The University of Texas at El Paso
Department of Mathematical Sciences

Research Reports Series

El Paso, Texas Research Report No. 2006-09

Discrete Maximum Principle for Poisson Equation
with Mixed Boundary Conditions Solved by hp-
FEM

Tomés Vejchodsky, Pavel Solin







The University of Texas at El Paso
Department of Mathematical Sciences

Research Reports Series

El Paso, Texas Research Report No. 2006-09

Discrete Maximum Principle for Poisson Equation
with Mixed Boundary Conditions Solved by hp-
FEM

Tomés Vejchodsky, Pavel Solin

The University of Texas at El Paso

Department of Mathematical Sciences



Tomés Vejchodsky, Pavel Solin:
Discrete Mazimum Principle for Poisson Equation with Mized Boundary Condi-
tions Solved by hp-FEM

Abstract: We present a proof of the discrete mazimum principle (DMP)
for the Poisson equation —Au = f equipped with mized Dirichlet-Neumann
boundary conditions. The problem is discretized using finite elements of ar-
bitrary lengths and polynomial degrees (hp-FEM). In contrast to the Dirich-
let case, with mized Dirichlet-Neumann boundary conditions the DMP holds
without any limitations on the mesh or polynomial degrees of the elements.

AMS subject classification: 65N30, 35B50

Keywords: Discrete maximum principle, higher order elements, hp-FEM, Poisson
equation, mixed boundary conditions.

Correspondence

vejchod@math.cas.cz, solinQutep.edu

Acknowledgment

The first author has been supported by the Grant Agency of the Czech Republic,
project No. 201/04/P021 and by the Academy of Sciences of the Czech Republic,
Institutional Research Plan No. AV0Z10190503. The second author has been
supported in part by the U.S. Department of Defense under Grant No. 05PR07548-
00, by the NSF Grant No. DMS-0532645, and by Grant Agency of the Czech
Republic project No. 102-05-0629. This support is gratefully acknowledged.

The University of Texas at El Paso
Department of Mathematical Sciences
500 West University, El Paso, TX 79968
Email: mathdept@math.utep.edu

URL: http://www.math.utep.edu
Phone: 1.915.747.5761

Fax: 1.915.747.6502



1 Introduction

It is well known that finite element solutions to elliptic and parabolic PDEs
sometimes exhibit behavior which is incompatible with the corresponding
maximum principles (and, consequently, incompatible with the underlying
physics). Most frequently this happens when a finite element mesh contains
large dihedral angles, but also in other situations. Discrete maximum prin-
ciples (DMP) provide additional restrictions on finite element meshes under
which the maximum principles are preserved on the discrete level.

The first DMP were introduced in the 1970s and used to prove the con-
vergence of finite differences and lowest-order finite element methods (see,
e.g., [3, 4]). Nowadays the DMP play an important role in computational
PDEs by guaranteeing that approximation of physically nonnegative quan-
tities such as the density, temperature, concentration, or electric charge re-
mains nonnegative. Due to the difficulty of the topic, current research in
the area of DMP almost exclusively deals with lowest-order elements (see,
e.g., [9, 10, 11, 19, 20]). However, in the last decades, significant progress
has been made in the development of the hp-FEM (finite element methods
with variable size and polynomial degree of elements) and their applications
to challenging large-scale problems in computational science and engineering
(see, e.g., [1, 13, 14, 17]). These methods are substantially more efficient
compared to standard lowest-order schemes, and an increasing demand for
them implies a need for the corresponding generalizations of the DMP.

It was shown in [16] that the DMP cannot be extended from lowest-order
FEM to hp-FEM in a straightforward manner, and a weak DMP was intro-
duced. Recently, a maximum principle for one-dimensional Poisson equation
equipped with Dirichlet boundary conditions and discretized by hp-FEM was
presented in [21]. The result was proved under a mild sufficient condition
stating that the length of the longest element in the mesh must be less than
90% of the length of the entire domain. In this paper we generalize this result
to the mixed Dirichlet-Neumann boundary conditions. The extension is not
straightforward since the inverse stiffness matrix has a different structure.

2 The model problem and its discretization

We solve the one dimensional Poisson equation with mixed Dirichlet-Neumann
boundary conditions,

—u"=f inQ,
u(a) =0,
u'(B) = g(B).

Here, Q = (o, f) C R is an interval.



The corresponding weak formulation reads: Find u € V' such that

a(u,v) = (f,v) +g(B)o(B) VeV, (1)

where V = {v € H'(Q) : v(a) = 0}, f € L*(Q) is aright-hand side, g(8) € R,
(+,-) stands for an L?*(€2) inner product, and a(u,v) = (u’,v").

In a standard way we create a partition a = o < x1 < ... < xpy = 3
of the domain €2 consisting of M elements K; = [z;_1,2;], i = 1,2,..., M.
Every element K is assigned an arbitrary polynomial degree p; > 1. The cor-
responding finite element space of piecewise-polynomial continuous functions
Vip C V has the form

Vip = {vnp € V5 Uppli, € PP(K;), i =1,2,...,M}.

Here PPi(K;) stands for the space of polynomials of degree at most p; on the
element K;. The space Vj, has the dimension N = Zf\il p;. There exists a
unique function uy, € Vj, satisfying

a(Unp, Vnp) = (f; Vnp) + g(B)v(B)  Voup € Vip. (2)

Definition 2.1. Problem (2) satisfies the discrete maximum principle (DMP)
if

f<0ae inQandg(f) <0 = maxu, = A U,
Q
where ) is the boundary of the domain €.
Definition 2.2. Problem (2) satisfies the discrete minimum principle if

f>0ae inQandg(f) >0 = minu,, = Ilélsi)nuhp.
Q

Definition 2.3. Problem (2) conserves nonnegativity if
f>0ae inQand g(f) >0 = wup >0in .

Clearly, the discrete maximum and minimum principles are equivalent
for problem (2). We will use the following lemma to prove the DMP via
conservation of nonnegativity.

Lemma 2.1. If problem (2) conserves nonnegativity then it satisfies the dis-
crete maximum principle.

Proof. Since up, > 0 in Q and up,(a) = 0, we conclude

min uy, = 0 = min uy,.
oa P Q P



Remark 2.1. For the sake of simplicity, we formulated problem (2) with a
homogeneous Dirichlet boundary condition u(a) = 0. However, all results
of this study hold for a nonhomogeneous condition of the form u(a) = ug,.

Namely, every solution ty, to problem (2) with nonhomogeneous condition

u(e) = uq can be decomposed to lp, = ujf,, + upy, where uf is a constant

function such that ugp(a) = Uy and up, vanishes at the endpoint o

3 Discrete Green’s Function

The discrete Green’s function (DGF) is defined in analogy to the standard
Green’s function:

Definition 3.1. For an arbitrary z € 2, the unique solution Gy, ., € Vi, to
the problem

a(Unp, Ghp,z) = Unp(2)  Vomy € Vi (3)
is called the discrete Green’s function (DGF) corresponding to the point z.

In the following, we will use the notation Gj,(x, z) = Gpp.(x). A combi-
nation of (2) and (3) yields the so-called Kirchhoff-Helmholtz representation

Upp(2) = /Qth(:)s,z)f@) de + g(B)Grp(B,2) Vz e Q. (4)

The following lemma shows that the DGF can easily be expressed using
any basis of V3, cf. [5]. We use the Kronecker symbol

1 fori=k,
5ik_{ 0 fori# k.

Lemma 3.1. Let {1, 2, ...,0on} be basis of Vi,. If the stiffness matric
Ajj =ale;,¢i), 1 <i,j <N is nonsingular, then

Grpla,2) =) Y Ajlon(@)g;(2). (5)

7=1 k=1

N
Here, Aj_kl are the entries of the inverse stiffness matriz, i.e., .ZlAUAj_kl =
]:
Proof. Substitute

N
Gup(r,2) = Y _cil2)p (6)
=1



into (3) with vy, = ;. It follows that

> _cilz) ales, 1) = ¢i(2).

The coefficients ¢;(z) are expressed in terms of the inverse matrix as cx(z) =
Z;.Vzl goj(z)A;kl, and they are substituted back into (6). This finishes the
proof. O

Theorem 3.1. Problem (2) conserves nonnegativity if and only if the cor-
responding discrete Green’s function Gpy(x,2) = Gy .(z) defined by (3) is
nonnegative in 2.

Proof. By (5), the discrete Green’s function G, (z, ) is continuous up to the
boundary of 2. The rest follows immediately from (4). O

This theorem is a useful tool for the analysis of discrete maximum princi-
ples. In the rest of this paper we will show that the discrete Green’s function
corresponding to the problem (2) is nonnegative.

4 DGF for the model problem

4.1 Lowest-Order Case

In this section we will construct the DGF for problem (2). We begin with
the case py = po = ... = pyy = 1. Let us define h; = z; — z;_1. By
BL = {¢1,¢s,...,0r} we denote the standard lowest-order basis consisting
of the piecewise-linear “hat functions” such that ¢;(z;) = 6;;, 1 <1i,j < M.
In this case the stiffness matrix A¥ € RM*M s tridiagonal,

1/h2—|—1/h2+1 fOI'izj < M,

1/hyy fori=75=M,

Al =< —1/hi for i = j — 1,
—1/h;i_y fori=j+1,
0 otherwise,

fori,j=1,2,..., M.

Lemma 4.1. The inverse matriz (AL)~t € RM*M has the form

r o rn—oa rn—-—aoa ... Il —«
Iy —« 9 —Q To9g—0O ... T2 —Q
(AL)—lz T1—Q Ty—Q T3— Q& ... T3—«
I —Q Ty —Q T3—Q ... Ty—«Q



i.e., (AL);jl:xi—aforlgz'Sngand(AL);jl:xj—aforlgj<
1< M.

Proof. We want to show that z;; = J;;, where

M M
Z AL zklAéj = Z(AL)z’_kla((ﬁjvﬁbk)a
k=1 k=1

forall 4,5 =1,2,..., M. We fix ¢ and j, and consider the bilinear forms

z; B
ai(u,v) = / wv'dr and  ay(u,v) = / u'v' du.
a T

We use the explicit formulae for (AX);,! to get

(Cbm 3 (z), — ) ¢k> + (2 — a)alg;, di) + (i —a)a(%’, f: ¢k>-
k=1 k=i+1

Now, we split the term a(¢;, ¢;) = a1(¢;, ¢;) + a2(¢;, ¢;) to obtain

Zij = a1(¢j,x — Oé) + (.CL’Z — Oé)@g((ﬁj, 1) = al(qu,x — Oé) = 52']‘,

where the last equality follows from a straightforward simple computation.
[

Using Proposition 4.1 and identity (5), we can write the DGF in the form

Ghyw2) = (o )i(2) @)
+ Z i — a)[pi(x)p;(2) + ¢(z)pi(2)].

=1 j=i+1

In particular, we see immediately that
Gro(z,2) >0 V[z,z2] € Q. (8)

The situation is illustrated in Figure 1.



Figure 1: The lowest-order part G (z,z) of the discrete Green’s function
Ghp(z, z) for the Poisson equation with mixed boundary conditions in 2 =
(—1,1) on a mesh with three elements [—1, —3/4], [-3/4,0], and [0, 1].

4.2 Higher-Order Case

In this paragraph we return to the original setting with arbitrary polynomial
degrees p; > 1. In order to facilitate the construction of higher-order ba-
sis functions of the space Vj,,, let us introduce the Lobatto shape functions
lo,l1,ls, ... on a reference interval K = [—1,1] (see, e.g., [14, 17]).

The lowest-order Lobatto shape functions [y and [ have the form [y(§) =
(1—-£)/2, 1,(€) = (1+€)/2, € € K. The higher-order shape functions Iy, ls, . . .
are defined as antiderivatives to the Legendre polynomials. Therefore, they
satisfy

1
[ wonea=a,. ij=25..
Every Lobatto shape function [;, ¢ = 2,3, ..., is a polynomial of degree i and
it vanishes at £1. Thus it can be expressed as

(&) = (L (§ri(E), i=2,3,...,

where k; is a polynomial of degree ¢ — 2. For reference, a first few kernels k;
are listed in Appendix.

The basis B = {¢1,¢a,...,0n} of V}, can be written as B = B U B,
where B* was defined above and B is the higher-order part of the basis
comprising functions ¢u;, dpri1, - - -, ¢n. These are defined as follows:

Consider the standard affine transformations from K to K,

(2 — 25-1)§ + (25 + 24-1)

i (€) = : . )




On an element K; of the polynomial degree p;, there are p; — 1 higher-order
basis functions. These vanish outside of K; and in K; they are defined as the
Lobatto shape functions ls, 3, ..., l,, composed with the inverse map X;_Ql. (x).

Proposition 4.1. We have the following orthogonality relations:
a(¢", ¢") =0 Vo' € B, Vo' € B,
a(¢?,9F) =0 V¥ e BY, vy e BY, ¢F # ¢~

Proof. The proof is straightforward, based on the L2-orthogonality of the
Legendre polynomials. O

By Proposition 4.1, both the stiffness matrix A and its inverse have the
following block structure:

(8) ()

with 2 2 9 2 2 2
pdna(Z, 22222y
188 hl hl hz h2 hM hM ( )
(p1—1) times  (p2—1) times (par—1) times
By (5), the DGF can be written as
Gip(, 2) = Gy, 2) + Gy, 2), (11)
where G (x, z) corresponds to (7) and
N
Gh(r.2) = Y Dplon(z)n(z) Vix, 2] € Q2 (12)
k=M

Unfortunately, G7(z,z) defined by (12) is not nonnegative in the entire
Q? in general. For instance, in the example shown in Figure 2, there are
small regions near the points [1,0] and [0, 1], where the function G}, (z, 2) is
negative.

Notice that any partition of ) produces a rectangular grid on 92, and
that Gfp(:c, z) can be nonzero within the diagonal squares of this grid only.
In other words,

M
supp G, C U K?. (13)
i=1
Lemma 4.2. The discrete Green’s function G, defined by (11) is nonnega-
tive in Q2 \ UM, K2.

Proof. Consider (13) together with (8). O



Figure 2: The higher-order part Gj (,z) of the discrete Green’s function
Ghp(z, z) for the Poisson equation with mixed boundary conditions in @ =
(—1,1), on a mesh with three elements [—1, —3/4], [-3/4,0], and [0, 1] of the
polynomial degrees p; = 1, po = 2, p3 = 3.

5 The DGF on K?

As justified by Lemma 4.2, we only need to continue with the study of the dis-
crete Green’s function G, (, 2) in the union of the diagonal squares [ JV | K?2.
Without loss of generality, let us restrict ourselves to only one square K2,
1 <i< M. Let p=p; be the polynomial degree assigned to K;. Notice that
only a few terms in (7) and (12) are nonzero in K?. Hence, by (7), (10), and
(12) we obtain

Gp(z, Z)’Kf = (s — ) i(1)Ps(2) + (w521 — @) Pi_1(7)Pi—1(2)
+ (zim1 — @) [pi(2)Di1(2) + di1(x)di(2)] (14)

T; — Ti—1
%Gfp(aju Z),

[z,2] € K?, 1 < i < M. Tt is convenient to introduce the notation K; =
[l’i_l, l’z] = [L, R] R

We transform the function Gy, from K? to the reference square K? =
[—1,1]? using the linear transformation (9) with z = yg,(£) and 2z = xx,(n),

Grp(, Z)}Kia: Grp(&m) = (R = a)li(O)li(n) + (L — a)lo()lo(n)  (15)
+ (L — a) [[1(&)lo(n) + lo(§)11(n)]
+ %@i’f(ﬁm),

[€.1] € K2. Here Iy(¢) and I1(€) are the above-defined lowest-order shape



functions on K and
p

GprB (&m) Zlk k() = lo(§)lo(n)1 ()11 (n) Zf‘ik(@fﬁk(ﬁ) (16)

k=2

is the higher-order part.
Let us modify formula (15) in the following way: Divide (15) by R—L > 0
and use the identities

R—« L_a+1
R—-L R-1L ’
and

lo(E)lo(n) + L ()L (n) + 1o(E)li(n) + L(E)lo(n) =1 VIE,n) € K>,

We obtain

G L-a e
&) - L20 eni) + 5 ). a7

Using (16), this formula can be reshaped into

Ggpgc‘f) S L (©b) |1+ @) Y m©@mlm]| . (8

k=2

Clearly, (L — a)/(R— L) > 0 and 1;(£)li(n) > 0 in K2 In [21] it was
verified that the expression in the square brackets is nonnegative for [, ] € K
and p < 100. More precisely, for 2 < p < 100 the quantity

Hoa(p) =1+ = min_ lo(€)lo(n) S we()re()

(6meK?

was computed. For the sake of completness, we define H (1) = 1. The value
of H*,(p) can be found analytically for 2 < p < 4. For 5 < p < 100, it needs
to be computed numerically. As it is seen from Table 1 and Figure 3, the
worst case is p = 3 where H,(3) = 9/10. Thus, the discrete Green’s function

rel
is nonnegative.

6 Main Result

Let us summarize the conclusions of the previous analysis:

Theorem 6.1. Let a = 29 < 11 < ... < xpy = [ be a partition of the
domain Q = (a, ) and let p; > 1 be a polynomial degree assigned to the
element K; = [x;—1, 2], i =1,2,..., M. If

H (p;)) >0 foralli=1,2,..., M, (19)

rel

then problem (2) satisfies the discrete maximum principle



p Hiy(p) p_ Hi(p) p_ Hiy(p) p_ Hiy(p)
1 1 6 1 11 0.953759 16 0.968695
2 1 70935127 12 0.969485 17 0.967874
3 9/10 8 0.987060 13 0.959646 18 0.969629
4 1 9 0945933 14 0.968378 19 0.970855
5 0919731 10 0973952 15 0.964221 20 0.970814

Table 1: The quantity H*

rel

(p) for p=1,2,3,...,20.

XoX0Xs ><o><o><o><o><o><u><o><a><o><o><o><o><o><o><n><0><°><°
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il

Figure 3: The values H(p) for p =1,2,...,100. Circles indicate the values

for p odd and crosses for p even.

Proof. Let K; be an element. By (15), (18), and (19) it holds
Gipl, 2) 2 = Grp(€,m) > 0

for all [z,z] € K? with £ = x}(z) and n = x'(2). Thus, Gpy(z,2) > 0
in UM, K?. Lemma 4.2 implies that Gj,(z,2) > 0 also in Q2 \ Y, K2.
Theorem 3.1 and Lemma 2.1 finish the proof. O

The crucial condition (19) was verified analytically for p < 4, therefore
Theorem 6.1 proves the discrete maximum principle for problem (2) for all
meshes and arbitrary polynomial degrees not exceeding 4. However, nu-
merical calculations of H (p) show that the condition (19) is satisfied for

5 < p <100 as well. Moreover, the steadily growing trend in H}; for p > 50
observed in Figure 3 motivates the following conjecture:

Conjecture 6.1. The problem (2) satisfies the discrete mazimum principle
for arbitrary partition of the domain Q) = («, 3) and for arbitrary distribution
of polynomial degrees.

10



Appendix

The Lobatto shape functions are defined by

2j—1 (¢ .
Lo =2 /1Pj_1(x)dx, =23

where Pj(z) = d//da?(z* — 1)7/(274!) stands for the jth-degree Legendre
polynomial. The kernels are defined by «;(§) = 1;(€)/(lo(€)1(€)), where
(&) =(1-8)/2, (&) = (14+¢)/2, and £ € [—1,1]. These kernels can be
generated by the recurrence

N ESWIES: i—1 [2j+3 |
. = - — ; =2.3,....

Interesting observation is that these kernels are scaled derivatives of Legendre

polynomials
2j—1 4 .
ki (&) =1/ , —P_ (&), 7=23,....

Hence, they form a system of orthogonal polynomials with weight 1 — £2 =
4lo(€)11(€). For reference, we list several kernel functions r; (see, e.g., Section
3.1 in [17] or Section 1.2 in [15]):

ra(8) = = VI4(5E* — 1)

5(6) = ~ V(T ~ 3)¢

Ke(€) = —%@(2154 — 148+ 1)

K7(§) = —%@(33& — 30624 5)¢

Ks(€) = —6—14@(42%6 — 495¢" + 13562 — 5)
Ko(€) = —6—2@(715§6 — 1001&* + 38562 — 35)¢

1
k10(€) = _@@(243158 — 4004€° + 2002¢* — 308¢% +7)

11
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