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Abstract: We continue our study of possible images of multilinear map-
pings. The case of bilinear mappings into R® is well understood. The only
possibilities are: (1) a subspace, (2) the exterior and boundary of a double
elliptic cone, and (3) two lines through the origin together with the comple-
ment of the plane they span [1]. In this paper we obtain a general result
which prevents a multilinear mapping into a finite dimensional target space
from having an isolated subspace in its image. We obtain a sufficient condi-
tion for a multilinear mapping to have a subspace for its image. Finally we
consider the special case of trilinear mappings F : R? x R? x R? — R3 and
obtain a complete list of possible images under the assumption that there is at
least one associated bilinear mapping whose image is of type (3) listed above.
In all there are four new possible image types to go with the three possibilities
for the bilinear case.
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1 Introduction

In this section we set up notation and work out some numerical examples. In
Section 2 we obtain some more general results and examples. In Section 3 we
describe all possible images of trilinear maps into R? when there is at least
one associated bilinear whose image is neither a subspace nor the exterior of
a cone. All vector spaces considered in this paper are real.

The image type consisting of the complement of a plane together with
two intersecting lines in the plane and through the origin occurs sufficiently
often that we give it a name.

Definition 1.1. A k-cricket in R?® is a set of the form (R?\ P)U UL, 4,
with P a plane in R? which passes through the origin and /1, ..., ¢} lines in
P which intersect at the origin. If no confusion is likely, or we are allowing
multiple values of &k, we will simply use the term cricket. The lines ¢; will be
called the legs of the cricket and the plane P the associated plane.

Rather than work through a specific example of, say, a 3-cricket we wait
until Section 2 where Proposition 2.1 shows how to construct k-crickets for
all k > 2.

The main result of [1] states, using definition 1.1, that the image of a
bilinear mapping into R? is a subspace, a 2-cricket or the boundary and
exterior of a double elliptic cone. When n > 2 the description of the image
of an n-linear mapping is more complicated. In [1, Theorem 2.6] we showed
that the image of a bilinear mapping from R? x R? into R? is never the whole
of R3. By contrast, the following example shows that a trilinear, and hence
an n-linear mapping with n > 2 and two dimensional source spaces may map
onto R3. This example is not too surprising in view of the very much larger
domain.

Example 1.1. Define F: R? x R? x R? — R? as follows:

F((x1,22), (y1,92), (21, 22)) = (X1y121, T1Y222, T2Y122)

Take x1 = 1 =y, = 29, 21 = a, y» = b and x5 = ¢, to obtain (a,b,c) €
range I, and range F' = R3.

We note in passing that if (z1, 22) = (1,1) we obtain a standard 2-cricket
as in [1, Example 1.2]. Thus every point of R? off the associated plane x = 0
is in the image of F'. If, however, we let z; = 0 and 25 = y; = y» = 1, then
an arbitrary point (0,21, xs) is in the image, too. This gives an alternative
demonstration that range I’ = R?.

The next example is more interesting as it gives us a new type of image for
a multilinear mapping into R3. With hindsight we can see it as a possibility
arising from the union of images of two associated bilinear mappings both



of whose images are crickets, but with different associated planes. In this
case, clearly, the final image, if not the whole of R3, is the complement of a
line through the origin together with the origin itself. This possibility is also
maximal among images which are not the whole of R?.

Example 1.2. Define the trilinear mapping F : R? x R?> x R? — R3 as
follows:

F((Ilﬁ 1'2), (y1>y2)a (Zla 22))
= (my121 + 22(Y122 + Y221), T1Y120 + To(—y121 + 2y222), T1Y221 + 2T2Y222)

If we set x9 = 0, the resulting associated bilinear mapping yields the
standard 2-cricket whose legs are spanned by the vectors (0,0, 1) and (0, 1, 0)
and the associated plane is x = 0. For additional points in the image we
must solve the simultaneous equations.

T 21 + To(Y122 + y2z1) = 0 (1)
T1Y120 + To(—1121 + 2y220) = b (2)
T1Y221 + 2ToYs2e = cC. (3)

A calculation, which we suppress, shows that if b + ¢ # 0,
F(((3¢=0)/2,—=(b+¢)/2),(1,2¢/(b+¢)), (L, (¢ = b)/(b+¢))) = (0,b,¢).

Suppose now that b+c¢ = 0. Repeating equation (1) and adding equations (2)
and (3) leads us to

T1y121 + To(Y120 + y221) = 0
(Y122 + yo21) + To(—y121 + 4y22) =

For a solution with z; and x3 not both zero we must have

0=wyzi(—21 +4yez) — (Y122 + y221)2 = —(ylzl)2 — (Y122 — y221)2.

This requires 121 = 0 = Y129 — Y221, which easily leads to b = 0 = ¢. Writing
¢ for the line ((0,—1,—1)), we see that the image of F is (R®\ ¢) UO.

Definition 1.2. An all-but-a-line in R3 is a set of the form (R3\ ¢) U0,
where £ is a line in R?® which contains the origin.

Theorem 2.1 shows that we cannot go any further at guessing possible
images without allowing for the possibility that an associated bilinear map
has the exterior of a cone as its image. Indeed there are such associated bi-
linear maps in the all-but-a-line example 1.2. For another possibility suppose
an associated bilinear map does have the exterior of a cone as its image. The



complementary open cone intersects the plane associated with the cricket in
an open bilateral sector. It is therefore somewhat natural to see as a possible
image the complement of an open sector of the plane z = 0. More unex-
pectedly we find the complements of half open and closed sectors as well.
Specifically, consider the following three subsets of R3.

1. A={(0,b,¢) :bc £0and 0 < a < b/c < (B}
2. B={(0,b,¢) :bc#0and 0 < a <b/c < 3}
3. C={(0,b,¢c) :bc#A0and 0 < < b/c <}

Examples 1.3, 1.4 and 1.5 will show that R*\ A, R*\ B and R?\ C are
all possible images of trilinear maps into R3. (The degenerate case o = 3
in C' is, of course, an all-but-a-line.) These examples can all be obtained by
perturbations of the same basic example which we proceed to set up.

Let F: R?> x R? x R? — R? be defined by

F((J}'l, x2)7 (yb y2)7 (Zl7 22)) =
(19121 + 22(Y122 + Y221), T1y122 + Ta(payi21 — 11yeza), T1y221 + T2(p3y121 + 3y222)).

With 21 =1 and 29 = 0 we have

F((17 0)7 (2/17 y2)7 (21, 22)) = (3/121,3/122, y221)7

which gives us the standard cricket whose legs are the y and z-axes in
the plane x = 0. To describe range I’ we must look for conditions for
(0,b,¢) € range F' when bc # 0. For this, if we have y; = 0 we must also
have xoysz; = 0. If xoys = 0 we have b = 0, while if z; = 0, we have
(0,b,¢) € (F(ug,ve,ws)). Except for this case we may take y; = 1 = z; and
Yo =y, 20 = 2. Now we seek consistency conditions for the set of equations.

T +22(z+y) =
12 + x2(p2 — 11y2)
Ty + x2(p3s +3yz) = c.

I
ST

This requires ; = —x2(z 4+ y) and hence

(—(z+y)z+p—1lyz)zy = b
(—(z+y)y+ps+3yz)zs = c

Writing 6 = b/c we have the equivalent condition

—2% = 12yz + py = 0(—y* + 2yz + ps) # 0. (4)



Notice that if —z2 — 12yz + p» = 0 = (—y* + 2y2z + p3), then we have
0 =2(2% + 12yz — po) + 12(y* — 2yz — p3) = 22% + 12y* — 2py — 12ps.

This is impossible if p, + 6p3 < 0 and possible only if y = 0 = 2, and hence
pa = 0 = p3, when py + 6p3 = 0. After completing the square we see that
satisfying condition (4) requires us to first solve the equation.

(z+ (64 0)y)> = (4+0)(9+ 0)y* + ps — psf. (5)

Example 1.3. Use F' as defined above with ps = 0 = p3.

With 21 = 1 = x5 we have

F((1,1), (y1,y2), (21, 22)) = (Y121 + Y122 + Y221, Y122 — 11ya2a, Ya21 + 3y222),

whose image, as can be checked by an argument similar to that in [1, Example
1.2], is the exterior of the cone, (z 4 2y — 122)? 4+ 100yz > 0.

Since ps = 0 = p3 we see that (0, b, c) € range F' if and only if there is a
solution, with y and z not both zero, to the equation

(z4 (6 +0)y)? = (4 +0)(9 + 0)y>.

Such solutions exist if and only if (4460)(9+6) > 0. We note that § = —11/3
provides the case (0,0, ¢) € (F(ug,ve, ws)) which we bypassed above. Thus

range ' = { (a,b,¢) :a#0,or a=0and b/c ¢ (—9,—4) }.

This gives us an example where the image is the complement of an open
sector.

Example 1.4. Use F as defined above, but with po = —9 and p3 = 1.

Because ps + 6p3 = —3 < 0 and py # 0 we see that (0,b,c) € range F' if
there is a solution to equation (5), which becomes

(z+(6+0)y)*=(4+0)(9+0)y*—9—0.

This can be satisfied if and only if § > —4 (for large enough y) or § < —9
(for all y). This includes the bypassed case § = —11/3. We conclude that

range ' = { (a,b,c¢) :a# 0, or a =0 and b/c ¢ (—9,4] }.

This is an example where the image is the complement of a half open sector.
For our final example in this series the image will be the complement of
a closed sector.



Example 1.5. Use F' as defined above, but with ps = —7 and p3 = 0.

Just as in Example 1.4 we look for all solutions of equation (5) which
becomes
(z+ (64 0)y)> =(4+0)(9+0)y* — 7.

Necessary and sufficient conditions for solution are § < —9 or § > —4 (for
large enough y). This includes the bypassed case § = —11/3. We conclude
that
range ' = { (a,b,c¢) : a # 0, or a =0 and b/c ¢ [-9, —4] }.
We note for this example that any negative value for py will work equally
well, as will p3 = 1 with ps < —9.
Our next example might be anticipated by taking the union of a cricket

with the exterior of a cone when one of the cricket legs lies in the interior of
the cone.

Definition 1.3. A butterfly in R? is a set of the form (R?®\ P) U B with
B C P and B = SU/ with S a closed bilateral sector in P whose vertex is
at the origin and ¢ is a line through the origin in P in the complement of S.

Example 1.6. Define the trilinear mapping F : R? x R?> x R?> — R? as
follows:

F((x1,22), (y1,92), (21, 22)) = (x1y121 + Tay122, T1Y122 — Tay1 21, T1ye21 + T2(y121 + Ya22)).

With z; = 1 and x5 = 0 we again have

F((17 0)7 (ylu y2)7 (21, 22)) = (y121,y12‘2, y221)7

which again gives us the standard cricket whose legs are the y and z-axes
in the plane z = 0. To describe range F' we must look for conditions for
(0,b,¢) € range F' when bc # 0. We start with the case y;21 # 0 and take
y1 =1= 2z, yo = y and 2z, = z and try to solve

X1+ X9z =
T1Z2—Ty = b

ny+a(l+yz) = c

These equations lead to xo = ¢, b = —x5(2%2 + 1) = —¢(1 + 2?), and
r1 = —X9z = —cz; while y can be arbitrary. These conditions are met if and
only if —b/c = 1+ 2% > 1. Thus range F contains all points in the open
bilateral sector bounded by the lines b + ¢ = 0 and ¢ = 0, together with the
line b 4+ ¢ = 0 itself. Now for the case when y;2; = 0, we see that this also
requires rsy;2zo = 0 which leads immediately to b = 0 or ¢ = 0.

We conclude that range I is a butterfly defined above with B the closed
bilateral sector bounded by the lines y + 2z = 0 and z = 0 and /£ is the z-axis.



2 Particular Cases

We now consider some general results for particular cases of multilinear maps
into R3. Our first result is the promised general example of a k-cricket. The
restriction to two dimensional source spaces is clearly unnecessary, but saves
a lot of zeros.

Proposition 2.1. Suppose that Vi, ..., V, are two dimensional spaces and
a1 ... Oy

rank =2 6

[ B ... B } (6)

If the n-linear mapping F : Vi x ... x V,, — R? is defined by means of its
component n-linear forms as follows

Fx((xbyl)a ceey (In>yn)) = T1°"Tn

Fy((xl, Yi)s-oos (T Yn)) = Z QL1 " Ti—1Yilig1 * - Ty (7)
i=1

Fo(@r,01), - (o yn)) = ) Bit - @i 1l -+ Ty
=1

then range F' is a cricket whose associated plane P is described by the equation
x = 0.

Let F' be n-linear and given by equations (7). We find range F'. Suppose
first that £ = 0. For some value of ¢ we have x; = 0. Then

F,((x1,91), - (Tny Yn)) = Ty Tis1¥iTig1 - Tp

F.((x1,01), - s (@n,yn)) = Bi1- - Tica¥iTipr -+ Ty, (8)

Thus F((z1,v1), - .-, (2, yn)) is parallel to the vector (0, oy, 5;). It follows
that the intersection of range F' with the plane P is a set of k lines (corre-
sponding to the distinct non-zero lines spanned by the vectors (0, oy, 3;)) all
passing through the origin. Clearly 2 < k£ < n.

If z # 0, every vector (x,y, z) is in the image of F'. Indeed, in order to
obtain a vector (1,4, 2'), set ; = 1,4 = 1,...n and solve the system of linear
equations



for the variables y; (condition (6) guarantees that the system is consistent).
Next write (z,y, 2) = z(1,y/x, z/z) and use multilinearity of F. The image
of F'is a k-cricket as claimed.

We need an easy consequence of our work in [1].

Lemma 2.1. Let U and V be two dimensional and f : U x V — R3 be a
bilinear mapping whose image is not a subspace of R®. Then the image of f

1s a cricket if and only if there exist non zero vectors w € U and v € V' such
that f(u,v) = 0. In this case:

1. The legs of the cricket are the lines (f(u, -)), and (f(-,v));
2. The associated plane is spanned by these two lines;

3. If (f(x,y)) is a leg of the cricket then exactly one of range f(x, -) and
range f(-,y) has rank one.

By [1, Theorem 2.6] we may choose bases in U, V and R? such that, if
range f is a cricket

f((z1,22), (Y1, y2)) = (1y1, 21Y2, T221),

and if not,
f((x1,22), (y1,92)) = (x1y1 + TaYa, T1Ya, TaY).

Suppose u = (z1,22), v = (y1,y2) and f(u,v) = 0. Since u # 0 we may
assume x9 # 0. Then, in both cases above the third coordinate gives y; = 0
and in the second case the first coordinate then gives yo = 0 contradicting
v # 0. Thus we have the first case, a cricket, and y, # 0 forces x; = 0. This
proves 1, and 2 and 3 follow easily.

The following result is basic linear algebra. We will use it several times
in this section.

Lemma 2.2. Let V be an n-dimensional vector space and vy,... ,v, an
independent subset of V.. If wy,... ,w, are arbitrary elements of V', then
vy +wy, ... , A, +w, are independent for all but at most n values of .

The easiest proof is to look at the eigenvalues of the linearmap A: V — V
defined by Av; = w; fori=1,... ,n.

Our next result could be obtained from the results of Section 3. We
include it here because the additional hypothesis allows for a very much
more conceptual approach.

Theorem 2.1. Suppose U, V and W are two dimensional, let F : U x V X
W — R? be a trilinear mapping such that none of its associated bilinear maps
has the exterior of a cone as its range. Then range F' is either a subspace,
an all-but-a-line or a k-cricket with k =2 or k = 3.



Suppose that range F' is neither a subspace, a 2-cricket nor an all-but-
a-line. By [1, Theorem 1.6] there is an associated bilinear mapping, say
F(uy, -, ) whose image is a cricket. By Lemma 2.1 there exist 0 # vy, € V
and 0 # wy € W such that F(uj,ve,ws) = 0. Then the legs of the cricket
are range F'(uy, vy, -) and range F'(uy, -, ws) and the associated plane P is
spanned by these two lines.

Since range F' is not a 2-cricket there are us € U, v € V and w € W such
that F'(ug, v, w) ¢ range F'(uq, -, - ).

We first show that v ¢ (vs) and w ¢ (ws). If this were false we would have
F(ug, vy, ws) ¢ range F'(uy, -, ). We start by choosing v ¢ (vy) and w ¢ (ws)
and note that F'(uy, v, w), F(uy,v,ws) and F(uy, vy, w) are linearly indepen-
dent elements of R3. By Lemma 2.2, F(Auy + uz, v, w), F(Auy + ug, v, wy)
and F'(Auj + ug,v9,w) are linearly independent for all but at most three
values of X\. The range of the associated bilinear map F'(Auj + us, -, - ) can-
not be R? ([1, Theorem 2.6]), is not the exterior of a cone, by hypothe-
sis, and spans R? for these values of . Accordingly it must be a cricket.
Since F'(ui,vq,wy) = 0 we may replace uy by an appropriate Au; + ugy if
necessary and assume that range F'(ug, -, -) is a cricket. The associated
plane for this cricket coincides with P or meets it in a line. If it met P
in a line then range F' would be R? or an all-but-a-line. Hence the associ-
ated plane for the mapping F(ug, -, ) is P and F'(ug, ve, ws) spans a leg.
By Lemma 2.1 we may assume that F'(ug,vs, -) has rank 1 so there exists
wy ¢ (wq) such that F(ug,vs,w;) = 0. Now consider the associated linear
map, F(uj + ug, vy, - ). Its range contains F'(uy + ug, vg, wy) = F(ug, ve, ws)
and F(uy 4+ ug, vo,w1) = F(uy,ve,wy) which are linearly independent and
span P. Since range F' # R3 this is impossible.

Thus we may assume that F'(uy,v,w) # 0.

If F(uj,v,w) € P, then P is spanned by the vectors F'(ui,v,w) and
F(ug,v,w) so range F(-,v,w) = P and range ' = R?® a contradiction.
Thus F(uy,v,w) ¢ P and it follows from Lemma 2.1 that v ¢ (vy) and
w ¢ (wy). Now observe that the three vectors F(uq, v, w), F(uy,v,ws) and
F(ug,v,w) are linearly independent, since range F'( -, v, -) cannot be R3 it
must be a cricket. Arguing as above we conclude that the associated plane
for the mapping F'(-,v, -) is P and the legs are spanned by F'(uq,v,ws) and
F(ug,v,w). Since F(uy,v,w) # 0, Lemma 2.1 shows that F'(ug, v, ws) = 0.
It follows similarly that F'(us, ve, w) = 0. Consider F(u; + us, -, - ). We have
F(uy 4 ug,v,wq) = F(uy,v,we) € P and F(uj + us, vo,w) = F(uy,ve,w) €
P and these two are linearly independent and span P. It follows that
range F'(u; + ug, -, - ) is a cricket with associated plane P and legs the two
vectors we just calculated. Since F'(uy + ug,v,w) = F(uq,v,w) + F(uz, v, w)
is the sum of an element outside P with an element from P it cannot be 0.
Lemma 2.1 allows us to conclude 0 = F'(u; + ug, ve, we) = F(ug, vg, wo).



Because F'(ug,v,w) € P there exist constants « and (3 such that
F(uy,v,w) = aF(uy,v,wy) + BF (uy, v, w).
This enables us to calculate as follows.

F(x1u1 4+ 22ug, 110 + yavs, 21w + 22w5)
= sy F(ur,v,w) + (21y120 + axayr21) F(ug, v, ws)
+ (21Y221 + Prayrz1) F(ug, v, w).

Comparison with equations (7) shows that range F' is a 3-cricket with legs
F(uy,v,ws), F(uy, vy, w), Fus,v,w). The legs can also be checked directly
by consecutive substitutions z; =0, y; = 0 and z; = 0.

Corollary 2.1. IfU, V and W are two dimensional and F : UxV xW — R3
is a trilinear mapping into R® whose range is a 3-cricket then there is a choice
of bases in the various spaces such that F' can be realized as a special case of
Example 2.1 with matriz,
1 0 «
075

Both the hypothesis of Theorem 2.1 and the working assumptions of the
proof are satisfied, and the proof of the theorem leads directly to the required
representation.

We conclude this section with two general theorems about multilinear
mappings. The first contains a different proof of [1, Theorem 1.3] (the case
k = 1), while it generalizes [1, Theorem 1.6] (which is the case k = 2).

and af3 # 0.

Theorem 2.2. Let k be a positive integer and suppose n > k. Suppose
F:Vix .- xV, = V is an n-linear mapping and the image of every
k-linear mapping associated with F spans a subspace of V' of dimension at
most k, then the image of F' also spans a subspace of V' of dimension at most

k.

The proof is by induction on k. We suppose then that the theorem is true
for all positive integers k' such that k£’ < k. Now we proceed by induction
on n. The case n = k is a tautology so we now assume the theorem is
true for k' < k and all n, and also for k and for m-linear mappings when
k< m < n— 1. These assumptions guarantee that 1 < k£ < n, and hence
that n > 2.

Suppose first that £ > 1 and the images of all associated (k — 1)-linear
mappings span subspaces of dimension at most £ — 1. By the induction
hypothesis the image of I’ spans a subspace of dimension at most k& — 1.



We may therefore assume that there is an associated (k — 1)-linear map-
ping whose image spans a subspace of dimension k. Without loss of gen-
erality we may assume that there exist v; € V; for ¢ = k,... ;n such that
range F'(+,..., -, v, - +,v,) spans a subspace of dimension k. We write P
for this subspace. For U = (uq,...,ux_1) € V1 X -+ Vi1 we write

FU gy y0n) = Fug, ..o Ug—1, Ugy e ooy Up)-

Now we can say that there exist Uy,... Uy € Vi x --- Vi1 such that P is
spanned by the k elements p; = F(U;, vg, ..., v,), i =1,... k. Incase k =1
we interpret this to mean F(vy,...,v,) # 0 and take P = (F(vy,...,v,)).
With this interpretation the remainder of our argument applies equally to
k=1

Consider the (n — 1)-linear mapping F,, = F(-,--+,v,) from Vj x --- X
V,_1 — V, defined by

Fo(wy,...;wp_1) = F(-, . o) (W, ooy we1) = Fwy, ..oy wa—1,0,).

The image of each of its associated k-linear maps is the image of an associated
k-linear map of F' and hence spans a subspace of dimension at most k. The
inductive hypothesis guarantees that range F;, spans a subspace of dimension
at most k. Note that p; € range F;, for i = 1,... , k and conclude that

range F,, C (range F,,) = P.

Similarly, with F,,_; = F(-,---,v,_1,-) we have range F,,_; C P. Choose
w, € V,,and A € R. Fori=1,...,k we have

g = F(U, v, ... ,0p_1,0, + Aw,) € range F,,_; C P.

By Lemma 2.2 we may choose A such that the ¢; are linearly independent
and hence

<q17"' 7Qk> =P
Consider the (n — 1)-linear mapping F'(-, -+, v, + Aw,). Each of its asso-

ciated k-linear mappings is an associated k-linear mapping of F' so, by the
inductive hypothesis again, its image spans a subspace of dimension at most
k. Since ¢; € range F'(-,- -, v, + Aw,) for i = 1,... ;n it follows that
range F'(-, -+, v, + \w,) C P.
Now let w; € V; fori=1,... n — 1. We have

F(wi,...,w,) =" (F(wl, ey W1, Uy + Awy ) —F(wy, . .. ,wn_l,vn)) e P-P=P.

10



Since w, is an arbitrary element of V,, we have
range F' C P

as required.

Theorem 2.9 in [1] states that the image of any multilinear mapping into
R? is either a subspace or contains the exterior and a boundary of an elliptic
cone or a 2-cricket. Therefore, for an arbitrary multilinear mapping into
R? the only peculiarities of the images can take place within the associated
plane or inside the interior of an elliptic cone. The following result imposes
some additional regularity by eliminating the possibility that the image could
contain a subspace which is, in some sense, isolated from the remainder of
the image. We deal throughout with finite dimensional spaces and assume
that they carry the standard topology of RP for some integer p.

Theorem 2.3. Let F': Vi x Vo x---xV,, — V be multilinear and dim V' < oco.
Suppose there exists x € range F', an open ball B, in 'V, and a subspace S of

V' such that
xr €range FN B, C S,

then range F' C S.

Assume first that dimV; < 2,4 = 1,...,n. In the standard product
topology of Vi x - x V,, the multilinear mapping F' is continuous, because
each of its coordinate functions is linear. We proceed by induction on n.

If n =1, F is linear, its image is a subspace of V' and our assertion is
clear. Let us assume that the result holds true for all k-linear mappings with
k < n and let F' be n-linear. Let x = F'(vy,...,v,) and take

(wy,...,w,) EVI x Vo x -+ xV,
By continuity of F', there is A > 0 such that
(v1 + Mwy, ..., v, + dwy) € F7Y(B,)

and
F(vy 4+ Awy, ... v, + Aw,y,) € rtange FN B, C S.

By multilinearity of ' we can write:
F(vy + Awy, .., v, + Awy) = Fug,..o,0,) + L+ NF(wy, ... wy)

where L is a linear combination of images of associated k-linear mappings
(k < n) of F formed by fixing one or more of the arguments as a v;. Each
such associated k-linear mapping satisfies the hypotheses of the theorem,
with the same x and the same B,, so by the inductive hypothesis, its image
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is contained in S. Therefore, L € S. Since also z = F(vy,...,v,) € S, we
have that F(wy,...,w,) € S. Thus range F C S.

To remove the restriction on the dimensions of the spaces V; suppose now
that x = F(vq,...,v,) and w = (wy,...,w,) € V; x --- x V,,. Replace each
Vi with (v;, w;) and argue as above to see that F(wy,...,w,) € S.

In particular, if dim V' = 3 the image of F' could not be made up of the
exterior of a cone together with a finite number of lines in the interior of the
cone or planes which intersect the interior of the cone.

3 Trilinear maps

In this section we assume that U, V' and W are two dimensional, that F' :
UxV xW — R3 is trilinear, that its image is not a subspace of R? and that
there is an associated bilinear mapping whose image is a cricket. Without loss
of generality we may assume this image is associated with a vector u; € U
and we write P for the plane associated with the 2-cricket range(F(uq, -, -)).

By Lemma 2.1 there exist non zero v, € V and wy € W such that
F(uy,v9,ws) = 0. Our strategy now is to make appropriate simplifying
choices of us € U \ (u1), v1 € V' \ (v9) and wy € W \ (ws). Then u; and
us form a basis for U, and similarly for V' and W. We take F'(uy, v, w;),
F(uy,vi,wy) and F(uy,ve,w;) as basis for R3. This makes the yz-plane
in R? the plane P associated with the image of F(uy, -, -). We note that
F(uy,v9,ws) = 0 and we write

P1, D2, P3)
q1,q2,q3)
71,72, 7’3)
81, S2, 83).

(
(
(
(

The first simplification is to replace, if necessary, us with ug — pyuy. This will
enable us to assume that p; = 0.

We are then led to the following.

19121 + TaY122q1 + TaY221T1 + T2Y22251
F((z1,22), (y1,y2)(21,22)) = | T1¥122 + Tayr 2102 + Tay122G2 + TaYa2172 + Tola2252
T1Y221 + XT2Y121P3 + T2Y122q3 + TaY22173 +(37§y22253
9
To describe the image of F' it is sufficient to determine those values of b and
¢ with be # 0 which can appear on the right hand side of (9). Thus we
seek necessary and sufficient conditions for consistency of the following set
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of three nonlinear equations.

T1y121 + T2 (Y122q1 + Y2211 + Y22251)
T1y122 + To(Y12102 + Y122G2 + Yo2aTe + Y22252) = b (10)
T1Ya21 + T2 (Y121P3 + Y1223 + Y2173 + YazaS3) = C.

The core of our discussion will focus on solutions of equations (10) with
11 = 1 = z; and with the notational simplifications ys = y, 25 = z. This will
lead to the somewhat simpler equations

x1 + xa(zq1 + yr1 + yzs1) 0
r12 + To(p2 + 2q2 + yra +yzsa) = b (11)
1y + 22 (ps + 2q3 + yrs +yzs3) = c.

Consistency of equations (11) is equivalent to being able to find y and z
which satisfy the condition

c(—z(zqutyrityzs1)+pat2qatyratyzse) = b(—y(2qi+yrit+yzsi)+ps+zqz+yrstyzss) # 0.
Writing 09 = s — 11, and 03 = s3 — ¢, this condition simplifies slightly to

(=519 —q 22+ ooy 2zt qoztroy+p) = b(—s1y°2—r1y* Fosyz+qzz+rsy+ps) # 0
(12)
The following lemma is needed in several situations.

Lemma 3.1. Ifr; = 0 and range F' # R3 then ry = 0 = sy = 03.

Since r; = 0, F(u,vo,w) € P for all u € U and all w € W. Consider
the associated linear map F'(-,vq9,wq). Since F(uy,ve,wy) = (0,0,1) and
F(ug,v9,w1) = (0,73, 73) are both in P and range F' # R3, these vectors are
linearly dependent, and hence ro = 0 as required. Now suppose that r3 #£ 0.
Arguing similarly with F'(ug, ve, wq) = (0,0, 7r3) and F'(ug, ve, wa) = (0, s2, s3)
shows that sy = 0 and hence also g9 = 0. If r3 = 0 we may replace us with
ug + uy to reach the same conclusion.

The ensuing discussion requires case by case consideration. The ultimate
result, stated as Theorem 3.1, will be that the examples we have given exhaust
all possible images in the case that F' has an associated bilinear whose image
is a 2-cricket.

Case 1. If s1 #0, orif s; = 0=r; and qi03 # 0, then range F' = R3.
Put z = ty and rewrite the first equation in condition (12) as

b —sit’y’ — auit’y® + oaty® + qaty + ray + po (13)
¢ —sity? =y’ +osty® + sty +rsy +ps
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Write h(t,y) for the ratio on the right hand side of equation (13). Assume
s1 # 0 and note that as y — oo h(t,y) — t uniformly in ¢ for ¢ in any
closed bounded interval which does not contain 0. For bc # 0 choose such an
interval, say [«, 5] with a < b/c < (3. Then choose y sufficiently large so that
h(c,y) < b/e < h(B,y). An application of the intermediate value theorem
shows that there exists ¢t € (a, ) such that h(t,y) = b/c. It is immediate
that condition (12) is satisfied for these values of ¢ and y so Case 1 is proved
when s; # 0. If s; =0 = r; and ¢103 # 0, we have 05 = 0 by Lemma 3.1
and the proof is similar using h(t,y) — —qit/o3
We may proceed on the assumption that s; = 0, and hence that F'(u, vy, wg) €

P forallu e U.

Case 2. Ifs; = 0= q = ri, then range I is R3, a 2-cricket or a 3-cricket.

In this case we can bypass most of the arithmetic. Since p; =0 = ¢ =
r1 = $1 we see that the bilinear mapping F'(us, -, -) maps into the plane
P. Since dim P = 2, [1, Corollary 1.4] ensures that range F'(ug, -, -) is a
subspace of P. If range F(uy, -, -) = P, then range F = R? and we are
done. Otherwise we see that range F'(us, -, - ) is contained in a line, ¢, in P.

Suppose now that range F' is not the original 2-cricket so that there exist
b, ¢ # 0 such that (0,0, c) = F(au; + Pug,v,w) € P. Then aF (uy,v,w) € P.
If aF(uy,v,w)# 0, (F(uy,v,w)) is one of the legs of our original 2-cricket.
Since be # 0, 5 # 0 and (F'(ug,v,w)) = £ # (F(uy,v,w)). It follows that
P = range F(-,v,w), and again range ' = R3. If range I # R?, then
aF(uy,v,w) = 0 and (0,b,¢) € range F(uy, -, -) = ¢. Thus range F' is a
3-cricket, whose legs are ¢ and the two legs of the 2-cricket range F'(uq, -, - ).
This completes the proof of Case 2.

Case 3. Suppose s; = 0 =1 and q; # 0, then range I is R3, an all-but-a-
line, a butterfly, the complement of an open sector or a 2-cricket.

By Lemma 3.1 and Case 1 we may assume s; = 0 = 09 = 03. Equa-
tions (11) become

o(i2* + @z + p2) = b(gsz + 13y + p3) # 0. (14)

If 73 # 0 and be # 0 we choose z so that ¢;2% + g2z + py # 0 and solve for y
to satisfy condition (14) and conclude that range F' = R3.

If r3 = 0 but g3 # 0 the ratio R(z) = (q12% + q22 + p2)/(g32 + p3) takes
all real values, all real values except one or all real values outside a bounded
open interval. In the first two of these cases range F' is R?® or an all-but-a-
line. In the last case we need to consider points in range I’ arising from the
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possibility that 3,27 = 0. Returning to equations (10) we see that we will
also have z91y125 = 0 and must satisfy

TiY1z2 = b

$1y221+l’2y22283 = C

which forces bc = 0. The case ¢ = 0 corresponds to R(z) = doo while
the case b = 0 may or may not be a possible value of R(z). If b = 0 is a
possible value of R(z) we see that range F' is the complement of a bilateral
open sector. Otherwise range F' is a butterfly.

If r3 =0 = g3 and p3 # 0 the possible values for R(z), as defined above,
lie in a semi-infinite closed interval. Otherwise the analysis is the same and
leads to the same conclusion that range F' is the complement of an open
sector or a butterfly.

Finally, if 73 = 0 = g3 = p3, we get no solutions to condition (14) and
range F' is the original 2-cricket.

Before finishing our case by case discussion we need another concept.
With s; = 0 and ¢;7; # 0 we mostly deal with condition (12) by considering
the associated equation.

(—q2° + o2yz + qaz + T2y + p2) = b(—r1y® + o3yz + g3z + r3y + ps). (15)

and looking for solutions which also satisfy condition (12). Suppose first there
is solution (yo, o) of equation (15) which does not satisfy condition (12). In
other words we have

—q128 + 0ayoz0 + oo + Yo +p2 = 0
—7r1yg 4+ o3yz + qzzo +13yo +p3 = O

We will call (yo, 20) a pseudo solution of condition (12).

Case 4. If s = 0, ¢1r1 # 0, and (yo, 20) s a pseudo solution of condi-
tion (12), then range F' is R3, an all-but-a-line or the complement of a bilat-
eral open sector in the yz-plane.

Since q; # 0, the quadratic polynomial —q2? + ooyo2z + q22 + T2y + P2
factors as (z — 20)(—q12 + ).

If o390 + g3 # 0, we may factor —r1y? + o390z + @32 + r3yo + p3 as
(03y0 + q3) (2 — 20). It follows that the ratio

—12° + 090z + G2z + Talo + P2 (= 2)(—qaz+a)

—rYd + osyoz + g3z +13y0+p3 (O3yo +¢3)(2 — 2)

as a function of z takes all real values except one, (—q120 + «)/(03y0 + q3)-
Since this value may come from the omitted case y;2; = 0 (discussed after
Condition (10)) we see that range F' is R? or an all-but-a-line.
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If o3y9 + g3 = 0, we also have —rlyg + r3yo + p3 = 0, and
—ry® + osyz + g3z + 13y + p3 = (y — yo) (032 — r1(y + vo) + 73). (16)

Interchanging the roles of 1y, and zy in the argument with which we began
the proof of Case (4) again gives range F' as R? or an all-but-a-line unless

—q12° + 02yz + oz + 1oy + po = (2 — 20)(02y — 1 (2 + 20) + ¢2)- (17)

Choose zy such that ooy — q1(22 + 20) + g2 = 0, and ys such that o329 —
71(y2 +yo) +73 = 0. Then ooy — q1(2 +20) +q2 = 02(y — yo) — 1 (2 — 22), and
o3z —11(y+yo) + 73 = 03(2 — 20) —r1(y — y2). Thus Condition (12) becomes

c(z—20)(02(y —v0) —q1(2 — 22) = b(y —yo)(03(2 —20) =71 (y —y2)) # 0. (18)

Suppose zo # zg, then our arguments, above applied to the pseudo solu-
tion (yo, z1) show that range F' is R? or an all-but-a-line, unless z — 2 is a
factor of the left side expression in (18). In that case we have oy = 0 and
(18) becomes

cqi(z — 20)(2 — 22) = b(y — yo)(03(2 — 20) — r1(y — y2)) # 0. (19)

Since zg # z2 and begiry # 0 we may choose z such that —cqi(z — 29)(z — 22)
is not zero and has the same sign as —brq, and hence is in the range of the
quadratic (iny) (y—yo)(03(2—20)—71(y—vy2)). This shows that range F' = R3.
The same argument works if y5 # 1o so we are left with the possibility
that Y1 = Yo and Z1 = Zp-
Condition (18) becomes

c(z — 20)(02(y — yo) — q1(z — 20)) = b(y — yo)(—71(y — yo) + 03(2 — 20)) # 0.
If o503 = q171, we have k # 0 such that

(¥ — yo)(=r1(y — yo) + 03(2 — 20)) _ Y =%
(2 = 20)(02(y — yo) — @1 (2 — 20)) Z— 20

unless (y — 40)/(z — 20) = q1/02. We conclude easily that range F' is R? or
an all-but-a-line.

When o903 # ¢ we simplify slightly by putting Y =y — yg and Z =
z — zp and note that the only solution of

CZ(O'QY - Q1Z) =0= bY(—le + UgZ)
is the trivial Y = 0= Z. Set Y =tZ with Z # 0 The quadratic equation

ribt? + (03¢ — o3b)t — qrc =0
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has real solutions if and only if
(o9 — o3b)* + 4qir1be > 0. (20)

In this case we see that range F' contains, at least, all points in the yz-plane
which lie outside an open sector. We must again check on solutions with
y121 = 0. Equations (10) become

r1y121 + To(Y122q1 + yo2a71)
L1t 22 + T2 (V12102 + Y122¢2 + Ya2172 + Yaz2S2) = b
T1y221 + T2 (V12103 + V12203 + Y2173 + Yazes3) = C.

A solution with y; = 0 requires zoy22; = 0. Then x9ys = 0 forces bec = 0 and
z1 = 0 makes (0, b, c) a multiple of (0, s3, s3). The same holds when we start
from z; = 0. Condition (20) is trivially satisfied if bc = 0. In the remaining
case we have

(0983 — 0352)2 +4q17m15253 = (1153 + Q132)2 > 0.

This shows that all points in range F' are found from the case y;2; # 0. This
completes the proof of Case (4).

The only remaining possibility is that s; = 0, ¢;71 # 0 and there are no
pseudo solutions to Condition (12). We will need to consider two different
ways in which this can happen and before dealing with these cases we need
some preliminaries common to both.

We may now assume that any solution to equation (15) also satisfies
condition (12).

We put 6 = b/c and rewrite equation (15) as

Q1Z2 - (‘72 - ‘739)92 - (Q2 - %9)2 = r1«9y2 =+ (7”2 - 7”39)9 + pa — psb.

Without loss of generality we may assume that ¢; = 1. Temporarily write
P = py — p3f and similarly for (), R and X, then complete the square to
obtain the equivalent equation

(z = Xy/2—Q/2)* = (2?/4+1m0)y* + (R—QX/2)y + Q*/4+ P (21)

We can find y and z to satisfy equation (21) if and only if we can choose y
so that the expression F(y) on the right hand side of equation (21) is non
negative.

Note that E(y) can be non negative for some value of y if

1. ¥*/4 4760 >0or
2. %%2/44+r0=0and R—QX/2+#0 or
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3. %2/44r0=0,R—Q%/2=0and Q*/4+ P >0 or
4. ¥2/4+r0 <0and A = (R—QX/2)? —4(Q*/4+ P)(X%/4+10) > 0.

Since 1 # 0, the closure, in the extended real line, of the set ¥2 /4 +7,0 >
0 contains 0 and at least one of +o0o. Thus (0,0,1) and (0,1,0) are in the
closure of the subset of range F' determined by y;2; # 0.

Case 5. If s1 =0, 1103 # 0 and there are no pseudo solutions to Condition
(12) then range F is R3, an all-but-a-line or the complement of a bilateral
sector.

Observe first that, because o3 # 0, the quadratic expression in 0, ¥2/4 +
16 is concave up. Suppose X2/4 + 710 = 0 for at most one value of . Then
Y2 /4 + 710 is non negative definite and we may choose y to make E(y) > 0
for all except perhaps one value of #. In this case range F' is R? or an all-
but-a-line.

We may continue on the assumption that there exist a and § with a < 3
such that 0 ¢ (o, 3) and X%/4 + 70 = 0 for # = « and § = 3. Concavity
shows that ¥2/4 + 70 > 0 and, by item 1 above, that (0,b,c) € range F if
0 ¢ [, B]. We also note that 32/4 4+ r16 < 0 for § € («, 3) from which it
follows that 0 ¢ (a, 3)

Now consider A = A(#) on the interval (¢, 3). Expanding we have

A = RQY —r0Q* + PX? + R* — 41, P#.

We see that A is a polynomial in 6 of degree at most three, and that A(a) > 0
and A(8) = 0.

Suppose first that A > 0 on («a, 3), then item 4 above shows that range F’
contains all of the plane x = 0 except perhaps for the two lines determined
by 0 = a and § = 3. We note that A(a) = (R — Q%/2)(«)?* > 0 so item
2 above puts 6 = « into range F' unless (R — QX/2)(«) = 0. This shows
that range I’ is R? or an all-but-a-line unless R — QX/2 = 0 at a and (.
For this to happen R — Q¥/2 must be a multiple of ¥2/4 + rif. For the
moment write ¥2/4 + 10 = a, R — QX/2 = ka and b = Q*/4 + P. Then
A = (ka)? — 4ab = a(k®a — 4b). By hypothesis, a < 0 immediately to the
right of a. Since A > 0 on («, 3) we have k*a — 4b < 0 immediately to the
right of «, so continuity gives us b(a) = lim —(k%a — 4b)/4 > 0, and item 3
puts 0 = « into range F'. The same argument holds at § so we may conclude
that range F' is R?.

The second alternative is that A < 0 at some point of the interval («, 3).
In this case a degree argument shows that there exist v and 0 such that
a<y<d< B and

(a,3) N (A <0) = (v,0).
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It follows that (0,b,¢) ¢ range F' when 6 € (v,9) and (0,b,c) may or may
not be in range ' when 6 is one of 7 or 9.

We now need to determine elements of range F' arising from y,2; = 0.
The argument at the end of Case 4 shows that these satisfy bc = 0 or are
multiples of (0, s, s3). We have already seen that (0, 1,0) is outside, and
(0,0, 1) is, at worst, on the boundary of the sector defined by 6 € (v, d). We
need to consider the possibility that sos3 # 0 and 6 = sy/s3. If this is the
case we have

Y2/4 4110 = (sg— 11 — (83 — 1)89/83)2 /4 + 1r189/53 = (11 + 52/53)% /4 > 0.

It follows that ss/s3 ¢ (,9). Thus we may safely conclude that range F' is
the complement of the bilateral sector determined by 6 € [, §] together with
both, either or neither of the boundary lines.

Case 6. If s; = 0 = 03, 11 # 0 and there are no pseudo solutions to
Condition (12) then range F is R3, an all-but-a-line or the complement of a
bilateral sector.

In this case X2 + 70 = r10 + 9% and its negative set excludes 0 and
includes exactly one of +00. If A is cubic the coefficient of 62 is —r;gs>
whose sign is opposite to r1. Thus A > 0 as # approaches the infinite end of
the negative set of X2 4+ 0. Since A > 0 at the finite end, it follows that
the set on which both X2 + 60 and A are negative is empty or a finite open
interval. We can conclude as in Case 5 above.

If A is not cubic, it is at most quadratic and its negative set is empty or
a single open interval which may be semi-infinite. The intersection of this
negative set with the negative set of X2 + r;0 is an open interval and again
the argument of Case 5 applies. We note that when the intersection of the
negative sets is semi-infinite the infinite end does correspond to a point in
range F'.

We may summarize the last six cases in the following theorem.

Theorem 3.1. Suppose U, V and W are two dimensional and that F' : U X
V xW — R? is a trilinear mapping. If there is a bilinear mapping associated
with I whose image is a cricket, then range F' is one of the following, a 2-
cricket, a 3-cricket, an all-but-a-line, a butterfly, or the complement of a
sector.

4 Afterword

Our results leave many questions unanswered. We have not, as yet, been able
to provide a clear description of trilinear images when there are no associated
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bilinears whose images are crickets. We do know from [1, Theorem 1.6] that
if all associated bilinears have a subspace of dimension at most two for their
image then so does the trilinear. It is not hard to see that if no associated
bilinears have crickets as images and at least one has the complement of
a cone the complete description of its image will require consideration of
fourth degree polynomials as consistency conditions. In view of the somewhat
outlandish possibilities we have exposed above it will be very interesting
indeed to see what can happen in this last case.

Theorem 2.1 raises an interesting question. We do not have an example of
a trilinear mapping from two dimensional source spaces into three dimensions
whose range is an all-but-a-line and which has the property that no associated
bilinear mapping has the exterior of a cone as its image. Our question is
whether the prohibition of an all-but-a-line is necessary for Theorem 2.1,
or is in fact a consequence of the hypothesis that there are no associated
bilinears whose images are cone exteriors.

It is always possible to argue that the correct way to approach the de-
termination of the image of a multilinear mapping is to use the canonical
factorization through the tensor product. In the case of bilinear mappings
we were able to go a short distance in this direction. The tensors u ® v
are easily characterized in R* @ R? as elements (z1, To, 3, 74) of R* which
satisfy z124 = xows. In [1] we did not use linear images of the set of tensors
to characterize images of bilinear mappings. We did show, in Remark 2.7,
that two simple projections of R* — R? gave the two possible non subspace
images of bilinear mappings into R?. For trilinears we have no similar re-
sult. Just to characterize tensors u ® v ® w in R* @ R? @ R? requires eight
conditions of the type usu; = uszug. We were unable to find a way to use
this characterization to describe linear images of this set of tensors so as to
simplify any of our arguments. Nor have we looked for projections R® — R3
which map the set of tensors to the various non subspace images we have
identified so far. (It would be easy to adapt [1, Remark 1] to produce a
2-cricket.)

Another possible analogy with the bilinear situation would be a result
like [1, Theorem 2.5] whereby if F': U x V. x W — R? is trilinear and its
image is not a subspace of R? there are two dimensional subspaces U;, Vi
and Wj such that F restricted to U; x Vi x W; has the same image. We have
been unable to obtain a result like this even allowing the subspaces to be
three-dimensional. One can, of course, look for an even closer analogy and
try for complementary subspaces such that, for example, U = U; @ L and F
annihilates L x V' x W.
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