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1 Introduction

The hp-FEM is a modern version of the Finite Element Method (FEM) which
combines �nite elements of variable size (h) and polynomial degree (p) in or-
der to obtain extremely fast convergence rates [3, 4, 5, 6, 7,12, 14, 21, 23,
24, 27]. Outstanding performance of thehp-FEM as well as its superiority
over standard (low-order) FEM has been proven in a number of convincing
non-academic applications [9, 10, 12, 23, 24, 29], and the method is becom-
ing increasingly popular among practitioners. However, there still are issues
that need to be addressed before thehp-FEM can become standard in com-
putational engineering software. One of its most appealingdrawbacks of the
method is its algorithmic complexity and a relatively high implementation
cost. Current research in thehp-FEM follows a variety of directions, such
as development of fast and robust automatic adaptivity algorithms including
goal-oriented adaptivity [18, 20, 23, 24], design of optimal higher-order shape
functions for various types of continuous and vector-valued �nite elements as
required by various types of physical problems [2, 19, 26], parallelization and
automatic load balancing [9, 10, 15], application to problems with boundary
layers [16], preservation of nonnegativity of physically nonnegative quantities
(discrete maximum principles) [11, 25, 28], etc.

In this study we present a feasible algorithm for the treatment of multiple-
level hanging nodes and demonstrate its positive e�ect on both the perfor-
mance and simplicity of automatichp-adaptivity algorithms.

The paper is organized as follows: Section 2 discusses the relation between
the level of hanging nodes and convergence rates of adaptive�nite element
methods. Section 3 explains the treatment of arbitrary-level hanging nodes.
Automatic hp-adaptivity with arbitrary-level hanging nodes is described in
Section 4. Numerical examples and comparisons are presented in Section 5.

2 Hanging Nodes and Irregularity Rules

The most frequently used algorithm forh-adaptivity on regular meshes is
the red-greenre�nement strategy. This technique �rst subdivides desired el-
ements into geometrically convenient subelements with hanging nodes and
then it eliminates the hanging nodes by forcing re�nement ofadditional ele-
ments, as illustrated in Fig. 1.

Mesh after the "green" step:Element marked for refinement:
Additional refinements forced

by the"red" step:

Figure 1: Red-green re�nement.
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This approach preserves regularity of the mesh but at the same time it
introduces elements with sharp angles which are not desirable in �nite ele-
ment analysis. It becomes extremely cumbersome when repeated re�nements
occur in the same part of the domain (e.g., toward a boundary layer or point
singularity).

The \red" re�nements can be avoided by introducinghanging nodes, i.e.,
by allowing irregular mesheswhere element vertices lie in the interior of edges
of other elements. To ease the computer implementation, most �nite element
codes working with hanging nodes limit the maximum di�erence of re�nement
levels of adjacent elements to one (1-irregularity rule ) { see, e.g., [18, 20, 23].
In the following, by k-irregularity rule (or k-level hanging nodes) we mean
this type of restriction where the maximum di�erence of re�nement levels of
adjacent elements isk. In this context, k = 0 corresponds to adaptivity with
regular meshes andk = 1 to adaptivity with arbitrary-level hanging nodes.

It is illustrated in Fig. 2 that even the 1-irregularity rule does not avoid
all forced re�nements:

Element marked for refinement:
Refinement step violating the

1-irregularity rule:
Additional refinements forced 

by the 1-irregularity rule:

Figure 2: Re�nement with 1-irregularity rule.

The amount of forced re�nements in the mesh depends stronglyon the
level of hanging nodes. Next we introduce a model problem andshow that
the level of hanging nodes also in
uences signi�cantly boththe number of
degrees of freedom and condition number of sti�ness matrices.

Model problem

Consider a Poisson equation� � u = f in 
 with u = 0 on the boundary of 
,
where 
 = ( � 1; 1)2. Assume a right-hand sidef such that the corresponding
exact solutionu is zero everywhere in 
 with the exception of a local pertur-
bation occuring inside of a small triangleTn with the vertices [� 2� n ; � 2� n ],
[0; 0], [� 2� n ; 2� n ]. The domain is covered with a coarse four-element mesh
shown in Fig. 3. For simplicity, all elements are equipped with a uniform
polynomial degreep � 1.
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Figure 3: Domain and initial mesh for the study ofk-irregularity rules.

Starting from the coarse mesh shown in Fig. 3, we run an adaptive algo-
rithm which in each step applies the\green"re�nement to every mesh triangle
K such that K \ Tn 6= ; and K 6� Tn . Fig. 4 shows �nal meshes obtained
with various levels of hanging nodes forn = 5:

Figure 4: Meshes obtained withk-irregularity rules, k = 1; 2; 3; 1 .

Notice that, sinceTn � K 1, all re�nements within the elementsK 2; K 3; K 4

are forced and they do not improve the resolution in the area of interest. The
reader can see that the amount of forced re�nements decreases ask grows.

Next let us choose, e.g.,p = 3, and run the same adaptive procedure for
n = 1; 2; : : : ; 15. Fig. 5 shows the number of degrees of freedom correspond-
ing to the �nal meshes. The horizontal axis represents the spatial scale 2� n .

For the same computations, Fig. 6 shows the condition numberof the
corresponding sti�ness matrices:
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Figure 5: Size of the sti�ness matrix for �nal meshes. Level of hanging nodes:
k = 0; 1; 2; 3; 1 .
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Figure 6: Condition number of sti�ness matrices for �nal meshes. Level of
hanging nodes:k = 0; 1; 2; 3; 1 .

3 Multiple-Level Hanging Nodes

The requirement of continuity of approximation across an edge which con-
tains hanging nodes is equivalent to a set of linear algebraic relations between
coe�cients of constraining and constrained shape functions on that edge. In
[24], these relations were derived explicitly using transition matrices between
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pairs of constraining and constrained polynomial bases. This approach is
very e�cient as long as the maximum number of constraint levels is small
(say, less than �ve). When the number of constraint levels becomes larger,
the number of various geometrical situations on a constraining edge grows
rapidly, and thus it becomes more e�cient to calculate the constraining-
constrained relations in speci�c situations on-demand. Therefore we propose
a new algorithm which is presented in Paragraph 3.3.

Before approaching arbitrary-level hanging nodes, we �nd useful �rst to
explain the structure of one-level and multiple-level constraints in Paragraph
3.1 and 3.2.

3.1 One-Level Constraints

Assume a mesh edgeAB with one-level hanging nodes, shown in Fig. 7,
which is equipped with a polynomial degree 1� pAB .

B

A

K4

K2
K3

C
1K

Figure 7: Example of a mesh with one-level hanging nodes.

There are pAB + 1 constraining shape functions on the edgeAB which
induce three di�erent situations:

I: Vertex function on K 1 corresponding to the vertexA. This shape func-
tion constrains the vertex functions on the elementsK 2; K 3; K 4 corre-
sponding to the vertexC.

II: Vertex function on K 1 corresponding to the vertexB. This shape
function also constrains the vertex functions on the elements K 2; K 3; K 4

corresponding to the vertexC.

III: pAB � 1 edge functions of polynomial degreesp = 2; 3; : : : ; pAB on K 1

corresponding to the edgeAB . Edge function of degreep constrains

(a) p� 1 edge functions on the elementK 2 corresponding to the edge
AC,

(b) one vertex function on the elementK 3 corresponding to the vertex
C,

(c) p� 1 edge functions on the elementK 4 corresponding to the edge
CB.
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Notice that interior shape functions (bubble functions) which vanish on el-
ement boundaries are never constraining nor constrained. Fig. 8 illustrates
the simplest situation with pAB = 2.

AA

BB

2K

K3

4K

K1

CC

CASE I

Constraining vertex function Constrained vertex functions

AA

BB

K2

K3

K 4

K1

CC

Constraining vertex function Constrained vertex functions

CASE II

A AA

B BB

K

K

K

3 K3

4 4K

K1

2 2K

CCC

Constraining edge function Constrained edge functionsConstrained vertex functions

CASE III

Figure 8: Constraining and constrained shape functions on aquadratic edge
with one-level hanging nodes.

3.2 Multiple-Level Constraints

The case of multiple-level constraints is more rich in options. Consider, for
example, a mesh with four-level hanging nodes shown in Fig. 9.

B

1KA

C
C

1 C

CC

CC
C

2
3

4

5

6

7

8

Figure 9: Example of a mesh with four-level hanging nodes.

As in Paragraph 3.1, there arepAB + 2 constraining shape functions on
element K 1 associated with the edgeAB . Each of them induces two types
of constraints:

� Direct constraints. These include constrained vertex functions cor-
responding to the vertices in the interior of the edgeAB (vertices
C1; C4; C7; C2 in Fig. 9). and pAB � 1 constrained edge functions for
each subedge ofAB (edgesAC1; C1C4; C4C7; C7C2; C2B in Fig. 9).
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� Implied constraints. Constrained vertex functions may further con-
strain vertex functions associated with vertices which do not lie on the
edgeAB (vertices C3; C5; C6; C8 in Fig. 9). Vertex functions subject
to implied constraints may produce further implied constraints.

Note that (directly) constrained edge functions do not imply additional con-
straints and that edge functions never are subject to implied constraints.

3.3 Algorithmic Treatment

In this paragraph we show that arbitrary-level hanging nodes can be handled
via an appropriate extension of standard connectivity arrays for element-by-
element assembling procedures [24].

Extension of Standard Connectivity Arrays

Recall that the element-by-element assembling procedure requires a unique
global enumeration of basis functionsv1; v2; : : : ; vN of the global �nite ele-
ment spaceVh;p, dim(Vh;p) = N as well as unique local enumeration of shape
functions on the reference domain̂K . On a reference triangle, for example,
by ' vk , k = 1; 2; 3 we denote the vertex functions and by' ek

2 ; ' ek
3 ; : : : ; ' ek

pk
,

k = 1; 2; 3 the edge functions associated with edgeek of polynomial degree
pk . Every elementK i in a regular mesh contains pointers to six nodes:

� Three vertex nodes

cvk = f [xvk
1 ; xvk

2 ]; mvk g; k = 1; 2; 3; (1)

where [xvk
1 ; xvk

2 ] are the coordinates of vertexvk and mvk a connectivity
index such that

' vk = vmvk (x K i ); k = 1; 2; 3:

(Here, x K i : K̂ ! K i is a reference map.)

� Three edge nodes

cek = f mek
2 ; mek

3 ; : : : ; mek
pk

g; k = 1; 2; 3; (2)

where
' ek

j = vm
ek
j

(x K i ); j = 2; 3; : : : ; pk :

For multiple-level constrained approximation, we replacein (1) the index mvk

with a list of pairs

m vk = f [� vk
1 ; mvk

1 ]; [� vk
2 ; mvk

2 ]; : : : ; [� vk
sk

; mvk
sk

]g: (3)

Via (3), every vertex function ' vk is related tosk basis functions of the �nite
element spaceVh;p via the relations

' vk = � vk
r vm

vk
r

(x K i ); r = 1; 2; : : : ; sj :

The edge connectivity arrays (2) are extended analogously.
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Calculation of Constraint Coe�cients

Let K i be an element in the mesh whose edgeek = ( vr ; vs) is constrained
by another mesh edgeAB . On K i we store an indexqek which uniquely iden-
ti�es the geometrical position of ek within AB . Notice that AB is uniquely
oriented through indices of the verticesA and B. Fig. 10 shows the enumer-
ation of various geometrical cases.

-1

32 4

10

5

6 7 8 9 10 11 12 13

etc.

B

B

B

B

B

A

A

A

A

A level k=4

level k=3

level k=2

level k=1

level k=0 (unconstrained)

Figure 10: Geometrical situations on a constraining edge.

The pair of immediate subedges ofek have the indicesqek
1 = 2 � qek + 2

and qek
2 = 2 � qek + 3. The index qek identi�es uniquely the coordinates of the

relative endpoints� 1 � a < b � 1 of ek within AB .
Assume a polynomial shape function of degreepk on the edgeAB .

Restricted to the edgeek ,  determines the coe�cients

� vr =  (a);

� vs =  (b)

of vertex functions ' vr ; ' vs on K i as well as the coe�cients� ek
2 ; � ek

3 ; : : : ; � ek
pk

of pk � 1 edge functions' ek
2 ; ' ek

3 ; : : : ; ' ek
pk

on K i . These values are obtained
by solving a system ofpk � 1 linear algebraic equations of the form

pkX

j =2

� ek
j ' ek

j (ypk
i ) =  (ypk

i ) � � vr ' vr (ypk
i ) � � vs ' vs (ypk

i ); 2 � i � pk ;

whereypk
i are pk � 1 interior Chebyshev points of degreepk on the edgeek .
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Construction of extended connectivity arrays

The extended connectivity arrays are constructed in a recursive manner,
starting with top-level nodes. Let ek = ( vr ; vs) be an edge which is con-
strained by another edgeAB , and let vA ; vB be the vertex nodes ofAB . The
extended connectivity arraym vr has the form

[� vr
i ; mvr

i ] 2 m vr , [�; m vr
i ] 2 m vr or [
; m vr

i ] 2 m vs or [�; m vr
i ] 2 m ek

j (4)

for some� vr
i ; �; 
; � 2 R, 1 � i � sk and 2 � j � pk . Each coe�cient � vr

i is
de�ned by the �rst applicable rule in the following list:

1. � vr
i = ( � + 
 )=2, if [�; m vr

i ] 2 m vr and [
; m vr
i ] 2 m vs ,

2. � vr
i = � , if [�; m vr

i ] 2 m vr ,

3. � vr
i = 
 , if [
; m vr

i ] 2 m vs ,

4. � vr
i = ' eAB (vr ),

where ' eAB (vr ) is the value of the constraining edge shape function atvr .
Note that vr and vs themselves can either be constrained or unconstrained.
If unconstrained, their extended connectivity arrays havethe form m vr =
f [1; mvr ]g, m vs = f [1; mvs ]g.

More details on computer implementation can be found on the web page
http://hpfem.math.utep.edu/hermes .

4 Automatic hp-Adaptivity

The major di�erence between adaptivity in standard FEM and adaptivity in
hp-FEM is a large number of element re�nement options in the latter case.
In standard h-adaptivity, elements only can be subdivided in space, e.g.,
using thered-greenre�nement technique (see [1] and the references therein).
In hp-adaptivity, one can either increase the polynomial degreeof elements
without subdividing them in space or one can split elements in space and
distribute the polynomial degree on the subelements in multiple ways.

The presence of manyhp-re�nement options per element implies that
classical error estimates (in the form of one number per element) do not
provide enough information to guidehp-adaptivity. Instead, one needs to
use some information about theshapeof the error function eh;p = u� uh;p. In
principle, this information could be obtained by estimating higher derivatives,
but such approach is not very practical. Usually it is more convenient to use
a reference solution, i.e., an approximation uref which is at least one order
more accurate than the coarse mesh solutionuh;p. The hp-adaptivity is then
guided by an a-posteriori error estimate of the form

eh;p = uref � uh;p (5)
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The reference solutionuref can be obtained e�ciently in an enriched �nite
element space, utilizing information about lower frequencies from uh;p [12,
23, 24]. Such approach, as opposed to classical error estimates, is virtually
equation-independent.

The outline of the algorithm is as follows:

1. Assume an initial coarse mesh� h;p consisting of piecewise-linear ele-
ments. User input includes prescribed toleranceTOL > 0 for the
energy norm of the approximate error function (5) as well as anumber
DDOF of degrees of freedom to be added in eachhp-adaptivity step.

2. Compute coarse mesh approximationuh;p 2 Vh;p on � h;p.

3. Find reference solutionuref 2 Vref , Vh;p � Vref , where Vref is an en-
riched �nite element space.

4. Construct the approximate error function (5), calculateits energy norm
ERR i on every elementK i in the mesh,i = 1; 2; : : : ; M . Calculate the
global error estimate

ERR =
MX

i =1

ERR i :

5. If ERR � TOL, stop computation and proceed to postprocessing.

6. Sort all elements into a listL according to their valueERR i in decreas-
ing order.

7. Until the number of added degrees of freedom is greater or equal to
DDOF do:

(a) Take next elementK from the list L.

(b) Perform hp-re�nement of K (to be described in more detail below).

8. Adjust polynomial degrees on unconstrained edges using the so-called
minimum rule (every unconstrained edge is assigned the minimum of
the polynomial degrees on the pair of adjacent elements).

9. Continue with step 2.

Selection of optimalhp-re�nement

For every elementK 2 � h;p of polynomial degreep we consider the fol-
lowing N̂ = 83 hp-re�nement options:

1. Increase the polynomial degree ofK to p+1 without spatial subdivision.

2. Increase the polynomial degree ofK to p+2 without spatial subdivision.
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3. Split K into four similar triangles K 1; K 2; K 3; K 4. De�ne p0 to be the
integer part of (p + 1) =2. For eachK i , 1 � i � 4 consider polynomial
degreesp0 � pi � p0 + 2. Edges lying on the boundary ofK inherit the
polynomial degreepj of the adjacent interior elementK j . Polynomial
degrees on interior edges are determined using the minimum rule.

For each of theseN̂ options we perform a standardH 1-projection of the ref-
erence solutionuref onto the corresponding polynomial space. The candidate
with smallest projection error is selected forhp-re�nement of the elementK .
Each of theseN̂ projection problems requires the solution of a small system
of linear algebraic equations. The solution of these systems can be further
optimized by exploiting the fact that the spaces in item3 above are partially
embedded.

5 Numerical Examples

5.1 Example 1: L-Shape Domain Problem

In this section we compare the performance of the newhp-adaptive strategy
from Section 6 with another automatichp-adaptive strategy [13]. For this
purpose, we use the standard L-shape domain problem whose exact solution
has a singular gradient (see, e.g., [27]). The computational domain 
 is


 = ( � 1; 1)2 n (� 1; 0)2 � R2:

We solve the Laplace equation� � u = 0 in 
 with the Dirichlet boundary
condition

u(x ) = R(x )2=3 sin(2� (x )=3 + �= 3); (6)

x 2 @
. Here, R(x ) and � (x ) are the standard spherical coordinates inR2.
The exact solutionu is given by (6) in 
. We do not include the pictures of
u or jr uj here since they are well-known (see, e.g., [24]). The approximation
error is measured relatively as

Erel =
jju � uh;pjjH 1

jjujjH 1
� 100%; (7)

whereuh;p is the approximate solution andjj � jj H 1 is the standardH 1 norm.
For illustration, several steps of the adaptive algorithm are shown in Figs.
11{13 (the corresponding approximate solutions are not shown since they are
visually identical to the exact solution.
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Figure 11: The initial (piecewise-quadratic) six-elementmesh and the mesh
after the 3rd hp-adaptivity step.

Figure 12: Meshes after the 5th and 8thhp-adaptivity steps.

Figure 13: Meshes after the 12th and 15thhp-adaptivity steps.
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We can see that in areas where the solutionuh;p is smooth, the algorithm
tends to use large elements with higher polynomial degrees.On the other
hand, near the singularity at the re-entrant corner small elements with lower
polynomial degrees are selected. This is in good correspondence with the
theory of hp-FEM.

A convergence comparison is shown in Fig. 14.
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Figure 14: Convergence history for the L-shape domain problem.

Here, the solid line represents the convergence history of the total 15
iterations of the adaptive algorithm (note the logarithmicscale on the vertical
axis). For comparison, we have extracted the results for thesame problem
from [13]. Even though our algorithm is considerably simpler than the one
in [13], it gives comparable or better results. The \� " mark in Fig. 14 is a
result obtained from a human-createdhp-mesh (see [22]).

5.2 Example 2: A Problem with Internal Layer

The second problem is taken from [13] for comparison. Solvedis the Pois-
son equation� � u = f in a unit square domain 
 = (0 ; 1)2, where both
the right-hand side f and the Dirichlet boundary condition on @
 are con-
structed to match the exact solutionu(x; y) = atan(60( R(x; y) � �= 3)). Here,
R(x; y) is the radial component of a polar coordinate with origin inthe point

(5=4; � 1=4), i.e., u(x; y) = atan
�

60
� p

(x � 5=4)2 + ( y + 1=4)2 � �= 3
��

.
Figs. 15 and 16 represent successive approximate solutionsuh;p and the

correspondinghp-meshes. In particular, notice the formation of multiple-
level hanging nodes in Fig. 16.

We see in Fig. 17 that the convergence curve obtained with ouralgorithm
in this case is very similar to the one obtained by Demkowicz in [13]. Fig. 18
shows the di�erent convergence rates of thehp-adaptivity and h-adaptivity
with piecewise-quadratic elements.
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Figure 15: Steps 1, 2, 3 of thehp-adaptive process.
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Figure 16: Steps 5, 7, 9 of thehp-adaptive process.
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Figure 17: Convergence history for the internal layer problem.
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Figure 18: Comparison ofhp-adaptivity and h-adaptivity.

5.3 Example 3: Girkmann Problem

The next problem was published and solved using classical civil engineering
methods by Girkmann in 1959. The computation is concerned with the
elastic behavior of a spherical dome supported by a sti�ening ring (see [27],
page 327).

The geometry shown in Fig. 19 is axisymmetric, with the values � = 40� ,
H = 6 cm, R = 15 m, jAB j = 60 cm, jBC j = 50 cm. The point E lies on
the line connectingD with the center of the sphere. The structure (both the
dome and the ring) is made of concrete with the Poisson ratio� = 0 and the
Young modulusE = 30 GPa. The density of concrete is assumed to be 3333
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Figure 19: Axisymmetric geometry of the Girkmann problem (not to scale).

kg/m 3.
The structure is modelled using the Lam�e equations of elasticity equipped

with the boundary conditions

ur = 0; @uz=@r= 0

on the axis of symmetry and
uz = 0

on the bottom of the sti�ening ring. Sought is the total resultant force
exerted by the dome on the ring along the lineDE . The complication in this
problem is given by two strong singularities at the pointsD, E. Additional
(weaker) singularites occur at the pointsA, B . Sought is the displacement
u (r; z) = [ ur (r; z); uz(r; z)]T .

Fig. 20 shows the Von Mises stress

� =
1

p
2

p
(� rr � � zz)2 + ( � zz � � �� )2 + ( � �� � � rr )2 + 6� 2

rz

corresponding to the �nal approximate solutionu h;p(r; z):
The computational mesh is shared byur and uz. However, the element

polynomial degrees for each component are independent. Figs. 21 and 22
show the distribution of the polynomial degrees in several stages of the adap-
tive process forur and uz, respectively.

Fig. 23 shows the convergence history of thehp-adaptive process. Fig.
24 shows the convergence of the integral over the surface circumscribed by
the line DE in space,

R
� ij ni dS = Fh;p. Given the density of concrete 3333

kg/m 3, the weight of the dome is 192.3 tons. This means that the total force
exerted on the ring is

F = mg = 192; 300� 9:81N = 1:886� 106N:

We use this information to verify that the error in the total force shown in
Fig. 24 is about 0.8%.
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Figure 20: Detail of Von Mises stress in the sti�ening ring with singularities
at the re-entrant corners.

Figure 21: Meshes for ther component ofu (r; z), steps 1, 4, 6, 14.
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Figure 22: Meshes for thez component ofu(r; z), steps 4, 14.
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Figure 23: Convergence history for the Girkmann problem.
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Figure 24: Total force exerted by the dome on the sti�ening ring (curves
corresponding to the coarse mesh and reference solutions).
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