the unique exact
solution as long as the data to the problem are approximasswbnably. Such expectation
may not be realistic at all if the problem is ill-posed.

The concept of well-posedness deserves to be discussedrindatail. First let us

show in Example 1.4 that well-posedness may be violated dgwimg a PDE with wrong
boundary conditions.

B EXAMPLE 1.4 (lll-posedness due to wrong boundary conditions)

Consider an intervdl = (—a, a), a > 0, and the (inviscid) Burgers’ equation
0 0
Eu(x,t) + u(:c,t)%u(:zr, t)=0. (1.11)
This equation is endowed with the initial condition
u(z,0) =uo(z) =2z, =€, (1.12)

wherew is a function continuous iff—a,a) such thatug(£a) = +a, and the
boundary conditions

u(£a,t) = ta, t>0. (1.13)

The (inviscid) Burgers’ equation is an important repreaatof the class of first-order
hyperbolic problems that will be studied in more detail it 1.5. In particular,
after reading Paragraph 1.5.5 the reader will know thatyefterction u(z, t) that
satisfies both equation (1.11) and initial condition (1.i52)onstant along the lines
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ZTao(t) =20t + 1), x0€Q, (1.14)
depicted in Figure 1.2.
t
i
A
-a -1 0 1 a X

Figure 1.2 Isolines of the solutiom(x, t) of Burgers’ equation.

It is easy to check the constantness of the soluticalong the lines (1.14) by
performing the derivative

d
&u(gcmo (1),1).

From this fact it follows that the solution to (1.11), (1.X&nnot be constant in time
at the endpoints a2. Hence the problem (1.11), (1.12), (1.13) has no solution.

Some problems are ill-posed because of their very naturgpitgetheir initial and
boundary conditions are defined appropriately. This isitiated in Example 1.5.

B EXAMPLE 1.5 (lll-posed problem with unstable solution)

Consider the one-dimensional version of the heat transfeat®on (1.9) with nor-
malized coefficients,

ou  O%u
i (1.15)
describing the temperature distribution within a thin sfab= (0, ) in the time
interval (0, 7). We choose an initial temperature distributiofx, 0) = ug(z) such
thatug(0) = uo(m) = 0, fix the temperature at the endpointsut®) = u(r) = 0
and ask about the solutier{z, t) of (1.15) fort € (0, 7). The initial conditionu(x)
can be expressed by means of the Fourier expansion

uo(x) = i ¢n sin(na). (1.16)
n=1

Thus it is easy to verify that the exact solutiofr, t) has the form
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Z cpe - tsin(nx) (12.17)
and hence that
Z T sin(nx) (1.18)

is the solution corresponding to the time- T'. Notice that the coefficients,e "t
converge to zero very fast as the time grows, and therefoee afsufficiently long
time T the solution will be very close to zero fn. Hence, the heat transfer problem
evidently is a well-posed in the sense of Hadamard.

Now let us reverse the time by defining a new temporal variableT — ¢. The
backward heat transfer equation has the form

ou
ds = Ox2

We consider an initial conditiofa (z) correspondingte = 0, i.e., tot = 7. Again,
tp(z) can be expressed as

= Z dy, sin(nx), (1.19)
n=1
and the exact solutiofa(x, s) has the form

o0
Z % sin(nz).

Notice that now the coefficients,e””* are amplified exponentially as the backward
temporal variable grows. This means that the solution of the backward heasfean
equation does not depend continuously on the initial @lgta), i.e., that the backward
problem is ill-posed.

Suppose that we calculate some numerical approximatidrec$alutionu(z, T")
for some sufficiently large tim& and then use it as the initial conditiap(x) for the
backward problem. What we will observe when solving the baaki problem is that
the solutioni(x, s) begins to oscillate immediately and the computation endls wi
a floating point overflow or similar error very soon. Becaukthe ill-posedness of
the backward problem, chances are slim that one can gettcdle original initial
conditionug(x) ats = T.

Remark 1.3 (Inverse problems) The ill-posed backward heat transfer equation from Ex-
ample 1.5 was an inverse problem. There are various typdspdsed inverse problems:
For example, it is an inverse problem to identify suitabiééhstate and/or parameters for
some physical process to obtain a desired final state. Ugthk better-posed the forward
problem, the worse the posedness of the inverse problem.
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1.1.3 General existence and uniqueness results

Prior to discussing various aspects of the elliptic, paliapand hyperbolic PDEs in Sections
1.2-1.5, we find it useful to mention a few important absteadgstence and uniqueness
results for general operator equations. Since this papagraes some abstract functional
analysis, readers who find its contents too difficult may skip the first reading and
continue with Section 1.2.

In the following we consider a pair of Hilbert spacésandW, and an equation of the
form

Lu = f, (1.20)

whereL : D(L) C V — W is alinear operator anfl € W. The existence of solution to
(1.20) for any right-hand sid¢ € W is equivalent to the conditioR(L) = W, while the
unigueness of solution is equivalent to the condit() = {0}.

Theorem 1.1 (Hahn-Banach)Let U be a subspace of a (real or complex) normed space
V,andf € U’ alinear form overlU. Then there exists an extensigri V' of f such that
g(u) = f(u) forall w € U, moreover satisfyindg||v: = || f||v-

Proof: The proof can be found in standard functional-analyticierks. See, e.g.,
[34, 65] and [100]. [ |

Theorem 1.1 has important consequencesy lE V and f(vy) = 0 for all f € V7,
thenvy = 0. Further, for anyyy € V there existsf € V' such that||f||y = 1 and
f(vo) = |lvo|lv. The following result is used in the proof of the basic exiseetheorem:
For any two disjoint subsetd, B C V, whereA is compact and3 convex, there exists
f € V' andy € R such thatf(a) < v < f(b) foralla € Aandb € B.

Theorem 1.2 (Basic existence result).etV, W be Hilbert spacesand : D(L) C V —

W a bounded linear operator. TheR(L) = W if and only if bothR(L) is closed and
R(L)* ={0}.

Proof: If R(L) = W, then obviouslyR(L) is closed and?(L)* = {0}. Conversely,
assume thak (L) is closed R(L)* = {0} but R(L) # W. The linearity and boundedness
of L implies thatR(L) is a closed subspace &f. Letw € W \ R(L). The set{w} is
compact and the closed setL) obviously is convex. By the Hahn—-Banach theorem there
exists aw* € W’ such thatw*, w) > 0 and(w*, Lv) = 0 for all v € D(L). Therefore

0 # w* € R(L)*, which is a contradiction. [ ]

In order to see under what conditioRg L) is closed, let us generalize the notion of
continuity by introducing closed operators:

Definition 1.3 (Closed operator) An operator? : D(T) C V — W, whereV and W
are Banach spaces, is said to tlesedif for any sequencév,, }5>, ¢ D(T), v, — v and
T(v,) — wimply thatv € D(T) andw = T'v.

It is an easy exercise to show that every continuous opesatiosed. However, there
are closed operators which are not continuous:

B EXAMPLE 1.6 (Closed operator which is not continuous)

Consider the intervdl = (0, 1) C R, the Hilbert spac& = L?(Q2) and the Laplace
operatorL : V — V, Lu = —Au = —u”. This operator is not continuous, since,
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e.g..Lv ¢ Vforv =2~1/3 € V. We know that the spadg;°(Q) is dense in.?()
(see Paragraph A.2.10). To show tlhds closed inV/, for an element € V consider
some sequencgy, }22; C C§°(R) such thaw,, — v, and such that the sequence
{—Awv,}>2, convergesto some € V. Passing to the limit — oo in the relation

/ —Av,pde = —/ v Apdx  forall o € C5°(£2),
Q Q
we obtain
/ we de = —/ vApdx forall p € C;° ().
Q Q

Thereforew = —Awv and the operatak is closed.

Theorem 1.3 (Basic existence and uniqueness resultet V, W be Hilbert spaces and
L: D(L) C V — W aclosed linear operator. Assume that there exists a cohstan 0
such that

| Lv|lw > Cllv||y  forall v e D(L) (1.21)

(this inequality sometimes is called the stability or cogty estimate). IfR(L)+ = {0},
then the operator equatiohu = f has a unique solution.

Proof: First let us verify that?(L) is closed. Le{w,, }>2, C R(L) such thatv,, — w.

Then there is a sequenée,, }>° ; C D(L) such thatw,, = Lv,. The stability estimate
(1.21) implies thaC'||v, —vm|lv < ||wn —wem ||w, which means thatv, }2°; is a Cauchy
sequence ifv. Completeness of the Hilbert spakeyields existence of a € V' such that
v, — v. SinceL is closed, we obtain € D(L) andw = Lv € R(L). Theorem 1.2 yields
the existence of a solution. The uniqueness of the solutbows immediately from the
stability estimate (1.21). [ ]

Now let us introduce the notion of monotonicity and show #tedngly monotone linear
operators satisfy the stability estimate (1.21):

Definition 1.4 (Monotonicity) LetV be a Hilbert space and € £(V,V’). The operator
L is said to bemonotonef

(Lv,v) >0 forallv eV, (1.22)
it is strictly monotonef
(Lv,v) >0 forall0£v eV, (2.23)
and it isstrongly monotond there exists a constaidt;, > 0 such that
(Lv,v) > Cr||v||* forallve V. (1.24)

For everyu € V the elemenLu € V' is a linear form. The symbdLLv, v), which means
the application ofLu tov € V, is calledduality pairing
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The notion of monotonicity for linear operators is a speciate of a more general
definition applicable to nonlinear operators. An operdfor V' — V'’ is said to be
monotone if(Tu — Tv,u — vy > 0 forall u,v € V, it is strictly monotone if(T'u —
Tv,u —v) > 0 forall u,v € V, u # v, and it is strongly monotone if there exists a
positive constan€';, such that{Tu — Tv,u — v) > Crllu — v||? forall u,v € V. The
concept of monotonicity for operators is related to the déad notion of monotonicity of
real functions: A functiory : R — R is monotone if the conditiom; < x5 implies that
f(z1) < f(z2). The same can be written as the conditigif;) — f(x2))(z1 — 22) >0
forall z1, 25 € R.

Lemma 1.1 LetV be a Hilbert space and € £(V, V') a continuous strongly monotone
linear operator. Then there exists a constant> 0 such thatL satisfies the stability
estimate (1.21).

Proof: The strong monotonicity condition (1.24) implies
Crlvlli < (Lv,v) < ||Loflvlloflv,
which means that
Crlvllv < [[Lofv

[ |
The following theorem presents an important abstract exest and uniqueness result
for operator equations:

Theorem 1.4 (Existence and uniqueness of solution for strgy monotone operators)
LetV be a Hilbert spacef € V' andL € £L(V, V") a strongly monotone linear operator.
Then for everyf € V' the operator equatio.u = f has a unique solution € V.

Proof: According to Lemma 1.1 the operatér satisfies the stability estimate (1.21).
Moreover, ifv € R(L)*, then(Lv,v) = 0 and
Cllv))? < (Lv,v) = 0.

HenceR(L)* = {0}, and the conclusion follows from Theorem 1.3. [ |

1.1.4 Exercises

Exercise 1.1 Use Definition 1.3 to show that every continuous operdtor V. — W,
whereV andW are Banach spaces, is closed.

Exercise 1.2 Consider a second-order PDE in the form (1.1) with a nonsytrimeoeffi-
cient matrixA(z). Symmetrize the coefficient matrix by definihg= (A + A”)/2. Find
out how the remaining coefficienig ¢;, andag have to be adjusted so that the equation
remains in the form (1.1). Hint: Write;; = (a;; + aj;)/2 + (ai; — aj;)/2.

Exercise 1.3 Consider a second-order PDE in the alternative form (1.3),

n n

a Z g 821627 ; =/

i,j=1 i=1
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wherea;; = aj; forall 1 <4, j < n.
1. Turn the equation into the conventional form (1.1),

n

_Z o (a”a )+;(aa (bu)—i—czg):

1,7=1 v

)—i—aou—f

2. Write the relations of the coefficients, b;, c;, ap anda;;, b;, &, do.
Exercise 1.4 Use Definition 1.1 to show that equation (1.8) from Exampled elliptic.
Exercise 1.5 Use Definition 1.1 to show that equation (1.9) from Examgéslparabolic.

Exercise 1.6 Use Definition 1.1 to show that equation (1.10) from Exampseid hyper-
bolic.

Exercise 1.7 Verify that the functionu(z, t) defined in(0,n) by the relation (1.17) is
the solution of the heat-transfer equation (1.15) with tleefdary conditions:(0,¢) =
u(m,t) = 0forall ¢ > 0.

Exercise 1.81n R? consider the equation

ou 0% 0%u
o~ Uta) 5 = (L+m) 55 (1+ws>az+w+lwl2 I

and decide if (and where R?) it is elliptic, parabolic, or hyperbolic.
Exercise 1.91n R? consider the equation
0%u 9\ 0%u 9\ 0%u

ou .
e + (1 — 951) 8—:17% + (1 - 552) 8—505 - 95151?28—271 = sin(z1 ) cos(w27).

and decide if (and where iR?) it is elliptic, parabolic, or hyperbolic.

Exercise 1.10In R? consider the equation

0%u 0%u
Y 8171172 8x2x3 f

and decide if (and where R?) it is elliptic, parabolic, or hyperbolic.
Exercise 1.111n R? consider the equation
8211, 82 82 au ‘m‘Z

2)(%2 (1—1—:102)81 (1+2) 7 + (1 +23)=—

1—a? —
( 1 82 83

and decide if (and where R?) it is elliptic, parabolic, or hyperbolic.

Exercise 1.121n R? consider the equation
0%u 0%u |:c|2 0%u
— (-] == - (1- =0
ot? ( i ) 0z? ( 4 ) 0z3

and decide if (or where iiR?) it is elliptic, parabolic, or hyperbolic.
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1.2 SECOND-ORDER ELLIPTIC PROBLEMS

This section is devoted to the discussion of linear secaddrelliptic problems. We begin
by deriving the weak formulation of a model problem in Paagir1.2.1. Properties of
bilinear forms arising in the weak formulation of linearigtic problems are discussed in
Paragraph 1.2.2. In Paragraph 1.2.3 we introduce the Ldgrduth lemma, which is the
basic tool for proving the existence and uniqueness of isoiwb linear elliptic problems.
The weak formulations and solvability analysis of problemslving various types of
boundary conditions are discussed in Paragraphs 1.2.8--1ABstract energy of elliptic
problems, which plays an important role in their numeria@liBon (error estimation,
automatic adaptivity), is introduced in Paragraph 1.2iBalfy, Paragraph 1.2.10 presents
maximum principles for elliptic problems, which are usegbtove their well-posedness.

1.2.1 Weak formulation of a model problem

Assume an open bounded $et- R? with Lipschitz-continuous boundary, and recall the
general linear second-order equation (1.1),

_ ijZ:1 8_:61 <aija—$j> + ; (% (bu) + 01%) + agu = f, (1.25)

3 3

where the coefficients and the right-hand side satisfy thelagity assumptions formulated

in Paragraph 1.1.1. In this case we put d. Equation (1.25) is elliptic if the symmetric

coefficient matrixA = {aij};{jzl is positive definite everywhere in (Definition 1.1).
Consider the model equation

=V -(a1Vu)+apu=f inQ, (1.26)

obtained from (1.25) by assuming; (x) = a1(x)d;; andb(z) = ¢(x) = 0in Q. For the
existence and uniqueness of solution we add another img@saumption:

al(cc) > Cin >0 and ao(cc) >0 inQ. (127)

The problem (1.26) is fairly general: Even witly = 0 it describes, for example, the
following physical processes:

1. Stationary heat transfet {s the temperaturey; is the thermal conductivity, anfl
are the heat sources),

2. electrostaticsuyis the electrostatic potentiat; is the dielectric constant, anflis
the charge density),

3. transverse deflection of a cablei¢ the transverse deflectiom, is the axial tension,
andf is the transversal load),

4. axial deformation of a bat(is the axial displacement; = E A is the product of the
elasticity modulus and the cross-sectional area,faisceither the friction or contact
force on the surface of the bar),

5. pipe flow ( is the hydrostatic pressure, = 7D* /128y, D is the diameter, is the
viscosity andf = 0 represents zero flow sources),
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6. laminar incompressible flow through a channel under eongiressure gradient (
is the velocitya, is the viscosity, and is the pressure gradient),

7. porous media flow(is the fluid headg; is the permeability coefficient, anfis the
fluid flux).

To begin with, let (1.26) be endowed with homogeneous Digichoundary conditions
u(xz) =0 ondfd. (1.28)

This type of boundary conditions carries the name of a Frenathematician Johann
Peter Gustav Lejeune Dirichlet, who made substantial dmrttons to the solution of Fer-

mat's Last Theorem, theory of polynomial functions, anialghd algebraic number theory,
convergence of trigonometric series, and boundary-valigl@ms for harmonidfunctions.

Figure 1.3 Johann Peter Gustav Lejeune Dirichlet (1805-1859).

Classical solution  to the problem (1.26), (1.28) is a functiane C?(Q) N C(Q)
satisfying the equation (1.26) everywheregimmand fulfilling the boundary condition (1.28)
ateveryz € 0. Naturally, one has to assume thfat C((2). However, neither this nor

even stronger requiremefite C(2) guarantees the solvability of the problem, for which
still stronger smoothness gfis required.

Weak formulation  In order to reduce the above-mentioned regularity reginst we
introduce the weak formulation of the problem (1.26), (3-ZBhe derivation of the weak
formulation of (1.26) consists of the following four stamdateps:

1. Multiply (1.26) with a test functiom € C§° (),
=V - (a1 Vu)v + aguv = fo.

2. Integrate ovef,

IANu=0
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—/V-(a1Vu)vd:I:+/aouvdw:/fvd:n.
Q Q Q

3. Usethe Green’s formula (A.80) to reduce the maximum artitie partial derivatives
present in the equation. The fact thavanishes on the boundaf§) removes the
boundary term, and we have

/a1Vu -V dm—l—/ apuvder = | fudex. (1.29)
Q Q Q

4. Find the largest possible function spaceafar, and other functionsin (1.29) where
all integrals are finite. Originally, identity (1.29) wasrded under very strong
regularity assumptions € C2(Q) N C(Q2) andv € C§°(Q). All integrals in (1.29)
remain finite when these assumptions are weakened to

u,v € HY(Q), feL*9Q), (1.30)

whereH} () is the Sobolev spacd,”*(Q2) defined in Section A.4. Similarly the
regularity assumptions for the coefficieatsandag can be reduced to

ai,ag € L™ (Q) (131)

The weak form of the problem (1.26), (1.28) is stated asfedtoGivenf € L?(Q2), find a
functionu € H}(Q) such that

/ a1Vu - Vo + apuv de = / fvdz forallv € H}(RQ). (1.32)
Q Q
The existence and uniqueness of solution will be discuss@diagraph 1.2.4.

Let us mention that the assumptigre L?(2) can be further weakened foc H (),
whereH ~1(Q), which is the dual space t{ (2), is larger thanl?(Q2). Then the integral

/vad:n

is interpreted as the duality pairidg, v) betweend —1(Q) and Hg ().

Equivalence of the strong and weak solutions Obviously the classical solution to
the problem (1.26), (1.28) also solves the weak formulglo82). Conversely, if the weak
solution of (1.32) is sufficiently regular, which in this easieans, € C?(Q) N C(Q), it
also satisfies the classical formulation (1.26), (1.28).

In the language of linear forms Let V = H}(Q2). We define a bilinear form
a(+,-): VxV =R,

a(u,v) = / (a1 Vu - Vv + apuv) de,
Q

and a linear forni € V7,
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I(v) = {l,v) = /vadw.

Then the weak formulation of the problem (1.26), (1.28) seallind a function. € V
such that

a(u,v) =1(v) forallveV. (1.33)

This notation is common in the study of partial differenggjuations and finite element
methods.

1.2.2 Bilinear forms, energy norm, and energetic inner prod uct

Inthis paragraph we learn more about bilinear forms fopttiiproblems, and introduce the
notions of energy norm and energetic inner product. Evdiydar forma : V x V — R
in a Banach spacF¥ is associated with a unique linear operatior V' — V' defined by

(Au)(v) = (Au,v) = a(u,v) forallu,ve V. (1.34)

Lemma 1.2 Relation (1.34) defines a one-to-one correspondence bete@#inuous bi-
linear formsa : V x V' — R and linear continuous operatord : V' — V.

Proof: If A € L(V,V’), then the mapping : V' x V — R defined by (1.34) is bilinear
and bounded,

la(u, v)| < [|Aullv[|lvllv < [|Aflflu]lv[v]lv forallu,ve V.

Conversely, leti(-, -) be a continuous bilinear form ovi x V. For anyu € V the map
v — a(u,v) defines a continuous linear operator Bn Hence there exists an element
Au € V' such that (1.34) holds. The bilinearity and boundednesgof) implies the
linearity and boundedness df ]

Basic properties of bilinear forms in Hilbert spaces areoidticed in Definition 1.5 and
discussed in Lemma 1.3:

Definition 1.5 Let V' be a real Hilbert spaceg : V x V — R a bilinear form and
A:V — V' alinear operator related ta(-, -) via (1.34). We say that

1. o is boundedf there exists a constarit, > 0 such thata(u,v)| < Cyl|ul/||v| for
allu,v eV,

2. ais positiveif a(v,v) > 0forallv € V,
3. ais strictly positiveif a(v,v) > 0forall 0 # v € V,

4. a is V-elliptic (coercivg if there exists a constar, > 0 such thata(v,v) >
Cyl|v||} forallv e V,

5. a is symmetricf a(u,v) = a(v,u) forall u,v € V.
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Lemma 1.3 Under the assumptions of Definition 1.5 it holds:

1. The bilinear formu is bounded if and only if the linear operatdris bounded.
2. The bilinear formu is positive if and only if the linear operatot is monotone.

3. The bilinear fornu is strictly positive if and only if the linear operatof is strictly
monotone.

4. The bilinear forma is V-elliptic if and only if the linear operatord is strongly
monotone.

5. The bilinear fornu is symmetric if and only if the linear operater is symmetric
(i.e., if (Au,v) = (Av,u) forall u,v € V).

Proof: Leftto the reader as an exercise. [ |

Definition 1.6 (Energetic inner product, energy norm) Let V' be a Hilbert space and
a:V xV — R abounded symmetrig-elliptic bilinear form. The bilinear form defines
an inner product

(u,v)e = a(u,v) (1.35)
in V, calledenergetic inner producthe norm induced by the energetic inner product,

lulle = v/ (u, e, (1.36)
is calledenergy norm

It is easy to verify that| - || and(-, -). fulfill all properties of norm and inner product
(use Definitions A.24 and A.41).

Lemma 1.4 LetV be a Hilbert spaceand : V x V' — R a bounded symmetric-elliptic
bilinear form. The energy norm induced bys equivalent to the original norm iy,

ClﬂuHV < ||u||€ < CQ”U”V forall u V, (137)

whereC4, C> > 0 are some real constants.
Proof: Leftto the reader as an exercise. [ |

If the V-elliptic bilinear forma(-,-) is not symmetric, it does not represent an inner
product, but still it induces an energy norm. df: V x V. — C, then the symmetry
requirementi(u, v) = a(v, u) is replaced with the sesquilinearity requiremeft, v) =
a(v,u).

Both the energetic inner produgt -). and the energy norr - || represent important
tools in the error analysis and numerical solution of elligDEs. They are used to derive
both a-priori and a-posteriori error estimates, to guidimeenent strategies for adaptive
finite element methods, and for other purposes. We will retarthis topic later, after
introducing the finite element discretization in Chapter 2.
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1.2.3 The Lax—Milgram lemma

The Lax—Milgram lemma is the basic and most important toolpimving the existence
and uniqueness of solution to elliptic problems.

Theorem 1.5 (Lax—Milgram lemma) Let V' be a Hilbert spacea : V xV — R a
boundedV -elliptic bilinear form andi € V’. Then there exists a unique solution to the
problem

a(u,v) =1(v) forallveV. (1.38)

Remark 1.4 (Lax—Milgram vs. Riesz) If the bilinear forma(-, -) is symmetric, then the
unique solution; € V of equation (1.38) is nothing else than the unique represerf the
linear form! € V' with respect to the energetic inner prodyct). = a(-,-). In this sense
the Lax—Milgram lemma is a special case of the Riesz reptasen theorem (Theorem
A.15).

Proof: The uniqueness of solution follows immediately from thieellipticity of the
bilinear forma. We will use Theorem 1.2 to verify the existence. L&t V' — V' be
the linear operator associated with the bilinear farma (1.34). ThenA is bounded and
strongly monotone. BY. = 7A : V — V denote the isometric dual mapping from the
Riesz theorem,

a(u,v) = (Au,v) = (JAu,v) forallu,v e V.
Recall thatR(L) = V if and only if R(L) is closed and?(L)t = {0}. To show that
R(L) is closed, lefu,, }>2 ; C R(L) be a sequence converging to some functiohen
un, = JAw,, where{w, }22; C V. Lemma 1.1 yields the existence of a const@nt 0
such that

un = um| = |T A(wn — wp)|| = [[A(wn — wm)|| > Cllwn — wp.

Hence{w, }52 , is a Cauchy sequence that has a limie V. It holds

[un = T Aw|| = |T A(wn — w)|| = | A(wn — w)]| < Callwn = w]| — 0.

Thereforeu = JAw € R(L) andR(L) is closed. To prove thak(L)+ = {0}, take an
arbitraryu € R(L)*. Then for any € V itis

0= (JAv,u) = a(v,u).
Puttingv = u, we obtain that the energy norha||. = 0 and thus that, = 0. [ |

1.2.4 Unique solvability of the model problem

The existence and uniqueness of solution to the model prode33) can be proved using
the Lax—Milgram lemma (Theorem 1.5) under the following.esptions:
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Lemma 1.5 Assume thati; () > Cin > 0 @andag(x) > 0 a.e. inQ). Then the weak

problem (1.33) has a unique solutianc V.

Proof: Sincea;,ap € L™(Q), there exists &,,,. < oo such thata,(x)| < Cy,q.. and
|ap(x)| < Crae @.€. InQ. Then,

la(u,v)| < /(a1|Vu -Vl + apluv|) de < Chaq / (|Vu - Vo| + Juv])dz.  (1.39)
Q Q

SinceVu, Vv € [L?(Q2)]¢, the Holder inequality (A.50) yields

/|Vu-VU|d:B§ (/ |Vu|2d:13> (/ |w|2dw> — lulislolia.  (L40)
Q Q Q

Analogously, for the produdt.v| one obtains

|uv| dee < </ u? d:c> (/ v? d:c) = ||ul| L2]|v|| 2 (1.41)
Q Q Q

The norm|| - |12 is obtained by adding a nonnegative term to the semirjori.,

[ul12[v]1,2 < [Jull12l[v]1,2- (1.42)

Similarly for the L2-norm,
lullrzllvllze < ullz2llv)l12- (1.43)
Finally, relations (1.39) to (1.43) together yield
la(u, )| < 2Chaz|lull12llv]1,2,

which means that the bilinear form is bounded with the canistg = 2C,,,... Next let
us prove thé/-ellipticity of a(-,-). Using the Poinc@-Friedrichs’ inequality (Theorem
A.26) in the spacé” = H}(Q), together with the nonnegativity af, and strict positivity
of a1, we obtain that there exists a constal > 0 such that

a(v,v) = /a1|Vv|2+a0v2d:cZ/a1|Vv|2dm
Q Q

> Cmin | VU] de = Crinlv]i o > CroinCogllv]|T, forallv e V.
Q

Thus the bilinear form (-, -) is bounded an#f -elliptic, and the Lax—Milgram lemma yields
the existence and uniqueness of solution for eyeey L%(2). ]

Discussion of the existence and uniqueness of solution Ifiatie operators of the
general form (1.25) can be found, e.g., in [93].
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1.2.5 Nonhomogeneous Dirichlet boundary conditions

In this paragraph we consider the model equation (1.26) vwadaowvith more general
Dirichlet boundary conditions of the form

u(xz) = g(x) ondQ, (1.44)

whereg € C(09). For the purpose of the weak formulation we consider a foncti
G € C*(Q)NC(Q) suchthati = g ondN (the so-called Dirichlet lift of;). Notice thatz
is not unique, but we will show later that the solution is ina&at under its choice. Writing
u = G + U, the problem (1.26), (1.44) can be reformulated to:

FindU € CZ(Q) such that

V- [a1VU+G)]|+aU+G) = f inQ,
U+G = g ondQ,
or, equivalently,
-V - (a1VU)+aU = f4+V:-(a1VG)—aG inQ, (1.45)
U =0 on o, (1.46)

Exceptfor an adjusted right-hand side, this problem istidahto the model problem (1.26),
(1.28). We proceed analogously as in Paragraph 1.2.1 teedigsiweak formulation:
FindU € V = H}(Q) such that

a(U,v) =1(v) forallveV (1.47)
with
a(U,v) = /(a1VU Vo +aoUv)dz, vevV,
Q
lv) = /(fv—a1VG~Vv—a0Gv)d:c, velv,
Q

This weak formulation is defined under much weaker assumgtim f, g, andG. In
particular, we can assume that L2(Q) andG € H(2) with the tracey € Hz (6%2).

We have seen in Paragraph 1.2.4 that the bilinear fgrm) is bounded and -elliptic.
In other words, the Lax—Milgram lemma yields the existerne aniqueness of solution to
(1.47) for every Dirichlet liftG.

Independence of the solution w = U + G on the Dirichlet lift G: Assume that
Uy + Gy =uy € HY(Q) andUs + Gy = uy € HY() are two weak solutions. By (1.47)
the differences; — us € V = H}(Q) satisfies

a(u; —ug,v) =0 foralveV.
Takingu; — us for v and using thé/ -ellipticity of the bilinear forma, we obtain
0 =a(u; —ug,u; —ug) > Cqllus — UQH%/

This means that
[lur — ua|ly =0,

i.e., thatu; = uq a.e. infQ.
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1.2.6 Neumann boundary conditions
Consider the model equation (1.26) with Neumann boundanglitions of the form

ou

w =9 onof, (1.48)

whereg € C(09). This time we have to strengthen the positivity assumptiortre
coefficientag to

ao(x) > Cpin >0 iN Q. (1.49)
The weak formulation of the problem (1.26), (1.48) is dedies follows: Assume that
u € C*(Q)NCH(Q). Multiply (1.26) with a test functiom € C°°(2) N C(Q2), integrate
over(}, and use the Green’s theorem to reduce the maximum ordeg péitiial derivatives.

The boundary integrals do not vanish as they did in the homeges Dirichlet case, and
we get an extra boundary term,

/(a1Vu~Vv+a0uv)dm—/ al@vdS:/fvd:c.
Q o0 Ov Q

Herev is the unit outer normal vector tif2 anddu/dv = Vu-v. Substituting the boundary
condition (1.48) into the boundary integral, and weakeitivegregularity assumptions, we
obtain the following weak formulation:

Givenf € L?(Q2) andg € L?(9Q), findu € V = H'(Q) such that

/ (a1Vu-Vv+apuv)de = [ fude + / argvdS forallveV.
Q Q o0
Stated in the language of linear forms, one has to find a fonatie V' such that
a(u,v) =1(v) forallveV, (1.50)
where

a(u,v) = /a1Vu-VU+aouvdm forall u,v €V,
Q

~

—~
<

=
Il

fvdw—i—/ argvdS forallv e V.
Q o0

Notice that although the bilinear foraf-, -) is given by the same formula as in the case of
Dirichlet boundary conditions, it is different since theaspV changed.

The boundedness of the bilinear fouft, ) in V' x V' can be shown analogously to
the proof of Lemma 1.5. Notice, however, that one cannot isePbincaé—Friedrichs’
inequality to prove thd/ -ellipticity of a(-,-), since now the solution is not zero on the
boundary. Here the additional assumption (1.49) comedhmplay, and we obtain

a(v,v) > min(Coin, Conin) |03

The Lax—Milgram lemma guarantees that the problem (1.5 phaique solution € V.
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Remark 1.5 (Neumann problem without the assumption (1.49))rhe assumption (1.49)
guarantees the presence of a nonzEfeterm in the bilinear form. Without this term, nei-
ther the classical nor the weak formulation has a uniquetsmiuin Sobolev spaces. For
example, ifu is a solution of-Au = f with Neumann boundary conditions, then also
u+ C, whereC'is an arbitrary constant, is a solution. Let us formulatesthroblem in the
weak sense:

Findu € H(Q) such that

Vu - Vvde = fvdw—i—/ gvdS forallv e H'(Q). (1.51)
Q Q o0

Using the test function = 1 € H'(Q2), one finds that a necessary condition for (1.51) to
have a solution at all is

/ fd:c—i—/ gdS = 0. (1.52)
Q [o19)

It follows from a deeper analysis in the quotient spa£g2)/R that condition (1.52) is
sufficient for the existence and uniqueness of solutidi'it2) /R (see, e.g., [6]).

Remark 1.6 (Essential and natural boundary conditions) Dirichlet boundary conditions
are sometimes called essential since they essentialleimfithe weak formulation: They
determine the function space in which the solution is sau@htthe other hand, Neumann
boundary conditions do not influence the function space ande naturally incorporated
into the boundary integrals. Therefore they are called ratu

1.2.7 Newton (Robin) boundary conditions

Another frequently used type of natural boundary condgimvolves a combination of
function values and normal derivatives. Consider the medeation (1.26) equipped with
such boundary conditions,

=V -(@Vu)+au = f inQ, (1.53)
c1u + cz@ = g onoQ, (1.54)
ov

wheref € C(Q), g € C(99), andcy, ¢z € C(9N) are suchthat;co > 0and0 < e < |co|
ondf2. The positivity assumptions (1.27) and (1.49) on the cdefiitsa, a1 apply.
For a sufficiently regular function € C2%(Q) N C*(9), the weak identity

/a1Vu~Vv+a0uvd:c—/ al@vdS: fvdx
Q o0 Ov Q

is derived analogously to the Neumann case. Using the boymdadition (1.54), we
obtain the following weak formulation:
Givenf € L?(2), g € L*(09Q), andag, a; € L>=(2), findu € V = H'(Q2) such that

/a1Vu-Vv+a0uvdm—|—/ alcluvdS:/fvdm—i—/ N9.ds forallv e V.
Q o C2 Q a0 €2
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In other words, it is our task to find € V' such that

a(u,v) =1(v) forallveV, (1.55)
where
ai1Cq
a(u,v) = / a1Vu - Vo + aguv dz + / uvdS  forallu,v €V,

Q o €2

alg

llv) = fvd:c—i—/ —vdS forallveV.

Q an C2

Since the bilinear formu(-,-) is both bounded and -elliptic (use Theorem A.28), the
Lax—Milgram lemma implies that problem (1.55) has a unicpiationu € V.

1.2.8 Combining essential and natural boundary conditions

What remains to be discussed is the combination of essamiibhatural boundary condi-
tions. Let us choose, for example, the Dirichlet and Neunwmuitions for this purpose.
Hence, let the boundarf2 be split into two nonempty disjoint open paltg andl’ 5, and
consider the problem

=V (a1Vu)+apu = f in Q, (1.56)
v = gp onlp, (157)
@ = gN onl'y. (158)

ov

The weak formulation is derived as follows: First extendfilmectiongp, € C(I'p) to the
rest of the boundar§? by introducing a functiogp € C(092) such thagp = gp onT'p.
The nonuniqueness of this extension is not going to caus@m@ems. Next find some
Dirichlet lift G € C?(Q) N C(Q) of gp (i.e.,G = §p on Q). The solutionu is sought in
the formu = U + G analogously to the pure Dirichlet case. The equations

V- [VU+G)] +aU +G) = f inQ, (1.59)
(U+G) = gp onIp, (160)
M = gy only, (161)
ov
yield
V- (@VU)+aU = f+V-(@VG) —aG inQ, (1.62)
U =0 onl'p, (1.63)
M = gnN onl'y. (164)
ov

The appropriate space for the functiGns
V={ue H(Q); u=00nTp}. (1.65)

Applying the standard procedure that we went through sétieras, we arrive at the weak
identity
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/ (@1 VU - Vv + agUv) dz
Q

(al Mv) ds foralveV.
N

:/(fv—a1VG-VU—aon)dm+/
Q ov

r

Using the Neumann boundary condition (1.64Yop, we finally obtain the following weak
problem:
Find a functionl in the spacé’ such that
a(U,v) =1(v) forallveV, (1.66)

where

a(Uv) = /(a1VU Vo +aoUv)de, UveV, (1.67)
Q

N
=
<
N
I

/(fv—a1VG-VU—aon)d:B+/ aigyvdS forallveV.
Q

I'n

The bilinear forma(-, -) is bounded and’-elliptic (the proof is analogous to Paragraph
1.2.4). The Poinc&—Friedrichs’ inequality holds il due to the zero boundary condition
for U onT'p (see Remark A.8). Therefore the Lax—Milgram lemma impliedt problem
(1.66) has a unigue solutian € V. As usual, the final solution satisfying both the essential
and natural boundary conditionsis= U + G.

1.2.9 Energy of elliptic problems

Itwas mentioned in Paragraph 1.1.1 that elliptic problesusilly describe some equilibrium
or minimum-energy state of a system. In this paragraph wedntce the explicit form of
the abstract energy, at least for symmetric problems. Thet important numerical scheme
based on the minimization of the abstract energy, the Rithatk will be discussed later
in Chapter 2.

Theorem 1.6 Let V' be a linear spaceg : V x V' — R a symmetricV/-elliptic bilinear
form andl € V'. Then the functional of abstract energy,

B(v) = %a(v,v) ~ ), (1.68)
attains its minimum ir/ at an element, € V' if and only if
a(u,v) =1(v) foralveV. (1.69)

Moreover, the minimizes € V' is unique.
Proof: Let (1.69) hold. Then

1
E(u+tv) = §a(u + tv,u + tv) — l(u+ tv)

E(u) + tla(u,v) — l(v)) + %L&a(v, v) (1.70)
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forall u,v € V andt € R. If u € V satisfies (1.69), then the last equation witk- 1
implies

E(u+v)=E(u) + %a(v,v) > FE(u) forall0#wveV.

Thusu € V' is a unique minimizer of (1.68).
Conversely, ifE has a minimum at. € V, then for every € V the derivative of the
quadratic functiop(t) = E(u + tv) must vanish at = 0. By (1.70),

0=¢'(0) = a(u,v) —I(v),

and (1.69) holds. ]

Another interesting theoretical application of the enengipimization concept is an
alternative proof of the Lax—Milgram lemma for symmetritigic problems in convex
sets:

Theorem 1.7 (Lax—Milgram lemma for convex sets)Let W be a closed convex set in a
Hilbert spacel” anda : V x V' — R a bounded/-elliptic bilinear form. Then for every
1 € V' there exists a unique € W such thatf/(u) = inf{E(v); v € W}, where

E(w) = %a(v,v) —(v).

Proof: The functionalF is bounded from below since

1

_ 2 _ W > _W
s (Callll = 1) .

1
> = 2 =
E(v) 2 5 Calloll — ll2lllv] TATe
Leteg = inf{E(v); v € W} and let{v, }5, be a minimizing sequence, i.e.,
lim E(v,) = eg.

n—oo

Then

IN

Ca||vn_vm|‘2 a(vp — Um, U — Upn)

= 2a(vn,vn) + 2a(Vm, Vm) — a(Vy + U, Up + Um)
— 4E(v,) + AE(vy) — 8E <”" J; ”’”)

< 4E(v,) + 4E(vy) — 8eo,

wheres (v, + v,,) € W thanks to the convexity df’. Now E(vy,), E(vm) — eo implies
v, — U]l — 0 @sn, m — oo. Thus{v, }>2, is a Cauchy sequence nand there exists
alimitu € V, v, — u. SincelV is closed, we also have € . The continuity ofE/
implies

E(u) = HILH;O E(v,) = vlélva E(v).
Let us show that the solutiam € W is unique. Suppose that both andu, are solutions.
Clearly the sequenag , us, u1, us, . . . iS @ minimizing sequence. Above we saw that every
minimizing sequence has to be a Cauchy sequence. dhdsus. [ ]
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1.2.10 Maximum principles and well-posedness

Another important aspect of elliptic problems is the exiseeof maximum principles. We
find ituseful to present several of them here and illustratethey imply the well-posedness
of elliptic problems. The counterpart of the maximum prpies on the numerical level are
the discrete maximum principles (see, e.g., [11, 14, 1953167] and [112]), which find
particularly important application in problems where phg#ly nonnegative quantities like
the temperature, density, or concentration are computed.

Theorem 1.8 (Basic maximum principle) Consider an open bounded $etc R¢ and a
symmetric elliptic operator of the form

d

Mr*—}2a~@}£ﬂi— (1.71)
- ij=1 I 00y .
wherea;; € C(9). Letu € C?(2) N C(Q2) be the solution of the equatidiu = f, where
feC(Q)and

<0 inQ.

Then the maximum efin § is attained on the bounda@®. Furthermore it holds that if
the maximum is attained at an interior point@f then the functiom is constant.

This result remains true under less restrictive assumptiorthe coefficients, ;.

Proof: Recall thatL is elliptic if the coefficient matrixA(z) = {a;}{,_, is positive
definite inQ2. First we carry out the proof under a stronger assumptionftha 0 in €.
Suppose that there exists some ) such that

u(Z) = sup u(x) > sup u(x). (1.72)
e TecoN
SinceA(z) = {ai;(2)}¢,_, is symmetric and positive definite, it is diagonalizable and
has positive real eigenvalues (), A2(Z), ..., \¢(Z). Thus there exists a nonsingular
d x d matrix C' such that

A =CtA(Z)C,
whereA = diag(A1 (&), A2 (&), ..., Aq¢(2)). In a new coordinate system defined by
§=¢(x) =Cx

we have that

_ 0%
= =D (@) 5z (@), (1.73)
which is a contradiction sinc;(z) > 0 forall 1 < i < d, andz € Q\ 99 is a maximum
point of u, meaning that

0%u
o¢?

() <0 foralll <i<d.
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Next let us prove the result for the weaker assumpfiod 0 in 2. Again, suppose that
there exists some < (2 satisfying (1.72). Consider the function

Since the maximum poirit of « lies in the interior of2 andh(x) is bounded irt2, for a
sufficiently smallg > 0 the functionw(z) = u(z) + Sh(x) attains its maximum at some
interior pointx, € Q. Since

0%h
8:171'8117j

() =26;; forallxeQ,
we have
d ~
(Lw)(@) = (Lu)(z) + B(Lh)(@) = f(x) =28 ai(z) = f(z) <0 inQ.
=1
Thus we can apply the result of the first part of the proof. ]

B EXAMPLE 1.7 (Maximum principle)
Consider an open bounded $kt= (—1,1)? C R? and the Poisson equation
—Au=-4 inQ (1.74)
(L = —Ais obtained from (1.71) putting;; = d;;). The solutior: has the form
u(zy,z2) = 27 + 23 + C,

whereC' € R is an arbitrary constant to be determined from the boundamgitions.
Sincef < 0in Q, the maximum principle (Theorem 1.8) implies thaattains its
maximum on the bounda@. This indeed is true, as shown in Figure 1.4.

Figure 1.4 Maximum principle for the Poisson equation in 2D.
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Immediate consequences of the maximum principle are thiemaim principle, compar-
ison principle, and the continuous dependence of the solwth boundary and initial data.
Most of these results are straightforward consequencekedem 1.8. We encourage the
reader to perform the proofs using the hints given.

Corollary 1.1 (Minimum principle) Let Q@ c R? be an open bounded set ardan
elliptic operator of the form (1.71). lEu = f > 0in Q, thenu attains its minimum on the
boundaryos).

Proof: Apply Theorem 1.8 tai := —u. ]

Corollary 1.2 (Comparison principle) Let 2 ¢ R? be an open bounded set aridan
elliptic operator of the form (1.71). Suppose that funcsiany € C?(2) N C(Q) solve the
equationsLu = f,, andLv = f,,, respectively, and

fu < fo Ing,
v < v onof.

Thenu < vin Q.
Proof: Apply the minimum principle tav := v — w. [ ]
Corollary 1.3 (Continuous dependence on boundary data) et 2 c R? be an open

bounded set and. an elliptic operator of the form (1.71). Suppose that and us
solve the equatiovu = f with different Dirichlet boundary data. Then

sup [u1(z) — uz(z)| = sup |ui (@) — uz(a)|.
TeQ TeoQ

Proof: The functionw = u; — uy satisfies the homogeneous equatian = 0 in Q.
Apply both the maximum and minimum principles to obtain tesuit. ]

Before introducing the continuous dependence of solutiothe right-hand side, we
need to define the notion of uniform ellipticity:

Definition 1.7 (Uniform ellipticity) A linear elliptic operatorL of the form (1.4) is said
to beuniformly elliptic in an open sef2 R if there exists a constaidt, > 0 such that

§TA(x)€ > Call€|* forall € € R,
and allz € Q, whereA(x) is the corresponding coefficient matrix.

Corollary 1.4 (Continuous dependence on the right-hand sig) LetQ ¢ R¢be anopen
bounded set and an elliptic operator of the form (1.71). Moreover, assumatth is
uniformly elliptic in€2. Then there exists a constatitonly depending on the s@tand the
uniform ellipticity constan€' 4, such that

lu(z)| < sup |u(y)| + C sup |f(y)] (1.75)
Yeon Yen

forall € Q.
Proof: Since(2 is bounded, it is contained in some open H&(D, r). Let
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Clearly0 < w < r%in €. Since

0%w B
8:171'8117j o

—261']',

itis Lw > 2dC 4, whereC'4 is the uniform ellipticity constant of.. Let

v(x) == sup |u(y)|+w(x) sup |Lu(y)|.
Yeon 2dC 4 yeon

Then Lv > |Lu| in Q andv > |u| on 9Q2. The comparison principle implies that

—v(z) < u(z) <o(zx)in Q. Sincew < 72, (1.75) holds withC' = 2 /(2dC ). [

Corollary 1.5 (Elliptic operator with a Helmholtz term) Consider an elliptic operator
L of the form

with ag(x) > 01in Q. ThenLu < 0in Q implies that

sup u(x) < max{0, sup u(x)}.
TeQ Teon

Proof: Without loss of generality, lety € 2 be such that

u(zo) = sup u(y) > 0.
YeQ

Then(Lu)(xo) — ao(xo)u(xzo) < (Lu)(xo) < 0, and the principal pattu — agu defines
an elliptic operator of the form (1.71). The conclusiondals from Theorem 1.8. [ ]

1.2.11 Exercises
Exercise 1.13Show that the bilinear form(-, -) from (1.55) is bounded and-elliptic.

Exercise 1.14Show that relation (1.35) in Lemma 1.4 defines an inner prodiarther
show that the energy norm (1.36) induced by this inner prodaiisfies the relation (1.37)
(i.e., that it is equivalent to the norin- ||v).

Exercise 1.15LetQ ¢ R? be an open bounded set with Lipschitz-continuous boundary.
Let the boundary(2 be split into two nonempty disjoint open paltg andI'p such that

Tn UTp = 99Q. Consider boundary data (real functiongy, gp defined o'y andl'p,
respectively. Write the weak formulation of the boundatyeagroblem for the Poisson
equation

—AU:f,
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equipped with boundary conditions

%(m)—i—u(m):gg\;(m), x €y,

and

u(z) =gp(z), x€lp,

where f is a real-valued load function defined f&. Identify the largest function spaces
where the solutiom as well as the test functiomsand datagy, gp, and f must lie in order
that all integrals in the weak formulation be defined.

Exercise 1.16Prove Corollary 1.1.

Exercise 1.17Prove Corollary 1.2.

1.3 SECOND-ORDER PARABOLIC PROBLEMS

Next let us turn our attention to linear parabolic probletheg (hotion of parabolicity was
introduced in Definition 1.1). Lef2 ¢ R be an open set with Lipschitz-continuous
boundary. We will study a class of linear parabolic equation

Ou

o TLlu=/f inQ, (1.76)

wheret is the time,u = u(x,t), f = f(=x,t) and L is an elliptic operator of the form
(1.1) with time-independent coefficients. The equatio§lis considered in a space-time
cylinderQr = 2 x (0,T), whereT' > 0.

1.3.1 Initial and boundary conditions

Boundary conditions for parabolic problems are analogoube elliptic case: Dirichlet,
Neumann, Newton, and combined (see Section 1.2). For giitypliet us denote them by

(Bu)(z,t) = g(z,t) forall (z,t) € 9Q x (0, T). 1.77)

Parabolic problems describe evolutionary processeshaishne needs to provide an initial
condition of the form

u(x,0) =up(x) forallx € Q. (1.78)

If the problem is considered in the classical sense, theimthial conditionug(x) must
moreover satisfy the boundary conditions (this is knownamsatibility condition).

1.3.2 Weak formulation

At every time instant the solution is sought in a closed sabspy ¢ H!(Q2) such that
H}(2) ¢ V. The form of the spac¥ depends on the boundary conditions analogously to
the elliptic case (see Paragraphs 1.2.5-1.2.8).
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For the analysis of existence and uniqueness of solutionegd to introduce function
spaces and norms for time-dependent functions:

Definition 1.8 First by L4(0, T'; W*?((2)) we denote the space
L0, T;WHP(Q)) = {u: (0,T) — WHP(Q);
T
u is measurable ancy Ju@®)[|} .o dt < oo},
0

endowed with the norm

1

T q
1wl Lago,rswer()) = </0 u®IE .0 dt) : (1.79)

The symboli(t) stands for a function of such thatu(t) :  — u(x,t). Further we define
the space

C([0,T]; LP(Q)) = {u: [0,T] — LP(X); |lu(?)]lp,o is continuousirf0,T]}. (1.80)

Analogously we use tH&*?-norm in{2 to define the space

C([0, T); WFP(Q)) = {u: [0,T] — W*P(Q); |lu(t)||x.p. iS continuous irfo, T}
(1.81)

Weak formulation  The weak formulation of parabolic problems is derived using
procedure analogous to elliptic equations. For examplghéncase of homogeneous
Dirichlet boundary conditions the weak formulation of thelgem (1.76), (1.77), (1.78)
reads:
Given f € L?(Qr) anduy € V = H(Q), findu € L2(0,7;V) N C([0,T]; L*(Q))
such that
d
&(u(t),v)Lz +a(u(t),v) = (f(t),v) forallveV, te (0,T), (1.82)
uw(0) = wup, (1.83)

where the bilinear form (-, -) corresponds to the elliptic operator (1.1),

d d

Ou Ov ov ou
— i'—__E bt — — ;U — dz. 1.84
a(u,v) /Q [ g ajaxj o~ 2 ( uaxi c UB:C-> + aouv] e, ( )

ij=1 i
The other types of boundary conditions are handled anaklgtw elliptic problems.

1.3.3 Existence and uniqueness of solution

Since the difficulty of the proof of existence and uniquenassolution to the problem
(1.82), (1.83) exceeds the scope of this text, we restrictadves to formulating the principal
theoretical result, and providing appropriate references
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We need to introduce the notion of weak coercivity of the faifm, v) in the spacé’:
There exist two constants » > 0 andcz > 0 such that

a(u,u) + callul|32 > cio|jullFn. forallue V. (1.85)

If the forma(u, v) is V-elliptic (coercive), then this inequality holds with = 0. This is
the case, for example, for the heat transfer equatiofdt — Au = f with homogeneous
Dirichlet boundary conditions. In general, condition &).8s satisfied for all types of
boundary value problems we deal with, provided that all tciehtsa;;, b;, ¢;, andag of
the operator (1.4) belong 6> (92).

Before introducing the existence and uniqueness theomnusl show an interesting
trick that turns the weakly coercive bilinear for, -) into a coercive one. Applying the
substitution

(x,t) = e 2u(x,t),
equation (1.76) comes over to the form

i .
8—1; L+ caii=etf inQr.

Defining f := e~ f and L := (L + coI), wherel stands for the identity operator, the
equation returns to the form (1.76). However, if the origisitnear forma(u, v) is weakly
coercive, the bilinear forri(u, v) = a(u, v) + c2(u, v) is coercive. This technique is used
in the analysis of parabolic PDEs quite frequently. Now letfermulate the promised
existence and uniqueness result;

Theorem 1.9 (Existence and uniqueness of solutior)et the bilinear formu(-, -) be con-
tinuous inV x V and weakly coercive. Giveh € L?(Q7) andug € V, there exists a
unique solutioru € L%(0,T; V)NC([0, T]; L*(Q)) to the system (1.82), (1.83). Moreover,
du/dt € L*(0,T; V') and the energy estimate

T T
1
max [|u(t)7, +61,2/0 [u(®)[[F2 < [Ju(0)]172 + E/o IF@®lz  (1.86)

te[0,T
holds.
Proof: See, e.g., [93], pages 366 to 369. [ ]

1.3.4 Exercises

Exercise 1.18LetQr = Q x (0,T), whereQ) C R?is an open bounded set with Lipschitz-
continuous boundary. Consider the heat-transfer equation

ou .
i Au=f inQ, (1.87)

f € L?(Qr), equipped with some initial condition(z, 0) = uo(x), up € H'(2), and
Neumann boundary conditions
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g—z =g onof, (1.88)

g € C(09).
1. What is the spac¥ in this case?

2. Verify in detail all assumptions of Theorem 1.9 and use ghow the unique solv-
ability of this problem.

3. Consider the elliptic problem-Au = f in 2, which is the stationary version of
equation (1.87), equipped with the pure Neumann boundarglitions (1.88). Does
this problem have a unique solution?

4. Explain the difference between tiheellipticity condition (Definition 1.5) and con-
dition (1.85). What does this difference imply for the ueigolvability of elliptic
and parabolic problems?

1.4 SECOND-ORDER HYPERBOLIC PROBLEMS

In this section we study linear second-order hyperbolibfgms. A model equation with
appropriate boundary and initial conditions is formulateBaragraph 1.4.1. In Paragraph
1.4.2 we derive its weak formulation and present a basideaxig and uniqueness result.
In Paragraph 1.4.3 we show the link between the second-bggarbolic equations and
first-order hyperbolic systems.

1.4.1 Initial and boundary conditions

The notion of hyperbolicity was first introduced in Definitid.1. Consider the model
equation
0%u

wherelL is an elliptic operator of the form
d
0 0
L= — | ajj— 1.90
ijzzl O (a ! Oz > 90

with time-independent coefficients. We are interested iwisg equation (1.89) in a
space-time cylinde@Qr = Q x (0,7), whereQ c R? is some open bounded set with
Lipschitz-continuous boundary, afid> 0.

Let the boundarg2 be split into two open parSp, 'y € Q2 suchthal'p NIy =0
andT'p UT y = 0. We prescribe a Dirichlet boundary condition

u(e,t) = gp(x,t) forall (xz,t) e Tp x (0,7T), (1.91)

and a Neumann boundary condition
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ou

B—(m,t) =gn(z,t) forall (z,t) € 'y x (0,T). (1.92)
143
Here
d
ou ou
Guy = 2 gy
7,j=1 :

is the conormal derivative 2, v = (n1,n2, . ..,nq)’ being the unit outer normal vector
to 99).

Since the equation is of second-order in time, one has tacpbesinitial boundary
conditions for both the function values,

u(x,0) =up(x) forallx €, (1.93)

and the temporal derivative,

%(m, 0) =ui(x) forallx e Q. (1.94)

1.4.2 Weak formulation and unique solvability

To avoid complications related to the Dirichlet lift, fomsplicity consider homogeneous
boundary conditions 0a). ThenV = H{(2), and the weak formulation of the problem
(1.89)—(1.94) reads:

Given some right-hand sigee L?(Qr) and initial conditionsi, € V andu; € L?(Q),
find a functionu € C([0,7; V) N C1([0,T7; L*(£2)) such that

C%;(u(t),v)p +a(u(t),v) = (f(t),v)2z forallveV,te(0,T), (1.95)
u(0) = o, (1.96)

du
2O = u, (1.97)

where the bilinear form(-, -) corresponds to the elliptic operator (1.90).
Theorem 1.10 Under the above assumptions on the data, the problem (I(B9)A has a
unique solution.

Proof: The technicality of the proof exceeds the scope of this tév.refer the reader,
e.g., to [79] and [94]. [ ]

1.4.3 The wave equation

Sometimes it is practical to abbreviate the notation fotigkderivatives using a subscript,
for examplepu/d0z = u,, Ou/0t = uy, 0*u/02* = ., €tc. We shall take advantage of
this notation in what follows. One of the simplest examplea second-order hyperbolic
equation is the one-dimensional wave equation

Ut = C2umma (198)



SECOND-ORDER HYPERBOLIC PROBLEMS 35

to be satisfied for al{z,t) € R x (0,7"). The positive constant > 0 is the wave speed.
The equation (1.98) does not require boundary conditioreest is defined ifR, but it has
to be supplemented with some initial conditions of the form

u(z,0) = wug(x), (1.99)

u(z,0) = wui(x).

Using the substitution
v=1u; and w = uy,

the equation (1.98) comes over to a system of two first-orgeatons

() + (Can) o
Wy —C*V,

which can be written in the matrix form

@i) i (—002 _01) (Z)Z) = (ZZZ) +A (ZZZ) =o. (1.100)

The initial conditions to (1.100) are

v(@,0) = up(z)

: (1.101)

w(z,0) = wui(x).

This problem belongs to the class of first-order hyperbadicservation laws that will be
studied in Section 1.5. There the reader will learn how tivd¢he exact solution to (1.98),
(1.99) in the form

uo(x — ct) + up(z + ct) — %Ul(x —ct) + %Ul(x +eat)|, (1.102)

1
u(z,t) = 3

whereU, (x) is a primitive function tou; (x).

1.4.4 Exercises

Exercise 1.19Can equation (1.89), when equipped with a Neumann boundagition on
the whole boundarg(2, have a unique solution? How would this change in the statipn
caseLu = f?

Exercise 1.20Calculate the eigenvalues and eigenvectors of the makrix (1.100).

Exercise 1.21 Verify that the functiom(z, t) defined in (1.102) is the exact solution of the
1D wave equation (1.98) with the initial conditions (1.99).
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1.5 FIRST-ORDER HYPERBOLIC PROBLEMS

This section is devoted to first-order hyperbolic problerthe form
0 .
&u(a:, t) +divf(u(z,t)) = 0. (1.103)

These equations differ from the previously studied seammir PDES significantly and
methods other than FEM are usually used for their numerichitisn. PDEs of the
form (1.103) are referred to as conservation laws, and they gn important role in the
continuum mechanics and fluid dynamics.

The (generally nonlinear) flux functiofi = (£, fo, ..., f4)T, whered is the spatial
dimension, consists of directional fluxesf, : R™ — R™ that describe the transport of
the solution in the axial directions;. The equation (1.103) is equipped with an initial
condition

u(x,0) = uo(x).

Boundary conditions are not required if the problem is staié) = R?, otherwise suitable
conditions on the boundary have to be imposed. An examplecohaervation law are
the Euler equations of compressible inviscid flow, whichsisiof the law of conservation
of mass (continuity equation), law of conservation of motnen(Euler momentum equa-
tions), and the law of conservation of energy. For the aigbsd numerical solution of
the compressible Euler equations see, e.g., [52] and teesrafes therein.

After a brief general introduction in Paragraph 1.5.1 weibegth the study of scalar
and vector-valued linear conservation laws in one spatiaédsion. Due to the existence
of characteristics, the solutions of conservation lawstawunique structure. Character-
istics are space-time curves that distribute the inforomatiom the initial and boundary
conditions through the space-time cylindgy = Q x (0,7). We will define and study
the characteristics in Paragraph 1.5.2, and consequaéitithe them to construct the exact
solutions to a general one-dimensional linear first-orgistesn in Paragraph 1.5.3.

Exciting things happen when the flux functigns nonlinear. Nonlinear hyperbolic sys-
tems exhibit discontinuous solutions, a feature unknovelliptic and parabolic problems.
The discontinuities, which may arise at finite times and @wneproblems with infinitely
smooth initial and boundary data, banish the solution frabdiev spaces and pose se-
rious difficulties to both the analysis and numerical solutof hyperbolic problems. In
Paragraph 1.5.5 we exploit the characteristics introdic®éragraph 1.5.2 to understand
the mechanism of creation of discontinuities in solutiansdnlinear hyperbolic problems.

1.5.1 Conservation laws

In one spatial dimension the conservation law (1.103) t#tke$orm

ﬁu(a:, t) + (,%f(u(x,t)) =0, (1.104)

wheref : R™ — R™ is the flux functionand: : R x R — R™ is m-dimensional vector of
conserved quantities (state variables) such as, e.g.,dkss,mmomentum or energy. When
we say that a quantity(x, t) is conserved, we mean that all its components satisfy
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/ u;(x,t) dz = const, (1.105)
R
or,
d
— / u;(z,t)dx = 0. (1.106)
dt Jx

Notice that while satisfying (1.106), the functions themselves may change in time.
Moreover notice that (1.104) implies (1.106).

Definition 1.9 (Cauchy problem) By Cauchy problemwe mean the pure initial-value
problem where one requires that (1.104) holds fora#f R and all¢ > 0. In this case one
has to specify the initial condition only,

u(x,0) =ug(z), zeR.

Of particular interest are conservation laws (1.104) wihaiehhyperbolic:

Definition 1.10 (Hyperbolicity) The system (1.104) is said to bgperbolicif the flux
function f is continuously differentiable and the x m Jacobi matrixD f / D is diago-
nalizable and has real eigenvalues only.

Recall that a square» x m matrix is diagonalizable if and only if it is similar to a
diagonal matrix (Definition A.20). Itis worth mentioninggtthe first-order system (1.100)
associated with the second-order wave equation (1.98) Wwgperbolic conservation law:
The flux function was linearf(u) = Awu, and the eigenvalues of its Jacobi matrix
Df/Du = A were real numberse.

More generally, irR? the conservation law (1.103) takes the form

3

0 0
50l 1) +;a—%fi(u(w,t)) =0, (1.107)
whereu : R xR — R™, andf,..., f, : R™ — R™ are flux functions in the directions

x1,-...,2q. EqQuation (1.107) is said to be hyperbolic if every lineambination of the
Jacobi matrices

d

Df;
; st (1.108)

wherea; € R are arbitrary constants, is diagonalizable and has reahesjues only.
The Reynolds’ transport theorem Conservation laws come from physics, where in

most cases they are stated in integral form. For exampldathef mass conservation in
fluids holds in the integral form

— / o(z,t)dx =0, (1.109)
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whereo(t) is an arbitrary control volume. Control volume is a volumeflafd that is
formed by the same particles at all times, and the integrédetlensityp overo (¢) yields
the mass ob ().

Since the integral formulations of conservation laws arg a@éficult to handle numer-
ically, it is customary to use the Reynolds’ transport tle@oto convert them into PDEs.
For a general density functidd(«x, t) and under suitable regularity assumptions (see, e.g.,
[52]) the Reynolds’ transport theorem says

d oD .
pm /U(t) Ddx = /a(t) (E +dIV(D'U)> dz, (1.110)
wherev(z, t) is the fluid velocity. Applying (1.110)—(1.109) with = p, we obtain
d 0o )
0= pm /U(t) o(x,t)de = /U(t) (E —i—dlv(gv)) dx. (1.111)

Since the control volume(t) C Qin (1.111)is arbitrary, the standard localization theorem
says that the integrand has to be zero almost everywhepe ifthus (1.111) yields the
continuity equation,

9o

2 +div(ov) =0 a.e. inQr =02 x (0,7). (1.112)

The localization theorem is intuitively clear and its pratfaightforward. In particular,
if the function o is continuous, (1.112) holds everywhere@n-. For o € H'(Q) one
proceeds by the density argument (see the end of ParagraptOA.

Standard difficulties related to conservation laws The transformation of an in-

tegral equation to a PDE is not an equivalent operation. lystiee PDE is less general,
undefined on discontinuities (shocks) where the integnahfbolds. Therefore one has
to go back to the integral equation and derive suitable jumpditions to hold at the

discontinuities and incorporate them back into the weaknfdation of the PDE.

The weak solution usually admits more solutions than thqumphysically admissible
solution corresponding to the integral form of the constovelaw. Therefore one has to
impose some selection principle that excludes nonphysalations. For fluid dynamics
problems one can appeal the second law of thermodynamichstates that the entropy
is not decreasing. In particular, as molecules of a fluid gassigh a shock, their entropy
must increase. It turns out that this condition is suffictenteliably distinguish between
physically correct and incorrect discontinuities. Geligrauch conditions are called
entropy conditions.

1.5.2 Characteristics

The existence of characteristics (characteristic curiseg) unique aspect of hyperbolic
PDEs. These space-time curves determine how the values dhitial and boundary
conditions are distributed through the space-time cylidgle = Q x (0, 7).

To begin with, consider a constant R and the Cauchy problem for a scalar hyperbolic
equation with the linear flux functiofi(u) = au,

u +au, =0 forallz e R, ¢t >0, (1.113)
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equipped with the initial condition

u(z,0) =wup(x) forallz e R. (1.114)

Definition 1.11 (Characteristics) Characteristic curve of equation (1.113), passing through
the point(z, 0), 29 € R, is the graph of the solution of the ordinary differentialegjon

() = a forallt>o0, (1.115)
z(0) = xo.

Lemma 1.6 The solution of (1.113), (1.114) is constant along the chtasticsz(¢), and
thus it is fully determined by the initial data,

u(z,t) = ug(z — at). (1.116)

Proof: Sincea € R is constant, by (1.115) the characteristics are straigbsl|i
x(t) = at + xo.

Consider the solution along these line$x(¢),t), and take its derivative in time. Using
the original equation (1.113), we obtain

d ou 0
&u(at + zo,t) = a%(x(t), t) + Eu(x(t), t) =0.

For an arbitrary(z,t) € R x (0,7T), the characteristics(¢) passing through this point
intersects with the real axis a{0) = = — at, where it takes the value(x,t) = u(z —
at,0) = ug(z — at). [ |

Remark 1.7 (Equation (1.113) describes “flow”) Equation (1.113) does notgenerate any
new information, it only shifts the initial conditiar, in time. The initial condition moves
to the rightifa > 0 and to the left ifa < 0. In the degenerated case @f= 0 the equation
reduces tu/Jt = 0, i.e., the solution is constant in time, which is compatibith the
fact that the characteristics have the fourft) = .

1.5.3 Exact solution to linear first-order systems

The next natural step to take is to analyze linear vectaredlproblems in one spatial
dimension. Hence, fom > 1 consider the hyperbolic conservation law (1.104) with a
linear flux functionf (u) = Aw,

us(x,t) + Aug(z,t) = 0, (1.117)
u(z,0) = wug(x), (1.118)

whereu : R x R — R"™ andA € R™ x R™ is a constant matrix. By the hyperbolicity
of the problem the matriXA is diagonalizable with real eigenvalues, i.e., there exast
nonsingularm x m matrix R such that

A=RAR™'. (1.119)
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HereA =diag(\1, Ae, . . ., A, ) is a diagonal eigenvalue matrix, and it is worth mentioning
that the matrixR contains the right eigenvectors 4fin its columns. Thus for the columns
of R we have

A’l‘i = \i7; forall 1 <i<m.

Let us introduce the notion of strict hyperbolicity for reface:

Definition 1.12 (Strictly hyperbolic system) The system (1.117), (1.118) is calkdctly
hyperbolicif the eigenvalues;, 1 < i < m, are distinct.

Characteristic variables One cansolve (1.117), (1.118) by switching to characferist
variables

v =R 'u.
Multiplying (1.117) byR~" and using (1.119), one obtains
R 'u;+ AR 'u, =0,
which further yields
ve + Av, = 0. (1.120)

By the diagonality ofA, this is a system oin independent linear advection equations for
the components af,

(vi)e + Ai(vi)e = 0,
v;i(0) = o,
i =1,2,...,m. The initial condition forv; is theith component of the vectaR ™" u.

Using what we learned in Paragraph 1.5.2, for eaghi < m the solution is
Ui(fL‘, t) = Ui(l' — /\it, 0) = Uo,i(x — )\it).

The solutionu is finally recovered using the relation
u(z,t) = Rv(x,t) sz (x,t)r;, (1.121)

which yields
= woilz = Nit)r (1.122)

i=1

Simple waves  The solution (1.122) is the superpositiomafindependently advected
linear waves. Théth wave has the form

Vg (Ia O)ria

and propagates at the wave speed
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1.5.4 Riemann problem

The solution of the Riemann problem plays an important motaé design of finite volume
methods for the approximate solution of nonlinear congemdaws.

Figure 1.5 Georg Friedrich Bernhard Riemann (1826—1866).

G.F.B. Riemann was a German mathematician who, besidesiotpertant achieve-
ments, introduced topological methods into the theory ofijgiex functions, studied the
representation of functions by trigonometric series, astdldished new foundations of
geometry which were used later in relativity and cosmologie Riemann hypothesis,
related to the prime number theory, remains one of the masbéis unsolved problems of
modern mathematics.

Consider the one-dimensional linear hyperbolic equatlobl(7),

us + Auy, =0, (1.123)
with a piecewise-constant initial condition consistingwb different states.;,, ug € R™

on the negative and positive half of the real line, respebtjv

u xz <0,
u(z,0) = { u; 20 (1.124)

For simplicity we assume that the problem (1.123) is stribiperbolic. This means that
the matrixA hasm eigenvalues which are real and distinct. They can be demagstédlows,

M <Xd<...< )\,

Exact solution in characteristic variables Recall that the exact solution to (1.123)
is given by (1.122). We can simplify the situation by expiegghe initial states:; and
ug in terms of eigenvectors of the matri,

m m
ur = E a;Ti, UR = E Birs.
i=1 i=1

Then
oy z <0,

vi(z,0) = { 3, v 0.
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and the problem (1.123) decouples intdndependent scalar Riemann problems
(vi)e + Ai(vi)e = 0, (1.125)
(67 X S 07

vil,0) = {/@- > 0.

For ith scalar problem, the initial discontinuif; — ;] atz = 0 propagates into the
space-time domain along the characteristidg) = \;¢, as illustrated in Figure 1.6.

7
v, (x.t) '__.'"X'i(t) =\t

Bi

0 X
Figure 1.6  Propagation of the jumf; — «;] in theith characteristic variable;(x, t) along the
ith zero characteristics; (t) = A;t.)

Solutionat = = 0 Finite volume schemes are based on the value of the solutiart),
which is constant in time. It is defined ¥; # 0 for all ¢ (i.e., if no jump is propagated
along the temporal axis = 0). Itis easy to see that the characteristic variablsatisfies

a; A >0,
vi(()’t) - { B; A < 0.
Equation (1.121) then yields

m

u(0,t) = Rv(0,£) = > _v;(0,)r;.

=1
Let the firstmg eigenvalues,; be negative and the rest positive. Then the exact solution at
2 = 0 can be expressed as

’LL(O7 t) = i 61'7"1' + i o;T;.
i=1

1=mo+1

An important quantity is the (also time-independent) valfigdw(0, ¢t) that represents the
linear flux across the interface= 0,

Au(0,t) = AY Bri+A > ar (1.126)
1=1

1=mo+1

= iﬂi)\i"'i‘F Xm: QAT
i=1

1=mo+1

= zm:@‘)\;m + i T
i1 i=1

= A ugr+ A+UL.
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Here

A = Inin(/\i, O),

K2

AT = max()\;,0).

The matricesA™, A" are the negative and positive parts of the mattixdefined using
the decompositiodd = RAR™ ' and)\; = \; + A\, as

A" =RA R,
At =RATRL.

Here A~ =diag\[,\y,...,\,,) andA™ = diag A\, S, ..., \f). Obviously,A =
A~ + A*. Analogously we define the absolute value of the matjxA| = AT — A~ =
R|A|R™, where|A| = diag|\1], | Xzl, - - -, [ Aml])-

Application to nonlinear conservation laws The matricesA™, A~, |A| are used
by several popular finite volume schemes for the solutioroofinear hyperbolic conserva-
tion laws, including the compressible Euler equations. Gadwsc idea of the approximation
consists in the linearization of the nonlinear flux funcidtheir replacement with their
Jacobi matrices) and consequent application of the abeserithed procedure for the linear
Riemann problem. The approximation of the time-indepehdaine A« (0, t) plays a key
role in the finite volume schemes. Let us stop the commentg&pthint, since the finite
volume method lies beyond the scope of this text. There istlt@rature devoted to this
topic. We refer the reader, e.g., to [52, 54, 77] and [78].

1.5.5 Nonlinear flux and shock formation

To illustrate the mechanism of the creation of discontiesiin nonlinear first-order hyper-
bolic problems, consider a nonlinear analogy to (1.113},14),

ur(z,t) + [f(u(z, )], = 0 forallzeR, t>0, (1.127)
u(z,0) = wo(x), (1.128)

where the flux functiorf : R — R is once continuously differentiable. For demonstration
purposes let us pick the function

F(u) = %uQ.
This choice leads to Burgers’ equation (1.11),
ut(x, t) + u(z, t)ug (x,t) = 0. (1.129)
The characteristics of equation (1.127) are defined as
2(t) = g—i(u(x(t),t)) = u(z(t),t), (1.130)
z(0) = xo.

Using (1.130) and (1.129), it is easy to verify that the solutu(x(¢),t) along these
characteristics is constant,

d ou 0
&u(x(t), t) = %(x(t),t) u(z(t),t) —i—au(x(t),t) =0.

z'(t)
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Sincex!(t) = u(x(t), t) is the slope of the characteristics and:(t), ¢) is constant, also in
this case the characteristics are straight lines. A chariatit curve passing throudhy, 0)
has the slope:(zo,0) = ug(zo). When two different characteristic curves, carrying two
different values of the solution on them, intersect, a disicmity (shock) is born. This is
illustrated in Figure 1.7.

Solution is constant
along the characteristics

The characteristir
intersect

X

Figure 1.7 Formation of shock in the solutiom(x, t) of Burgers’ equation.

Nonlinear hyperbolic problems constitute a more or lessraunous field in applied
mathematics, and there is a wide class of literature destidat both their theoretical and
computational aspects. See the literature listed at theo&titk previous paragraph and
references therein.

1.5.6 Exercises

Exercise 1.22Under sufficient regularity conditions for the flfxand the solution:, show
that every solutiom of (1.104) is conserved in time, i.e., it satisfies condi{loh06). Hint:
Integrate (1.104) oveR, use the fundamental theorem of calculus and decay conditio
for functions integrable irR.

Exercise 1.23 (Exact solution to the wave equationTalculate the eigenvectors of the
matrix A defined in (1.100). Use the characteristic variables to tams$ the exact
solution (1.102) of the linear first-order hyperbolic systé1.100), (1.101).

Exercise 1.24Prove a simplified version of the localization theorem: Qe R? be an
open bounded set. Lé¢te C(Q). Let
/ fdx =0

be valid for all open bounded setsc Q). Thenf is zero everywhere ift.

Exercise 1.25Consider a linear hyperbolic problem of the form (1.117)1@8) with the
flux functionf (u) = Awu, where the matrixA has the form

A:

S = =
—

0
1
1

Consider a general initial conditiom(z,0) = wuo(z) for all z € R. Write the exact
solution to this problem.



