The University of Texas at El Paso
Department of Mathematical Sciences

Research Reports Series

El Paso, Texas Research Report No. 2006-01

On a Weak Discrete Maximum Principle for hp-FEM

Pavel Solin, Tom4s Vejchodsky







The University of Texas at El Paso
Department of Mathematical Sciences

Research Reports Series

El Paso, Texas Research Report No. 2006-01

On a Weak Discrete Maximum Principle for hp-FEM

Pavel Solin, Tom4s Vejchodsky

The University of Texas at El Paso

Department of Mathematical Sciences



Pavel Solin, Tomas Vejchodsky:
On a Weak Discrete Maximum Principle for hp-FEM

Abstract: In this paper we formulate and prove a new discrete mazximum
principle (DMP) for the Poisson equation in one spatial dimension solved
by means of hp finite elements of degrees at most ten. While the DMP for
piecewise-linear elements is a classical result from the 1970s, no extensions
to the hp-FEM have been known, except for a negative result from 1981.
We explain why it is not possible to make a straightforward extension of the
classical DMP to higher-order elements, and propose stronger assumptions
on the right-hand side under which an extension is possible.

AMS subject classification: 35B50, 65N60, 74505

Keywords: Discrete maximum principle, Poisson equation, hp-FEM

Correspondence

solin@utep.edu, vejchod@math.cas.cz

Acknowledgment

The first author was supported by the grant no. 102/05/0629 and the second
author by the grant no. 201/04/P021 of the Grant Agency of the Czech Republic
and by the Academy of Sciences of the Czech Republic, Institutional Research
Plan no. AV0Z10190503.

The University of Texas at El Paso
Department of Mathematical Sciences
500 West University, El Paso, TX 79968
Email: mathdept@math.utep.edu

URL: http://www.math.utep.edu
Phone: 1.915.747.5761

Fax: 1.915.747.6502



1 Introduction

Discrete maximum principles (DMP) are the numerical counterparts of the
(continuous) maximum principles for elliptic and parabolic PDEs. In the
1970s, these results were used to prove the convergence of finite differences
and lowest-order finite element methods (see, e.g., [3, 4]). Nowadays the
DMP still play an important role in computational PDEs by providing re-
strictions on the mesh and data under which the approximation of physically
nonnegative quantities such as the density, temperature, concentration, or
electric charge remains nonnegative. In early 1980s, Hohn and Mittelmann
[7] proved that a straightforward generalization of a DMP to quadratic La-
grange elements did not hold but under unrealistic restrictions on the trian-
gulation, and since then no new results on DMP for higher-order elements
have been obtained. Also the current research on DMP deals exclusively with
lowest-order elements (see, e.g., [8, 9, 10, 17, 18]).

In the last decades, significant progress has been made in the development
of the hp-FEM and its applications to challenging large-scale problems in
computational science and engineering (see, e.g., [1, 2, 5, 11, 12, 13, 15]).
An increasing demand for these methods naturally implies a need for the
generalization of the DMP from lowest-order to higher-order elements.

The outline of the present paper is as follows: The hp-FEM discretiza-
tion of one-dimensional Poisson equation is briefly recalled in Section 2. An
alternative proof of the classical DMP for piecewise-linear FEM is given in
Section 3. In Section 4 we show why a straightforward extension of the stan-
dard DMP to the higher-order case is not possible. In Section 5 we formulate
a reasonably weakened version of the standard DMP and prove it for finite
elements of the polynomial degrees p =2,3,...,10.

2 Model Problem and Its Discretization

Consider an open bounded interval 2 = (a,b) C R and the Poisson equation
—u” = f inQ) equipped with the homogeneous Dirichlet boundary condi-
tions, u(a) = u(b) = 0. The standard variational formulation of this problem
reads: Given a right-hand side f € L?(Q), find a function u € HJ () such
that the identity

/a " )/ () dr = /  Hayola) da (1)

holds for all test functions v € V, where V = H}(Q) = Wy *(Q) is the stan-
dard Sobolev space. We can restrict ourselves to the homogenous Dirichlet
boundary conditions since the case of nonhomogeneous Dirichlet boundary



conditions does not cause any difficulty nor does it involve special consider-
ations,

Consider a grid a = zy < 1 < x... < 3y = b that subdivides Q into
M > 1 finite elements K1, Ko, ..., K);. Each element K; is equipped with a
polynomial degree 1 < p; < 10 (the polynomial degrees can vary). The ele-
ments Ky, Ky, ..., Ky, equipped with the polynomial degrees p1, po, ..., par,
form a finite element mesh 7j,. The finite element space Vj,, C V over the
mesh 7}, has the form

Vip ={v e V; v(a) =v(b) =0; v|g, € PP(K;),1 <i< M}. (2)

Here the symbol PPi(K;) stands for the space of polynomials of degree less
than or equal to p; in the interval K;. The dimension of this space is
dim(V3,) = -1+ Zi]\ilpi.

The finite element problem reads: Find a function up, € V3, such that
the identity

b b
/ ()0l () da = / F (@) onp(2) da (3)

holds for every test function vy, € Vj,. Obviously, there exist unique solutions
to both the continuous problem (1) and the discrete problem (3) (see, e.g.,

12)).

3 Classical DMP for Piecewise-Linear FEM

At the beginning let us mention the piecewise-linear case (p; = ps = ... =
py = 1). The classical DMP for the discrete problem (3) can be stated in
several equivalent ways, from which we choose the following:

Lemma 3.1. Let py = ps = ... = pyy = 1, and let the right-hand side f of
discrete problem (3) be nonnegative a.e. in §). Then the solution up, attains
its minimum on the boundary OS).

Proof. The standard proof of this assertion is based on the theory of M-
matrices (for details see the fundamental book [16] or the more recent pub-
lication [6]). Let us briefly mention an alternative proof for reference:

Consider a pair of adjacent elements K; = [x;_1, z;] and K1 = [z}, xj41],
and the standard piecewise-linear “hat function” v; € Vj,, associated with the
grid point z;, such that vj(xy) = 65, 0 <k < M, 1< j < M —1, as shown
in Figure 1.

Substituting now v; for vy, into the discrete problem (3) and using the
nonnegativity of both f and v;, we obtain

/xjﬂ (20} () do = /xj+1 f(x)v(z) de > 0. 4)

Tj—1 Tj—1



Figure 1: Classical DMP in the piecewise-linear case.

By Duﬁfg and Dugjl) let us denote the constant slopes of the piecewise-
linear function wp, in the elements K; and Kj;, respectively. Using the
fact that the slopes of the test function v; in the elements K; and K;,, are
1/(x; —xj_1) and —1/(x;41 — x;), respectively, from the inequality (4) we
immediately obtain

(Hxg — Lj-1 G+ T+t — T () (G+1)
0 S Duhpﬁ — Duhp ﬁ = Duhp — Duhp .

J Jj—1 J+1 J
Therefore, Duﬁf;rl) < Duﬁfg for every internal grid point z;, 1 <j < M — 1.
Thus, the function up, is concave in 2. Taking into account its zero values
at (2-endpoints, we conclude that wuy, attains its minimum on the boundary

of Q. O

4 Attempt of Straightforward Extension to
hp-FEM

In this section we explain why a straightforward extension of Lemma 3.1
generally does not hold for higher-order elements. Let us begin with recalling
the Lobatto shape functions [12, 13] for reference. These functions possess
H}-orthogonality which plays an important role in the proof of the weakened
DMP in Section 5.

The Lobatto shape functions are defined in the interval [—1, 1] by

h(z) = — L /IL,H(@ d, 2<k, (5)

| Lr-1llz J-a

where Ly, L1, . .. are the Legendre polynomials with || Ly_1||z2 = \/2/(2k — 1).
It follows from (5) that the functions ly,ls,... vanish at both z = —1 and
x = 1, and that they are orthonormal in the HJ(—1,1) product,

1
L1y ) = / () de = by 250 (6)



It follows from (6) that the Lobatto shape functions are optimal for the
discretization of the Laplace operator. Explicit formulae of the functions
lo, 13, ..., ljg are mentioned in the Appendix for reference.

Example (f > 0 and u;, attains its minimum in the interior of Q)
Let Q = (a,b) = (—1,1),
f () = 2006710+, (7)

and consider a finite element mesh T}, consisting of a single cubic element
K, = |a, b]. The basis of the corresponding finite element space V},, comprises
the quadratic and cubic Lobatto shape functions [, and [3, and the solution
up, has the form

Unp(x) = yila(x) + yols(z).

By (6) the stiffness matrix is the identity matrix, and the unknown coefficients
Y1, Y2 have the form

/Zyjﬁl Wiy (z dx—/ f(@)lipi(z)dz, i=1,2. (8)

Using the right-hand side (7), we obtain
yi = —v6(9+11e ) /10,
yo = V10(73 — 133¢72) /100.

Thus the solution uy, has the form
1
unp() = 55 (1= 2%) (54 + 666 — (73 — 133e"*)a) (9)

Since up, is not nonnegative in € (see Figure 2), the attempt for a straight-
forward extension of the standard DMP failed.

To understand what happened, let us introduce the L*-projection f, €
Vip of the right-hand side f € L*(Q) to the space Vi,

/ (frp(x) — f(2))vpp(z)dz =0 for all vy, € Vi, (10)

(When expressing fj,, as a linear combination of basis functions of V}, and
substituting into (10), one obtains a system of linear algebraic equations for
the corresponding unknown coefficients.) The L2-projection of the right-hand
side (7),

frp(2) = 8—?;) (1 —2%) (110e7* 4 90 + (931e™*° — 511)z) (11)



Figure 2: The hp-FEM solution up, with minimum in the interior of (—1,1)
(solid line) and the exact solution v with minimum at the endpoints (dashed
line).

is negative in a subset of €, as illustrated in Figure 3. Notice that (10)
implies

b b
/ Jrp(@)vpp(z) do = / f(@)vpy(z) dz for all vy, € Vi,

Therefore it does not matter whether f or f3, stands on the right-hand side of
the discrete problem (3). In other words, the hp-FEM solution (9) depicted
in Figure 2 corresponds to the right-hand side (11) which is not nonnegative
in €.

5 Weak Discrete Maximum Principle for Ap-
FEM

The previous example motivates us to formulate the following theorem:

Theorem 5.1. Let Q = (a,b) C R. Consider the discrete problem (3) on
a mesh Ty, consisting of M finite elements Ky, Ko, ..., Ky of polynomial
degrees 1 < py,pa,...,par < 10. Let the right-hand side f € L*(Q) be such
that its L*-projection to Vy,, defined by (10), is nonnegative in Q. Then the
hp-FEM solution up, attains its minimum on the boundary of ).

Proof: First we may exclude the trivial case fy,,(z) = 0. By a standard
result for the Laplace operator in one dimension, it is wup,(z;) = u(x;) for
all 2 = 0,1,..., M, where u is the exact solution. Taking into account the
(continuous) maximum principle, we have u > 0 in Q and thus upy(z;) > 0
for all i = 0,1,..., M. Therefore it is sufficient to prove Theorem 5.1 for a
single element K; = ) = (—1,1) and polynomial degrees p = 2,3,...,10.
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Figure 3: The right-hand side (7) (dashed line) and its L*-projection (11) to
the space V},, (solid line).

Let us begin with the quadratic case:

Quadratic case (p = 2):
The solution to the discrete problem (3) is sought in the form

Unp(T) = 11la(). (12)

By (8) and (10), :
MthWM@w- (13)

Since [y < 0in Q, fp, > 0in 2, and fp, # 0 in €2, necessarily y; < 0 and
therefore, up, > 0 in €.

Cubic case (p = 3):

The cubic and higher-order cases are more involved since the higher-order
Lobatto shape functions I3, l4, . . . change sign in 2. The solution uy,, is sought
in the form

unp(z) = y1la(z) + yals(z), (14)
where by (8)
1 1
n=[ IR w= [ EsEE 0
~1 -1
It is easy to check that in the cubic case the conditions

up(1) <0,



together with the homogeneous Dirichlet boundary conditions w,(£1) = 0,
are sufficient to guarantee that the minimum of uy, in 2 is attained on the
boundary. Using (14), (15), and the formulae for the Lobatto shape functions
ly and 3, condition (16) translates into

0< U;Lp(—l) = y1l5(—1) + yaly(—1)

ey / nle)()dz + V52 / Fupla(2) 2

1 1 9 1 1
=1 /_1 fip(2) (2 —_1)‘E(5)z —3) dz = 2 /_1 Jnp(2)9a(2) dz.

Analogously, condition (17) can be reformulated to

0< —/_ frp(2) Szz —1)(=5z — 32 dz = ! Trp(2)gp(2) dz.

1 ~ 4

It is sufficient to show that for every nonnegative cubic polynomial fj,, both
L*-products (fap, ga)z2 and (fap, go)z2 are nonnegative. For symmetry rea-
sons (see Figure 4) we restrict ourselves to the case (frp, go)r2 only.

Figure 4: The function g,(z) (solid line) and g,(z) (dashed line).

To cover all forms that a nonnegative cubic function f3, can have, one has
to distinguish between the following eighteen cases:

1. fnp = ¢, where ¢ > 0 is a constant,
2. fnp is a nonconstant affine function with

(a) positive slope and a root in the interval (—oo, —1],



(b) negative slope and a root in the interval [1, c0),
3. fnp is a quadratic function with

(a) two complex-conjugate complex roots and a positive leading term,

(b) one real root of multiplicity two and a positive leading term,

)
)
(¢) two roots in (—oo, —1] and a positive leading term,
(d) two roots in [1,00) and a positive leading term,

)

(e) one root in (—oo, —1], one root in [1,00), and a negative leading
term,

4. fnp is a cubic function with a positive leading term and

(a) one single root in (—oo, —1] and one root of multiplicity two in R,

(b) one root in (—oo, —1] and two real roots in [1, 00),
(
(d

(e) one root of multiplicity three in (—oo, —1],

)
)
¢) one root in (—oo, —1] and two complex-conjugate complex roots,
) three different roots in (—oo, —1],

)

5. fnp is a cubic function with a negative leading term and conditions
(a)—(e) analogous to the previous case.

Using a tedious calculation, we proved that the L*-product (fiy, ga)r2 is
nonnegative in all these cases. Let us illustrate the procedure at least in the
cases 4(a) and 4(b):

Case 4(a): Ttis fuy(2) = (2—c)?(2+d), where ¢ € R and d > 1. Therefore,

/_1 Jrp(2)ga(2)dz =d (402 + 3C + R

>0 for all ceR

TN\ N R N PR P
3 )

Case 4(b): It is fu,(2) = (2 —¢)(2 — d)(z +€), where ¢,d, e > 1 are such that

(without loss of generality) d = ¢+ ¢ with € > 0. We obtain

! 4 4 4 4 4 4 4
o =————c+-e+-ce—-d— —cd+ =de+4
/_1fhp(z)9 (2)dz - 50 56 306 5al 30d 3de cde

4 4 4 4\ 8 8 4 4
= §€_§+ 46—5 cle+ 4€—§ ¢+ 3¢ ¢ c+ge—?20
N — ~ ~ ~ — ~——

=0 >0 >0 >0 =0




However, an extension of the previous analysis to higher-order elements is
not obvious since (a) conditions analogous to (16) and (17) are difficult to
find and (b) the corresponding discrete inequalities become very complicated.
Because of this, let us introduce an alternative way of proving the quartic
and higher-order cases (p > 4):

On the element K; = (—1, 1) equipped with a general polynomial degree
p > 4, the solution uy, is sought in the form

p—1
upy(z) = Z Yilit1 (), (18)
i=1
analogously to (14) and (15). By (6) the relation (8) can be extended to

/’np e (19)

Putting (19) into (18), we obtain

p—1
) @i (982) 1a(0) = [ Iy 2) i (20)
Uh ;(/ h +1 < +1 /h ZBZ
where

E lz—l—l z—l—l

Using the formulae for the Lobatto Shape functions (23), it is easy to write
down the polynomial kernel ®,(z, z) for any degree 2 < p < 10 explicitly.
Since l;41(£1) =0 for alli =1,2,..., it is

Q,(z,2) =0 forall (z,2) €T, (21)

where I' = (—1,1)2\ (=1, 1)?. The kernel ®,, which is nothing else than the
discrete Green’s function of the problem, will play an important role in the
proof for all p > 4.

Quartic case (p = 4):
The function ®4(z, 2) is a fourth-degree polynomial in both = and z. Tts
gradient is a vector-valued cubic function. It can be verified analytically that

Vo, (19, 2) = (0,0)" in (—1,1)?

if and only if (zg, 20) = (0,0). Since ®4(0,0) > 0, it is &, > 0 in (—1,1)% and
by (20) we have

Upp (T / frp(2)®@y(z,2)dz >0 for all z € (. (22)



Using the assumptions f, > 0 in Q and fj,, # 0 in Q, it follows that the
minimum of up, is attained on the boundary of 2. For illustration, the
function ®, is depicted in Figure 5. (The shapes of @5, @, ... are similar.)
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Figure 5: The discrete Green’s function ®,.

Quintic case (p = 5):
Now, unfortunately, the function ®5(x,z) is negative in the corners of
(—1,1)2, as shown in Figure 6.

4 1
05} 0.95
z 0 Eo.g z
-0.5] 0.85
s — i T
4 05 o0 05 1 1 095 -09 -085 -08
X X

Figure 6: Zero level set of the kernel ®5(z, z) (left) and a detail of the upper
left corner (generated by Maple).

It can be verified analytically that ®5 only is negative within the squares
Q; = (—1,-0.811) x (0.811,1) and Q5 = (0.811,1) x (—1,—0.811). Recall

10



the relation (20) for p =5,
1
Unp () :/ frp(2)P@5(z, 2) dz.
-1

Since fu,(z) € P5(Q2), we have that fu,(2)®s(z, z) = F{'%(z) € PY(Q). For
symmetry, we can restrict ourselves to the case z € [0, 1).

Clearly, F\'”(z) > 0 for any z € [0,1) and z € [~0.811,1). Moreover, by
(21) it is Félo)(—l) = 0. Hence, the proof for p = 5 can be concluded if we
find a quadrature rule Q15 with the following properties:

1. Qg is exact for all 10th-degree polynomials in €.
2. Qqg uses positive weights wg, wy, ..., wio only.

3. Qjp uses points 2o, z1, . .., 210 in [—1, 1] but outside of (—1, —0.811).

Then all the values Faglo)(zi) are nonnegative. Moreover, since fp,, #Z 0 in €,
at least one of these values is positive. For any x € [0,1) we obtain

1 10
() = / FM(z)dz = w; F{(z) >0,

1 -
=0 >0 >0

An example of a quadrature rule Q;y meeting the above properties 1.-3. is

given in Table 1.

Table 1: Case p = 5; 10th-order quadrature rule in {2 with positive weights
and points lying in [—1, 1] but outside of (—1, —0.811).

Point Weight Point Weight

-1 0.0534286192 -0.811 0.3054087580

-0.59 0.0030544353 -0.42 0.4473230113

-0.2  0.0066984041 0 0.2760767276

0.2 0.2939694773 0.43  0.0149245373

0.6  0.3805105712 0.9  0.1999066353
1 0.0186988234

Remark 5.1. Speculations on limited accuracy of the quadrature rule can be
avoided by realizing that (a) the quadrature points shown in Table 1 are exact,
and (b) the weights were truncated for printing purposes only. In reality, for

11



each point 2y, z1, ..., 210 the exact value of the weight w; is obtained via the
formula
1
-1
where L; € P1°(—1,1) is the elementary Lagrange interpolation polynomial,

Li(z;) = 65, 0 <14,j <10. The same applies to all quadrature rules in the
following.

By the existence of this quadrature rule, we conclude that for p = 5 the
minimum of uy, in Q always is attained on the boundary.

Case p = 6:
In this case it is ®g(x, 2) > 0 in the entire domain Q2. Therefore, as in
the fourth-order case,

1
Unpp(T) = /1 Jnp(2)®s(z,2)dz > 0 for all z €

and we can conclude immediately that the minimum of up, in {2 always is
attained on the boundary.

Case p=T:
The behavior of the function ®7(z, x) is similar to ®5(x, z), as illustrated
in Figure 5.

17 1
] fo.98
0.5] i
] r0.96
z O: [ z
1 10.94
-0.5 f0.92
r0.9
U < — [
-1 0.5 0 0.5 1 -1 -0.98 -0.96 -0.94 -0.92 -0.9

X

Figure 7: Zero level set of the kernel ®7(z, z) (left) and a detail of the upper
left corner (generated by Maple).

This time the kernel ®;(z, z) > 0in Q2\(,U€y), where Q; = (=1, —0.89) x
(0.89,1) and 2y = (0.89,1) x (—1,—0.89). It follows from the existence of a
fourteenth-order quadrature rule Q4 with positive weights and points lying

12



outside of (—1,—0.89) that uy,(x) > 0 for all x € [0,1). For illustration, a
concrete example of a quadrature rule Qy4 is shown in Table 2.

Table 2: Case p = 7; 14th-order quadrature rule in 2 with positive weights
and points lying in [—1, 1] but outside of (—1, —0.89).

Point Weight Point Weight

-1 0.0306200311 -0.89 0.1806438688
-0.75 0.0016558668 -0.65 0.2862680475
-0.45 0.0379885258 -0.31 0.2988638595
-0.16  0.0833146476 0.1  0.3554921618
0.16 0.0113639321 0.35 0.0204292124
0.47 0.3218682171 0.734 0.1289561668
0.80  0.1314089188 0.955 0.1093567805

1 0.0017697634

Again, by symmetry it also is up,(x) > 0 for all x € (—1,0], and we can
conclude that the minimum of uy, in ) always is attained on the boundary.

Case p = 8:

There are four areas where the function ®g(z,z) is negative (see Fig-
ure 8). Two of them lie inside the rectangles (—1,—0.98) x (0.75,0.85) and
(—0.85,—0.75) x (0.98,1), and the other two are located symmetrically at
the opposite corner of Q2.

In order to prove that u,(x) > 0 for x € (—1, —0.98], it is sufficient to find
a quadrature rule Q¢ with positive weights and points outside (0.75,0.85).
To prove that up,(z) > 0 for = € (—0.98, 0] we need another quadrature rule

¢ With positive weights and points outside of (0.98,1). The points and
weights of such quadrature rules are listed in Tables 3 and 4. Also in this

case the proof is concluded by symmetry argument.

13
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Figure 8: Zero level set of the kernel ®g(x,z) in the second quadrant (left)
and a detail of the upper left corner.

Table 3: Case p = 8; 16th-order quadrature rule in 2 with positive weights
and points lying in [—1, 1] but outside of (0.75,0.85).

Point Weight Point Weight

-1
-0.8854980347
-0.5719162652
-0.2917166274
-0.0061521460

0.3391628868
0.75
0.9230637084
1

0.0137599529
0.0892150513
0.1875234174
0.2435469772
0.1800939083
0.2286184297
0.1285378345
0.0427456544
0.0101720626

-0.9564181650
-0.7582972896
-0.4628139806
-0.0811621291
0.1655560030
0.5726348225
0.85
0.9648584341

0.0618586932
0.1646935265
0.0729252387
0.0841621866
0.1320371771
0.2184036287
0.0908051678
0.0509010934

Case p = 9:

The function ®g(x, z) is similar to ®5(x, z) and $7(z, 2), as illustrated in
Figure 9.

The kernel ®g(z, 2) is positive in 22\ (Q; UQy), where Q; = (-1, —0.93) x
(0.93,1) and 5 = (0.93,1) x (=1, —0.93). It follows from the existence of an
eighteenth-order quadrature rule Q5 with positive weights and points out-
side of (—1,-0.93), that up,(z) > 0 for all x € [0,1). An example of such
quadrature rule is shown in Table 5. By symmetry, it is up,(z) > 0 for all
x € (—1,0], which concludes the proof of this case.

Case p = 10:

14



Table 4: Case p = 8; 16th-order quadrature rule in {2 with positive weights

and points lying in [—1, 1] but outside of (0.98,1).

Point

Weight

Point

Weight

-1
-0.8409569422
-0.7708636219
-0.3937499257
-0.2532942335
0.2837396038
0.5808907063
0.8927849373

0.0097495069
0.1018591390
0.0926211201
0.0549434125
0.2543287199
0.1910189889
0.1246581226
0.0841645246

-0.9548248562
-0.7825414112
-0.5747624113
-0.3273530867
0.0382371812
0.4501581170
0.7443822112
0.9421667341

0.0857520162
0.0149475627
0.2476049720
0.0276562411
0.2892622856
0.1560300966
0.1842879621
0.0612885001

1 0.0198268291
1 1
0.99
0.5 0.98
0.97
z 0 0.96
] 0.95
-0.51
] 0.94
] 0.93
B e e e S
-1 -05 0 0.5 1 -1 -098 096 -0.94

X

Figure 9: Zero level set of the kernel ®g(x, ) (left) and a detail of the upper
left corner (generated by Maple).

There are four areas where the function ®14(z, z) is negative, analogously
to the 8th-order case (see Figure 10). Two of them are inside the rectangles
(—1,-0.986) x (0.82,0.91) and (—0.91,—0.82) x (—0.986, 1) and the other
two are located symmetrically at the opposite corner of 2.

To prove that up,(z) > 0 for x € (—1,—0.986), it is sufficient to find
a 20th-order quadrature rule Qs with positive weights and points outside
(0.82,0.91). To prove that up,(xz) > 0 for z € (—0.986,0], we need a 20th-
order quadrature rule Q), with positive weights and points outside (0.986, 1).
The points and weights of such quadrature rules are listed in Tables 6 and 7,
respectively.

By symmetry, up, > 0 for x € [0,1) and thus the minimum of wuy, in €2
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Table 5: Case p = 9; 18th-order quadrature rule in 2 with positive weights
and points lying in [—1, 1] but outside of (—1,—0.93).

Point Weight Point Weight

-1 0.01937406240 -0.93  0.1153128270
-0.885 0.00157968340 -0.772 0.1947443595
-0.65  0.00126499680 -0.55  0.2341166464
-0.4  0.06286669339 -0.25 0.2438572426
-0.08  0.08588496537  0.08  0.2395820916
0.19  0.04691799156 0.38  0.2665159766
0.6  0.00216030838 0.625 0.2029738760
0.73  0.04687189997 0.83  0.1072052560
0.89  0.06009091818  0.97  0.0648680095
1 0.00381219535

1 1
0.8 l0.96
0.6] .

] 10.92

z ] i z
0.4] [

] 10.88
0.2] :
] 10.84
n: vvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvv
-1 08 06 -04 -02 0 1 096 -092 -0.88 -0.84
X X

Figure 10: Zero level set of the kernel ®y(x, z) in the second quadrant (left)
and a detail of the upper left corner.

always is attained on the boundary. Herewith, the proof of Theorem 5.1 is
complete. 0

Remark 5.2. Note that the discrete Green’s function ®, was nonnegative
in the entire (—1,1)? forp = 2, p = 4, and p = 6. This means that on
quadratic, quartic, and sextic elements even the original, strong version of
the discrete mazimum principle holds.
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Table 6: Case p = 10; 20th-order quadrature rule in () with positive weights
and points lying in [—1, 1] but outside of (0.82,0.91).

Point Weight Point Weight
-1 0.0127411726 -0.9569019461 0.0603200758
-0.9344466123 0.0183508422 -0.8574545411 0.1032513172
-0.7530104489 0.1106942630 -0.6362178184 0.0412386636
-0.6061244531  0.1295220930 -0.4275824090 0.1937516842

-0.2340018112
0.0754465671
0.2516247645
0.4366736344
0.6745457042

0.91
1

0.1916905139
0.0755419308
0.1488965177
0.1397170181
0.1639628301
0.0649445615
0.0099073255

-0.0454114485
0.1672504233
0.3707975798
0.5306011976

0.82
0.9667274132

0.1774661870
0.0745275871
0.0207086237
0.0924918512
0.1200387168
0.0502362251

Table 7: Case p = 10; 20th-order quadrature rule in {2 with positive weights
and points lying in [—1, 1] but outside of (0.986, 1).

Point Weight Point Weight

Points: -1 0.0129961117 -0.9609467424  0.0393058650
-0.9366001558  0.0472129994 -0.8686571459 0.0307704321
-0.8222969304 0.1127110155 -0.6830858117  0.1442049485
-0.5515874908  0.1263749495 -0.4070028385 0.1615584597
-0.2391731402 0.1767071143 -0.0805321378 0.0223802647
-0.0404112041  0.1755155830  0.0382998004  0.0409103698
0.2054285570  0.2302298514  0.4168373782  0.1495405342

0.4862170553
0.6932595712
0.93562906418
1

0.0877842194
0.1047143177
0.0774056021
0.0037266735

0.6284448676
0.83041757281
0.986

0.0980645550
0.1311485592
0.0267375743

Conclusions

In this paper we used the one-dimensional Poisson equation to demonstrate
that the assumption of nonnegativity of the right-hand side f is not sufficient
to guarantee discrete maximum principles for the Ap-FEM. We introduced a
stronger assumption that the L? projection fy, of the right-hand side f on the
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finite element space V3, be nonnegative. The proof presented in this paper
was done for polynomial degrees less than or equal to ten, which is sufficient
for most practical hp-FEM computations. For any polynomial degree p > 10,
the proof can be extended in a straightforward fashion by locating the zero
level set of the discrete Green’s function ®,, and constructing a corresponding
positive quadrature rule Qy,.

It remains to be explained that the software Maple was used to locate
approximately the zero level sets of the discrete Green’s functions ®,. Af-
ter that, rigorous proof of their nonnegativity in (—1,1)? minus these areas
was performed using an adaptive interval computation technique in integer
arithmetics. More details on this step can be found in [14]. Generalization
of this proof to higher spatial dimensions and more general elliptic operators
is subject of our current research.

Appendix: Lobatto shape functions I, (3, ..., [

For the sake of self-containedness we present the explicit formulae of the H_-
orthonormal shape functions (5) based on integrated Legendre polynomials
(for more details see, e.g., [12, 13]):

1 /3

l(z) = 3 5(352—1)7 (23)
1 /5
ls(x) = 5\@<x2—1>x,
1 /7
ly(z) = 3 5(932—1)(5952—1%
1 /9
I5(x) = 3 5(932—1)(71'2—3):17,
1 /11
le(z) = o ?(xz—l)(21x4—14x2—|—1),
1 /13
l:(z) = G 7(:52—1)(33:[;4—30:5%5):6,
1 15 2 6 4 2
1 17 2 6 4 2
b(r) = g\/5 (@ = D(7152° — 10015" + 3852° — 35)a,
1 19 2 8 6 4 2
ho(v) = 5esy) 5 (0% = 1)(24310° — 40042° + 20022 — 3082° +7).
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