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1 Introduction

The p-version of the Finite element method (p-FEM) was first used and
studied systematically in the mid 1970s by B. Szabd, 1. Babuska et. al.
(see, e.g., [4, 14, 15, 16, 17]). It was discovered during the 1980s (see [2]
and the references therein) that the choice of higher-order shape functions
has a dramatical effect on the conditioning of the discrete problems. Since
then, significant amount of work has been devoted to the improvement of
higher-order shape functions on various types of finite elements (see, e.g.,
[1, 8, 12, 19, 22, 23]). The search for optimality continues until today.

In particular, integrated Legendre polynomials (sometimes also called Lo-
batto shape functions) became a prominent tool for the design of higher-order
elements for second-order elliptic PDEs due to their orthogonality under the
Hj-product (L*-product of first derivatives). This orthogonality avoids off-
diagonal contributions of higher-order shape functions to the stiffness matrix
of the Laplace operator in one spatial dimension. In higher spatial dimension,
shape functions based on the integrated Legendre polynomials proved to have
better conditioning than other, older types of higher-order shape functions
[1, 22]. However, the Lobatto shape functions are not orthogonal in the L2-
product and their orthogonality in the H}-product does not naturally extend
to Cartesian product elements in R?.

We show that these drawbacks can be avoided by replacing the integrated
Legendre polynomials by the generalized eigenfunctions of the Laplacian. In
Section 2 we recall the generalized eigenfunctions of partial differential oper-
ators and discuss some of their properties on the general level. In Section 3
we apply these results to the Laplace operator in one spatial dimension and
compare the generalized eigenfunctions to the integrated Legendre polyno-
mials. In Section 4 we use the one-dimensional generalized eigenfunctions
to construct higher-order shape functions for Cartesian product elements in
R?. In Section 5 we construct new higher-order shape functions for simplicial
elements in R? by solving the corresponding generalized eigenproblem. An-
alytical results are illustrated by numerical experiments throughout the text
and additional numerical examples and comparisons are provided in Section
6.

Integrated Legendre polynomials
Before we proceed, let us recall briefly the integrated Legendre polyno-
mials N
W)= [ La©ds =23, (1)
-1
Obviously, these functions vanish at the endpoints of the interval K, =
(—1,1), and therefore they are used as bubble functions (interior modes)
to extend the standard basis for piecewise-linear elements to higher-order
approximations [21]. It also follows from (1) that
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It can easily be verified that shape functions (1) are not orthogonal in the

L?-product,
1

bs1y) = (s )y = [ B (€)de ®)

1

Consider for a moment a product quadrilateral element K, = (—1,1)%. Poly-
nomials (1) are used frequently to construct product shape functions on K
in the form

wrs($17x2) = lr(xl)ls(x2>- (4)

However, in this case it is easy to check that

(wijs W) g3 () = Vwij(x1, 22) - Vwg(x1, 22) drgdes
Kq

1 1

-1 -1
which means that the product shape functions (4) do not inherit the H}-
orthogonality from the shape functions (1). We will see in the following
that when this lack of orthogonality is cured, higher-order finite elements of
remarkably better properties can be constructed.

2 Generalized Eigenfunctions

In this section we recall some properties of generalized eigenfunctions for later
reference. We assume a bounded, simply connected domain K c R? with
Lipschitz continuous boundary. The domain Kis equipped with a space W=
PP(K), dim(W) = n of polynomials vanishing on the boundary dK. Let
a(-, ) W xW — R be a bilinear form which appears in the weak formulation
of a partial differential equation Lu = f. By generalized eigenfunctions of
the operator L in the space W we mean polynomials 1, ¥, . .., ¢, solving
the following weak eigenproblem:

Find (¥, Aw) € W x C, m = 1,2,...,n such that the functions 1y, s,

.y ¥y, are linearly independent and moreover

a(thm, 0) = Anb(thp,v)  for all v € W. (5)
Here, the bilinear form b: W x W — R,
bu0) = [ u@)ela)de, ()
K
represents the L?-product in the space w.

By expanding the unknown functions t, in terms of an arbitrary basis
B, = {91, 92, - .., gn} of the space W,

x) = Z Yirg; (), (7)



the weak eigenproblem (5) attains an equivalent matrix form [9, 13, 27],
SY = MYA. (8)

Here, S is the stiffness matrix of the type n x n, s;; = fK g59;dx, and M
is the mass matrix, m;; = | x, 9i9jdz. The n x n matrix ¥ contains the
unknown expansion coefficients y;; in its columns. The diagonal matrix
A = diag(A\, Aa, ..., \,) contains the corresponding eigenvalues. By (6),
the matrix M is symmetric.

Theorem 2.1. Let the matrices S and M be symmetric positive definite.
Then problem (8) has a solution which is unique up to invariant subspaces
corresponding to repeated eigenvalues.

Proof. See proof of Theorem 8.7.1 of [9]. O

The proof of the following Lemma 2.1 is left to the reader as an easy
exercise:

Lemma 2.1. The solution (¥, A\n), m = 1,2,....n of (5) is invariant
under the choice of the basis B,.

In the important symmetric case it holds:

Lemma 2.2. Let the bilinear form a(-,-) in (5) be symmetric positive defi-
nite, and let (Y, Am), m = 1,2,...,p — 1 be the solution to (5). Whenever
i # Aj, we have

If Miy = Xiy = ... = A, then the functions i, iy, ..., ¢, generate a
subspace in W where one can find a basis satisfying (9). Moreover, we have

0ij
Proof. Let a(v;,v) = A\b(h;, v) for all v € W and a(th;, ) = A;b(1h;, ) for all
o € W. Putting ¢; for ¢ and ¥, for v, and using the symmetry of the form
a(+,-), we obtain

(Ai = A)b(s, ¥5) = 0.

If \; # Aj, then b(¢;,1;) = 0 and it follows from (5) that a(t);, ;) = 0. The
rest is obvious. O

On the computational side, the generalized eigenproblem (8) can be solved
using standard mathematical software such as LAPACK or Matlab (in fact,
the latter uses a function of the former for that purpose).



Figure 1: Generalized eigenfunctions of the Laplacian in the space P5(—1,1).

3 One-Dimensional Elements

In the rest of the paper we restrict ourselves to the case L = A (Laplace
operator). First let K = (—1,1) and W = PP(—1,1). This space has the
dimension n = p — 1. For any p > 1, the n generalized eigenfunctions
are computed as described in Section 2. For illustration, the generalized
eigenfunctions 91, 1o, . .., 14 of polynomial degree p = 5 are shown in Fig. 1.

According to our numerical experiments, the generalized eigenfunctions
have better conditioning properties for the hp-FEM discretization of the
Laplace operator than any other known set of higher-order shape functions.
To illustrate this fact, we compare them with the integrated Legendre poly-
nomials (1) and with the Lagrange nodal shape functions based on Gauss-
Lobatto points, which are used often in the context of spectral FEM (see,
e.g., [12]).

In the left and right parts of Fig. 2 we show the condition numbers of the
stiffness and mass matrices, respectively, where the Laplace operator is dis-
cretized on a single element (—1, 1), using polynomial degrees p = 2,3, ..., 15.

Results shown in Fig. 2 are in agreement with the general experience that
spectral elements yield worse-conditioned stiffness matrices than hp finite el-
ements but better conditioned mass matrices. Both integrated Legendre
polynomials (1) and generalized eigenfunctions (7) yield an optimal stiff-
ness matrix S = I. It is interesting to observe that also the mass matrices
corresponding to these two sets of shape functions have (visually) identi-
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Figure 2: Conditioning of the stiffness and mass matrices, p = 2,3, ..., 15.

cal condition numbers. This is somewhat surprising since the mass matrix
corresponding to the generalized eigenfunctions is diagonal while the one of
the integrated Legendre polynomials is not. After analysing the situation,
it turns out that the condition numbers are exactly the same, and, more-
over, that this behavior is typical whenever we deal with two bases which are
orthonormal under the same inner product. Let us introduce the following
result:

Lemma 3.1. Let V' be a Hilbert space with a subspace W, dim(V) = n <
co. Let v1,72,..., Y and wi,ws, ... ,w, be two bases in W. Further, let
a:W xW — R be a symmetric bilinear form such that

a(vi,v5) = a(wi, w;) = i (11)

for all 1 < i,5 <n. Then, for any other symmetric bilinear form b : W x
W — R, the Gram matrices M, = {b(vi,7;)}1 ;=1 and M, = {b(w;, w;)}'i=
have identical eigenvalues.

Proof. Let us express the element w; as

wizza;ﬂk, 1<i<n.
k=1
We have
(Mo)ij = blwi,w;) = b (Z Gk Y Oéfﬁ%) =3 > apad b1k, Ym)-
k=1 m=1 k=1 m=1
Hence, we can write
M, = CaTnyCa

where C, = {a},}} ;. It follows from (11) that

n n n

_ _ i g _ i j

0ij = a(wiij) = E E ol a(Ve, Ym) = E Qo
k=1 m=1 —6, k=1

Thus CI' = C!, ie., the matrices M, and M, are similar. O



The generalized eigenfunctions become clearly distinguished from other
types of higher-order shape functions on product elements of the form (—1,1)4
which we study in the next section.

4 Cartesian Product Elements

Let us consider a d-dimensional cube K = K, = (—1,1)¢ equipped with a
set of directional polynomial degrees 2 < pi,ps,...,ps. The corresponding
product space has the form

W =W, = PP'(=1,1) x PP*(=1,1) x ... x PP(—=1,1).
The dimension of Wy is n = [, (p; — 1). In this space we assume the form
CLd(',') : Wd X Wd — R
ag(u,v) = Vu - Voude,
Kg

corresponding to the Laplace operator, and the L2-product by(-,-) : Wy x
Wd — R,

bd(u,v):/ uv de.
K4

We construct product shape functions of the form

[T A 2
¢i17i27---7id($1’ L2y axd) = (%) H wi(flm)(xm)a 1 <ip <pm—1,

(12)
where w§pm), @Dépm), Cy @D;{Z”_)l are the one-dimensional generalized eigen-
functions of degree p,, from Section 3 and A&pm’, Agpm), e >‘1(7{;:1—)1 are the

corresponding eigenvalues. It is easy to see that polynomials (12) are lin-
early independent and that they span the space W,;. We have the following
lemma:

Lemma 4.1. Shape functions (12) satisfy

d
ad<¢ii,z-2,...,z-d,v>=(ZAEZ“) ba(ivin. iyv)  forallve Wy,  (13)

m=1

i.e., they are the generalized eigenfunctions of the Laplacian in the space Wy
with the eigenvalues S0 _, )\EZ”). Moreover, we have analogies to (9) and

(10),
d
@a(Birsia, s Div i) = || Giwmim (14)

m=1

d
Zd )\('pm) ’

m=1 ""im

and

bd(¢i1,i2,---,id’ ¢j17j27---7jd) = (15)



Proof. 1t is sufficient to prove (13) for an arbitrary basis of W, which means
that it is enough to prove (14) and (15). For an arbitrary set of directional
polynomial degrees 2 < py, ps, . .., pq We proceed by induction over the spatial
dimension d. We know from Lemma 2.2 that (14) and (15) hold for d = 1.
Let ®g = (x1,x9,...,x4). It follows from (12) that

( ( )Zd )\(pm) 1/2
¢i1,i2,...,id+1($d+1> wzfﬁl ( ) )\igflrl Zd+1 >\(pm) ¢i1,i2,...,id(wd)'
m=1 im
We have

a1 (Pirin,ooviigrs s Pingoriass)

d (Pm)
(,¢(Pd+1 pd+1))<)\(pd+1) Zm:l )\ii )
td+1 Jd+1 (pm)

N

td+1 Zd+1 A\l

im

(Pa+1)
'<)‘jd+1 d+1 ¢21722, ,zda¢]17]27 7]d)
)\(Pm
+a( (Pd+1) (Pd+1 )\pd+1
(FAR] Jd+1 (FAN] d+1 )\(Pm

1

(pm) \ 2

. )\(Pd+1)2m 1 A ba(¢; D)

Jd+1 Zd+1 )\(pm) d 11,82,.-8d) ¥ J1,525---.Jd ) *
m=1""Jm

Using the induction assumptions (14) and (15), this yields

pm d
(¢ ) ) ¢ ) . ) _ 6’d+1jd+1 )\(Pd+1 Z Zm 5 .
Q41 21,225+ 50d 19 ¥ J1,]25--50d+1/) T (Pd+1) Td+1 d+1 tmJm
)\ Zm 1 m:l

ld+1

d (pm) 171d d+1
v e Zmmt A Tl Qi 11 9.
B id+1 Zd+l >\ pm Zfﬂ:l )\’ff’bm) N o

m=1""tm m=1

For the form by, we obtain

bd+1 (¢i17i27"'7id+1’ ¢j17j27"'7jd+1)

1
d (Pm) \ 2
(w(pd+1 Pd+1))<)\(pd+1) Zm:l )‘ii )2

Ld4+1 Jd+1 td41 Zd—i—l )\(pm)
m=1 im

[

d (pm) 2

. )\(_pd+1)2m:1 )\jm b (¢ ) T ) )

Jat1 Zf::ll Ag-im) d\Vi1,i2,...iq5 Pj1,52,--.0d
d (Pm) d d+1

. 6id+1jd+1 (pd+1) Zm:l )\‘p Hm:l 52m]m . Hm+:1 57«m]m

o A(Pdﬂ) tdy1 Zd+1 A(pm) an:1 )\gim) o Zfri::ll )\gf;m)

1d+1 m=1

which finishes the proof. 0



Fig. 3 presents a comparison of the conditioning properties of generalized
eigenfunctions (12) to two other frequently used sets of higher-order shape
functions for quadrilateral elements: to Lagrange nodal shape functions based
on product Gauss-Lobatto points [21] and to products of integrated Legendre
polynomials (1). Fig. 3 shows the condition numbers of stiffness and mass
matrices in the space W5 for 2 < p; = py < 9.
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Figure 3: Conditioning of the stiffness and mass matrices for p; = py =
2,3,...,9.

In contrast to the one-dimensional case shown in Fig. 2, we can see in
the left part of Fig. 3 that the generalized eigenfunctions (12) yield best-
conditioned stiffness matrices. As in the one-dimensional case, the Lagrange
product shape functions yield mass matrices with lowest condition numbers.
Let us stress that mass matrices obtained with the generalized eigenfunctions
(12) are diagonal.

5 Simplicial Elements

On a simplex K C R% we only have one polynomial degree p > d+ 1 and the
corresponding polynomial space has the form

W =P!K)={ue P(K); u=0 on 0K}. (16)

The dimension of W is ;
. Hk:l(p — k)
N d! '

Generalized eigenfunctions of the Laplacian in the space W are computed
following the procedure described in Section 2.

For illustration, we consider a reference triangle K = K, with the vertices
[—1,—1],[1,—=1],[-1,1]. The corresponding Matlab script and a text data
file containing the coefficients y;;, for polynomial degrees 3 < p < 10 can be
downloaded from the web page http://hpfem.math.utep.edu. In Fig. 4 we
compare the conditioning properties of the generalized eigenfunctions to the
Lagrange nodal shape functions based on Fekete points [26] (best nodal shape

n



functions available for triangular elements) and to shape functions based on
integrated Legendre polynomials [22] (most widely used set of higher-order
shape functions for continuous hp elements on triangular meshes).
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Figure 4: Conditioning of the stiffness and mass matrices for p = 3,4, ..., 10.

We can see in Fig. 4 that the shape functions based on integrated Leg-
endre polynomials exhibit a particularly poor exponential growth of both
condition numbers in this case. Again, the generalized eigenfunctions yield
optimally-conditioned stiffness matrices and the Lagrange nodal shape func-
tions yield best-conditioned mass matrices. The somewhat strange behavior
of the conditioning curves of the Lagrange nodal shape functions for p = 8,9
was consulted with the authors of the Fekete points [26] who reported the
same experience.

The following remark applies to all domains K:

Remark 5.1. Let an eigenfunction-eigenvalue pair (o, \) solve the general-
ized eigenproblem for the Laplacian (5). Then for any positive k € R, the
eigenfunction-eigenvalue pair (@, X + k) solves the generalized eigenproblem
for the operator Lu = —Au + ku,

/V@-Vv+kg0vdac:()\+k)/cpvdw for allv e W. (17)
K K

6 Role of Reference Maps

Most hp-FEM and spectral (SFEM) codes use the so-called affine concept of
FEM. This is an economical approach where one defines shape functions and
quadrature rules on a suitable reference domain K and maps all physical mesh
clements K; onto K by means of bijective reference maps @ K; - K — K;. Sub-
stitution theorem is then used to transform all integrals in the weak formula-
tion from mesh elements onto K, and all contributions to the stiffness /mass
matrices are calculated on K only.

Every mesh triangle K;, however, can be mapped onto K using six dif-
ferent affine maps. This number reduces to three when K and K; have the
same orientation of vertices, as shown in Fig. 5.



&

X.
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mid .-~

Figure 5: Three different ways to map a physical mesh triangle K; onto a
reference triangle.

In Fig. 5, the central vertex v; of K is mapped onto the vertex with
maximum, medium, and minimum angle in K;. It was shown in [24] that the
selection of reference maps influences the condition number of the discrete
problem significantly. This dependence varies with the choice of higher-order
shape functions and geometry of the mesh.

Let us use the standard L-shape domain benchmark problem [22] with
singular solution to illustrate this effect. Solved is the Laplace equation
—Au = 0 in the domain Q = (—1,1)%\ [-1,0]?, and the Dirichlet boundary
conditions are chosen to match the exact solution u,

u(x) = R(x)*?sin(20(x)/3 + 7/3).

Here, R(x) and 6(x) are the standard spherical coordinates in R%.  The
domain €2 and the geometry of the mesh are shown in Fig. 6. The solution u
and the magnitude of its gradient |Vu| (truncated for visualization purposes)
are depicted in Fig. 7.

Figure 6: The L-shape domain and its partition.
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Figure 7: Exact solution u (left) and the norm of its gradient (right).

The following Figs. 8, 9, and 10 show the dependence of the condition
number of the stiffness matrix on the choice of the reference maps for the
standard shape functions based on integrated Legendre polynomials [1, 22],
more recent shape functions based on integrated Jacobi polynomials [8], and
the shape functions based on generalized eigenfunctions of the Laplace op-
erator, respectively. The horizontal axis represents a uniform polynomial
degree of mesh elements. The vertical axis shows the condition number of
the stiffness matrices obtained with the max. angle, mid. angle, and min.
angle maps (same for all elements). For better illustration, the values of the
condition numbers are made relative to the condition number obtained when
the central vertex v; of K is mapped onto the vertex in K; with the lowest
index for all elements.

=
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Figure 8: Condition number of stiffness matrices, shape functions based on
integrated Legendre polynomials, p =1,2,...,10.
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Figure 9: Condition number of stiffness matrices, shape functions based on
integrated Jacobi polynomials, p =1,2,...,10.
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Figure 10: Condition number of stiffness matrices, shape functions based on
generalized eigenfunctions of the Laplacian, p=1,2,...,10.

Figs. 8 — 10 correspond to the L-shape domain problem, but they rep-
resent a general trend that we observed in various other computations: The
influence of the reference maps on the discrete problem is strongest for the
standard shape functions based on integrated Legendre polynomials, slightly
weaker for the shape functions based on integrated Jacobi polynomials, and
it almost vanishes for the shape functions based on generalized eigenfunctions
of the Laplace operator.

12



In addition, Fig. 11 shows the condition number of the stiffness matrices
for the three above mentioned sets of shape functions and polynomial degrees
p=1,2,...,10. For every case we use the reference map which yields the
minimum condition number.

Lobatto shape functions
—— Jacohi shape functions
—8— Generalized Eigenfunctions

Condition Number of Stifness Matrix

1 2 3 4 5 5} 7 8 9 10
Polynomial Order

Figure 11: Condition number of stiffness matrices, p =1,2,..., 10.

Again, the results shown in Fig. 11 correspond to the L-shape domain
problem, but at the same time they represent a general trend that we ob-
served in various other computations: The shape functions based on inte-
grated Legendre polynomials yield quite ill-conditioned matrices compared
to the other two sets of shape functions, and the gap opens very fast as the
polynomial degree in elements is increased. Conditioning properties of the
shape functions based on the integrated Jacobi polynomials and generalized
eigenfunctions is similar, with the latter set being slightly better in most
computations.
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