The University of Texas at El Paso
Department of Mathematical Sciences

Research Reports Series

El Paso, Texas Research Report No. 2007-04

Static Condensation,

Partial Orthogonalization of Basis Functions,
and ILU Preconditioning in the hp-FEM

Pavel Solin, Tom4s Vejchodsky







The University of Texas at El Paso
Department of Mathematical Sciences

Research Reports Series

El Paso, Texas Research Report No. 2007-04

Static Condensation,

Partial Orthogonalization of Basis Functions,
and ILU Preconditioning in the hp-FEM

Pavel Solin, Tom4as Vejchodsky

The University of Texas at El Paso

Department of Mathematical Sciences



Pavel Solin, Tom&s Vejchodsky:

Static Condensation,

Partial Orthogonalization of Basis Functions,
and ILU Preconditioning in the hp-FEM

Abstract: Static condensation of internal degrees of freedom, partial or-
thogonalization of basis functions, and ILU preconditioning are techniques
used to facilitate the solution of discrete problems obtained in the hp-FEM.
This paper shows that for symmetric linear (not necessarily positive-definite)
problems, under mild technical assumptions, these three techniques are com-
pletely equivalent. In fact, the same matrices can be obtained by the the same
arithmetic operations. The study can be extended to nonsymmetric problems
naturally.

AMS subject classification: 65N30, 74505

Keywords: hp-FEM, static condensation, orthogonal shape functions, ILU pre-
conditioning

Correspondence

solin@Qutep.edu, vejchod@math.cas.cz

Acknowledgment

The first author acknowledges the financial support of the Czech Science Foun-
dation (Projects No. 102/05/0629 and 102/07/0496) and of the Grant Agency of
the Czech Academy of Sciences (Project No. IAA100760702). The support of the
Grant Agency of the Czech Academy of Sciences (Project No. TAA100760702) and
of the Czech Academy of Sciences (Institutional Research Plan No. AV0Z10190503)
is gratefully acknowledged.

The University of Texas at El Paso
Department of Mathematical Sciences
500 West University, El Paso, TX 79968
Email: mathdept@math.utep.edu

URL: http://www.math.utep.edu
Phone: 1.915.747.5761

Fax: 1.915.747.6502



1 Introduction

The hp-FEM is a modern version of the finite element method (FEM) capable
of achieving exceptionally fast convergence through optimal variation of the
size and polynomial degree of elements. The presence of the so-called bubble
functions (higher-degree basis functions local to element interiors) yields a
special 2 x 2 block structure of the stiffness matrix which can be utilized
to ease the solution of the discrete problem. This can be done, e.g., using
the static condensation of internal degrees of freedom [2, 3, 5] or through
partial orthogonalization of basis functions [6]. In addition to these two
techniques, we also study the effect of incomplete LU preconditioning (see,
e.g., [1]). It turns out that with a suitable ordering of unknowns, one obtains
a 2 X 2 block matrix where the first diagonal block is the identity matrix, the
off-diagonal blocks are zero, and the only nontrivial block is equal to the ILU-
preconditioned reduced stiffness matrix obtained by the static condensation
or by the partial orthogonalization of basis functions.

The reader will find in the text a couple of easily verifiable technical
assumptions which are satisfied obviously for most second-order symmetric
linear elliptic problems, time-harmonic Maxwell’s equations, and many other
symmetric problems.

The outline of the paper is as follows: An overview of the hp-FEM with
basic definitions and notations is provided in Section 2. Subsequent Sec-
tions 3-5 describe the static condensation of internal degrees of freedom,
partial orthogonalization of basis functions, and ILU preconditioning. An
illustrating numerical experiment is presented in Section 6.

2 Overview of hp-FEM

Let us consider a weak problem to find u € V' such that
a(u,v) =F(v) Yv eV, (1)

where V' is a Hilbert space (usually a Sobolev space), a : V x V — R is
a symmetric bilinear form, and F stands for a linear functional on V. We
assume that problem (1) admits a unique solution.

The hp-FEM solution to problem (1) is defined as an element uy, € Vi,
where V},, is a finite dimensional (usually piecewise-polynomial) subspace of
V, dimV}, = N < oo, satisfying

a(uhp,vhp) = f(?)hp) Vvhp c Vhp. (2)

The performance of the hp-FEM depends significantly on the choice of the
subspace Vj, as well as on the choice of its basis B = {¢1,¢2,...,¢0n}.



If we expand up, € Vip as upy = Zjvzl yj¢; then the coefficients Y =
LY2, ...,yn)T can be computed from a linear algebraic system of the form
Y1, Y Y g Y

AY =T, (3)

where the stiffness matrix A € R¥*Y and the load vector F have the entries
Aij = a(@j’@i) and F; = JT(@Z)? i,j=12,... 7N'

Let us have a closer look at the basis B. By 7, we denote a finite set
of elements (the finite element mesh). Both the bilinear form a(,-) and the
linear functional F(-) can be split into the sums of element contributions,

a(u,v) = Z ag(u,v) and F(v)= Z Fr(v) Yu,veV.

KeTy, KeThyy,

The forms ak(-,-) and Fk(-) are assumed to be bilinear and linear, respec-
tively. For future reference, we assume that the forms ax are symmetric.
This assumption is satisfied for most second-order symmetric linear elliptic
problems, time-harmonic Maxwell’s equations, and for many other problems.

Further, by BX we denote the set of all basis functions supporting the
form ax and by BE the set of all bubble functions associated with an element
K

)

BE = {@; € B:3y; € Bsuch that ax(¢;,p:;) # 0}, (4)

By {5 € B :ales,0i) = axcles 1) Vi €8 (5)
and  ag«(pj, ;) =0 Vo, € BYK* €Ty, K # K"}

Remark 2.1. Using the standard hp-FEM terminology we see that ¢; € BE
if and only if K C supp(y;) and that ¢; is a bubble function if K = supp(yp;).

Remark 2.2. Formally, in certain situations (on elements adjacent to Neu-
mann/Newton boundary), the above definition can be satisfied also by basis
functions associated with vertices or edges. For the sake of algorithmic sim-
plicity, such basis functions usually are treated as verter or edge functions,
not as bubble functions (although the theory works fine with both options).

For every finite element K € 7y, let N and M¥ represent the number
of elements of BX and B, respectively. We enumerate the basis functions
in B as follows: @1, s, ..., o) are the bubble functions in the element
K1, ©prig1, Pk o - - - Pk ke are the bubble functions in the element
K, € Ty, etc. This means that o), stands for the last bubble function of the
last element in 7,. By ©ar41, ©am42, - - -, on we denote the remaining basis
functions.

We define the index sets [(K) ={j:1<j <N, ¢; € BX} and Ij(K) =
{j:1<j <N, ¢; € BX}. For every element K we also define a one-to-one



connectivity mapping v : {1,2,..., N¥} — I(K) such that both restrictions
i i {1,2,..., ME} — I(K) and 1 : {M% +1,... , NE} — 5\ Ij(K) are
one-to-one. The connectivity mapping is an essential part of every hp-FEM
code, see [5].

Using the connectivity mappings, we can easily define for every element
K € T, a local stiffness matrix A% € RY XN and local load vector FK €
RN" with the entries A = ax (Pucm)> Puxc) and Fi¥ = Fr(@ue), m =
1,2,...,NX. The above enumeration of basis functions (bubble functions
first) yields a 2 x 2 block structure of both global and local stiffness matrices
and load vectors,

(4 B) e-(8) - (8 ) e (),
(6)

Here, A € RM*M gand AK e RM**M™ orrespond to the products of bubble
functions with bubble functions, B € RN-M)xM anq BK ¢ RO -MF)xM"
correspond to the products of non-bubbles with bubbles, etc.

For future reference, we impose another technical assumption: Let both
A and A be nonsingular and let A;; = a(p;,¢;) #0,j=1,2,..., M. Again,
this assumption is satisfied for most symmetric problems.

Lemma 2.1. Let 1 < j,k < N. Unless there exists an element K € Ty, such
that both j € I(K) and k € I(K), it is Aj, = 0.

Proof. 1t follows from (4) and it is left to the reader as an easy exercise. [

The preceding Lemma 2.1 is used to define the sparsity structure of the
matrix A: If at least one such element K exists, A is treated as nonzero.

Lemma 2.2. Let ¢, 1 < k < M be a bubble function in K € Ty, i.e.,
ke ly(K). Then Ajy =A%, |~ foralljeI(K).

37 (J)’LK (k)
Proof. By (5) we have Aj. = a(p, p;) = ax (o, ;). If j € I(K) then by
definition of local stiffness matrices ar (¢x, ¢;) = Affl(j) k) O
K K

3 Static condensation of internal degrees of
freedom

Let us recall the block structure (6) of system (3),

w-($5)G)-(8)r o



By Lemmas 2.1 and 2.2, A = blockdiag{ A*, K € 7,} € RM*M_ The static
condensation of internal degrees of freedom is based on the following idea:
Express x from the first row of (7)

x = A”\(F - B'y) (8)

and substitute the result into the second row of (7). This yields a system of
the form

Sy =G (9)

where S = D — BA™'BT and G = G — BA'F. Hence the vector y € RN-M
can be computed from a smaller system (9) and finally, x € RM is obtained
by solving the block-diagonal system (8).

Lemma 3.1. The matriz S obtained using local Schur complements S¥
on elements is identical to the Schur complement of A in A, ie., S =
D — BA™'BT. Moreover, S has the same sparsity structure (in view of
Lemma 2.1) as the original block D in (7).

Lemma 3.1 will be proven in the next section using Lemmas 4.2-4.4.
Before we do that, let us present an efficient static condensation algorithm:

1. Build the local stiffness matrices AX and the local load vectors FX.

2. Compute the local Schur complements S% = DX — BX(A%)~H(B")"
and local complement loads GK = G¥ — BK(AK)=1pK,

3. Run the standard hp-FEM assembling algorithm, see, e.g., [4], to build
the global Schur complement S € RW=M)*(N=M) a5 the global load
vector G € RY~M from the local complements S ROV -ME)x(NF-MT)
and from the local vectors GX € RY=M  respectively.

4. Solve the Schur complement system Sy = G.

5. Disassemble the global coefficient vector y € RV~ to local contribu-
tions y* € RNK*MK, where y = Yieiqey, L=1,2,..., NE — MK,

6. Compute x¥ = (AX)~? <FK - (BK)TyK> element by element.

7. Assemble vector x € RM by x; = Xlil(j), j=12,...,M, where K €
LK

Thp is the unique element such that j € Iy(K).



4 Partial orthogonalization of basis functions

In this paper, “orthogonality” is understood in the sense of the bilinear form
a(+,-). This notation, however, is not exact because a(-,-) may not represent
an inner product. The idea proposed in [6] was to define new basis functions
P1, P2, ..., ¢n so that a(p;,p;) = 0 whenever ¢ < M & j > M or j <
M & i > M. This means that in the new stiffness matrix A the off- diagonal
blocks B and BT are zero. Let us remark that in [6] the authors moreover
orthonormalized bubble functions in all elements so that the new block Ain
A was an identity matrix. We will not orthonormalize the bubble functions
in this study to clearly demonstrate the connection with static condensation.

The matrix A = blockdiag{ A*, K € 7j,} is invertible and by Lemma 2.2,
A~! = blockdiag{(A®)™', K € T;,}. We define matrices Q = BA™! €
RN=-MxXM and QF = BK(AK)~1 ¢ RV -M )xM* The following Lemma
4.1 shows the relation of Q and Q¥ and it implies that the matrices () and
B have the same sparsity structure.

Lemma 4.1. Let ¢ be a bubble function in an element K € Ty, i.e., k €
Iy(K). For every 1 < j < N — M it holds: Qi = ZfM+j €
I(K) and Qji, = 0 otherwise.

Proof. We consider k € Iy(K) and an arbitrary index r € {1,2,...,M}.

First, we assume M + j € I(K). There are two possibilities. If (a ) r e I(K)
then Lemma 2.2 shows that Bj, = BK M)l () and A, = A (k)
T’ LK

Thanks to block-diagonal structure of A we obtain A7, = (AK ) )

On the other hand if (b) r ¢ Io(K) then from Lemma 2.1 follows A k=0
and hence A,' = 0 due to the block-diagonal structure of A. Summarizing
possibilities (a) and (b) we obtain

Q o (M—+5),0" (k)

MK

ij - Z B Arkl - ZBg{l(M+j),s(AK)57L1;(1(k) = in—;l(M-kj),L;(l(k)’
relo(K) =1

Second, we assume M +j ¢ [(K) then either (¢) r € Iy(K) or (d) r & Io(K).

In case (c) we have Bj, = 0 while in case (d) A, = 0. Both variants

follow from Lemma 2.1. Moreover, due to the block-diagonal structure of

A we conclude in case (d) that A' = 0. Cases (c) and (d) imply Q;), =

M _
Zr:l B]'TArkl = 0. [
Finally, we define the new basis functions
o; = @; forj=12,... M, (10)
M
PM+j = PM+j —ZijSOk forj=1,2,...,N - M.
k=1



One can verify easily that the new basis functions (10) are linearly indepen-
dent. The new stiffness matrices A and AX have a 2 x 2 block structure
analogous to the original matrices A and AKX, respectively. We denote the
blocks in A by A, BT, B, D, and the blocks in AX by AX, (BK) BK DX
analogously to (6) The followmg Lemmas 4.2-4.4 explain the relatlon of the
new blocks to the corresponding blocks in the original matrices A and AX.

Lemma 4.2. The stiffness matriz A € RN*N with the entries Ajk = ax (Pk, P;j)

and the load vector F € RN with the entries E =F(g;), j,k=1,2,...,N,
have the following block structure,

(B 5)-(8) ma 7(5) - (o for)

where S = D — BA-'BT.

Proof. 1t is easy to see that A=Aa nd_ F = F, and it follows from a
straightforward calculation that B = 0, D = S,and G = G — QF. For
illustration let us explain why B = 0: For 1 <J<N—-—Mand1<k<M

we calculate
Bj = a(Pk, Pm+j) = alpr, om+;) ZQ;ML Pk, or) = Bjr — ZQJT rk-

Thus, B=B - QA=B— BA'A=0. O

Lemma 4.3. Let K € Ty,. The local stiffness matriz AK € RNOXNE irn,
the entries Agn = ar(Pug(m), P () and the local load vector FK ¢ RN with
the entries ﬁf = Fx(@ue), t,m = 1,2,...,N¥, have the following block
structure,

~ AK §K T A . ﬁK
AR = ( BK (ﬁI) > = ( 0 SOK ) and TFK = ( éK ) , (12)
where S = DK — BK(AK)7(BK)T, FK = FK, and GX = GK — QK FX.

Proof. The proof is analogous to the proof of Lemma 4.2 except that we
work with local element matrices. The transfer to the local level is justified
by Lemma 4.1. For illustration let us explain why DX = SX: Let 1 < £,m <
NE — MK and let M + j = 1x(¢) and M + k = 15 (m). Using definitions of



the local stiffness matrices AX and Lemma 4.1, we obtain

Dy, = ar (Prrhs Pr+j) = ax(PMtk, Prr+j) — Z Qjrax (Pr+k: Pr)

T'EI()(K)
= Y ak(pemi)Qun+ Y Y Qirax (0, 00) Qi (13)
pEIo(K) relo(K) p€lo(K)
ME ME
= Dém ZQES BK sm ZBZq QK qm+ZZQZ QK qm
s=1 g=1

Notice that S-™ . ax(v, ¢,) = Erelo({g) ak (v, ,) for all v € Vj, due to (4)
and (5). Thus, relation (13) implies DX = DX — Q¥(BX)T — BE(Q¥)T +
QF AK(QX)T = DK — BE(AK)~1(BK)T 0

Lemma 4.4. Let 1 < j, k< N-M. If M+j ¢ I(K) or M+k ¢ I(K) for
any K € Ty, then Dji, = S = a(Prrsks Pr+j) = 0.

Proof. We use D, = > Kkem, DX

(M) (M+k) and similarly to (13) we
express

Dj, = G(SOM+k790M+j) - Z Z eraK<90M+k730r)

KeThy, relp(K)

- Z Z ax (Pp, Part)Qup + Z Z Z Qjrar (®p, or)Qp-

KeThp pEI()(K) KEThp TEI()(K) pEI()(K)

The first term on the right-hand side a(@n4k, pa+;) is equal to Dy, and
vanishes due to Lemma 2.1. The second term is zero because if M +j ¢ I(K)
then Qj, = 0 by Lemma 4.1 and if M +k ¢ I(K) then ax(@rtk, ¢r) = 0 by
(4). The same argument is used for the third term. The fourth term vanishes
because if M +j & I(K) or M +k ¢ I(K), then by Lemma 4.1 it is Qj, = 0
or Qrp = 0, respectively. O

Proof. of Lemma 3.1 Lemmas 4.2 and 4.3 show that the standard assem-
bling procedure with the new basis functions (10) leads to global and local
stiffness matrices (11) and (12). However, the global and local blocks D and
DX in these matrices are identical to the global and local Schur complements
S and S¥| respectively. This proves that the standard assembling algorithm
applied to local Schur complements S¥ gives the global Schur complement
S. Moreover, Lemma 4.4 shows that the global Schur complement S has the
same sparsity pattern (in the sense of Lemma 2.1) as the original block D in
A. O



In practice, the new expansion coefficients Y7 = (X7, §7) are calculated

from the systems Ax = F' and Sy = G. The original vectors x and y are
then expressed from x and y as follows,

M N-M M N-M N-M
j=1 J=1 k=1 J=1 J=1

Thus, x = X — A~!BTy and y = y. Notice that these equalities together
with the relations for X and y are identical to (8) and (9). This explains
that the static condensation and the partial orthogonalization of basis func-
tions are just two different interpretations of the same arithmetic procedure.
It is possible to implement both approaches in such a way that the same
arithmetic operations are performed.

5 ILU preconditioning

An incomplete LU preconditioning of system (7) is done as follows: (i) Set
A=L"'AU"' and F = L'F. (i) Solve AY = F. (iii) Solve UY = Y. The
preconditioners L and U are computed by incomplete LU factorization of A.
We also consider the exact factorization A = ILU. The preconditioners L and
U and the LU factors L and U have the natural 2 x 2 block structure, cf. (6),

~ (La 0 =~ (Us Us (L. 0 (U4
i-(k2) o=(% ) v=(hd) v=(%

Lemma §.1. With the above notation we. have E,é = Ly, ZB = Lp, [7,4 =
Ua, and Ug = Ug. Moreover, the blocks Lp and Up are the incomplete LU
preconditioners of the Schur complement S = D — BA='BT .

Proof. We show that the first M steps of ILU factorization does not lead to
any fill-in. This is thanks to the fact that we first enumerate the M bubble
functions and then the N — M non-bubble basis functions.

Recall that the first M steps of the LU factorization algorithm are as
follows: For every k = 1,2,..., M and for every ¢ = k+ 1,k +2,...,N
multiply the k-th row by Ay /Ay, and subtract the result from the i-th row.
In other words, the entries A;;, 7 = k,k +1,..., N, are replaced by A;; —
Ap;jAik/Agy. This step is omitted in the ILU algorithm if A;; = 0.

Let us have a closer look at the first step (k = 1). Since k < M, there
exists an element K € 7, such that the basis function ¢y, is a bubble in K,
ie, k € I(K). First, we consider the case A;; = 0. In view of Lemma 2.1,
this happens if ¢ ¢ I(K) or j ¢ I(K). In these cases Lemma 2.1 implies



that A;z = 0 or Ay; = 0. In either case, both LU and ILU algorithms leave
the zero element A;; unchanged. Second, we consider A;; # 0 in the sense of
Lemma 2.1. In this case both LU and ILU algorithms work identically.
Hence, after the first step of the ILU algorithm the sparsity structure of
the remaining part of the matrix A remains unchanged and we can repeat
the same analysis for £k = 2,3,..., M to conclude that during the first M
steps no fill-in appears and both ILU and LU algorithms work identically.
After the elimination of the first M columns the resulting (N M )
(N — M) block equals to the Schur complement S. Thus, the Ly and Up
blocks are the ILU preconditioners of S. O]

Lemma 5.1 shows that
= ( La 0 Uas Up \ _ [ LaUa LaUg
Ly Lp 0 Up LgU,y LU+ LpUp )-

Since A = LU, we obtain A = L Uy, BT = L,Ug, B = LgUy4. A straightfor-
ward matrix computation reveals the structure of the preconditioned stiffness
matrix A and of the preconditioned load vector [F:

~ ~_ ~ T 0 ~ ~_ L*lF
A:LlAU1=< > A), F:L1F:<AA~),
0 Lp'SU,' e

where § = D — BA™'B” and G = G — LyL,'F = G — BAT'F, cf. (11).
Hence, the solution Y7 = (x7,37) to AY = F is given by

X=L;'F and L;'SU;'y =13'G. (14)
The final solution Y7 = (x”',yT) is then computed by Uy = i\.\(, ie.,
Usx =X —Upy = L;'F —Ugy and Upy=7. (15)

Thus, systems (14) and (15) for x and y are equal to suitably preconditioned
static condensation systems (8) and (9). System (9) for y is preconditioned
from both sides by incomplete LU factors L p and U p- System (8) for x is
preconditioned from the left by the factor L 4.

To summarize, the ILU preconditioner does the job and decouples the
systems for bubble and non-bubble basis functions. However, the straight-
forward implementation, i.e., the application of the ILU preconditioner to
system (3), is inefficient, because the block-diagonal subsystem for bubbles
is solved superfluously in every iteration. This straightforward implementa-
tion does not see that the first M unknowns were already resolved by the
preconditioner exactly. On the other hand, an efficient implementation stops
the ILU algorithm for the matrix A after the first M steps and stores the



resulting Schur complement S. Then it continues to compute the ILU precon-
ditioners Lp and Up of the complement S. The ILU-preconditioned systems
(14) are then solved by a suitable iterative method. Finally, the coefficients x
and y are obtained efficiently by (15). Nevertheless, notice that this efficient
implementation is completely equivalent to the procedure of static conden-
sation introduced in Section 3, where the Schur complement system Sy = G
was preconditioned from both sides by ILU factors Lp and Up. Indeed, the
first M elimination steps construct the Schur complement S in exactly the
same way as the element by element procedure of static condensation.

6 Numerical experiment

In this section we perform a simple numerical experiment to compare the
performance of the static condensation and of the straightforward (inefficient)
implementation of the ILU preconditioner to solve the linear system (3).
The tested linear system comes from hp-FEM discretization of the Poisson
equation with homogenous Dirichlet boundary conditions in a square domain.
The first row in Table 1 corresponds to a coarse Ap-FEM mesh sketched in
Fig. 1. The subsequent rows in Table 1 correspond to a uniform h-refinement
of this mesh. In each refinement step we split every triangle into four similar
triangles with the same polynomial degree.

In case of static condensation the CPU times in Table 1 measure steps 2-7
of the algorithm presented in Section 3, i.e., the inversion of local blocks AX,
assembling of the global Schur complement S and of the complement load
G, solving system (9) by ILU preconditioned conjugated gradients, and com-
putation of the condensed unknowns by (8). While in the case of ILU-PCG
the presented CPU times measure the computation of ILU preconditioner
of A and the PCG iterations to solve (3). The test were done in Matlab
with its built-in ILU preconditioner and PCG routines. The relative residual
tolerance for PCG iterations was set to 107° in all cases.

As we discussed above, the static condensation with ILU-preconditioned
Schur complement system (9) and the ILU preconditioning of the original
system (3) are two equivalent arithmetic procedures and therefore we observe
the same number of iterations in both cases. However, the static condensation
performs faster because the iteration matrix has less nonzero elements.

10



refin. static condensation ILU-PCG
step M 1nz(S) Nie CPU time| N nnz(A)  Nier CPU time

0 34 202 3 0.004s 50 1180 3 0.005s
136 1983 ) 0.012s 225 7095 > 0.017s
044 10795 7 0.049s 953 33847 7 0.130s

2176 49419 11 0.389s 3921 147039 11 1.665s

8704 210667 21 4.697s | 15905 612175 21 26.10s

) 34816 869163 40 71.10s | 64065 2497455 40 415.5s

=W N =

Table 1: The first column shows the number of successive h-refinement steps
of the original mesh, M and N stand for the sizes of the matrices S and A,
nnz(S) and nnz(A) represent the number of their nonzero entries, and Nite,
denotes the number of ILU-PCG iterations. Finally, we indicate CPU times
needed to solve system (3).

I
ot

P2

p1=4 p3 =6

pa=7

Figure 1: The rough mesh with four elements of polynomial degrees 4, 5, 6,
and 7 (left) and the sparsity pattern of the corresponding stiffness matrix A,
cf. (6).
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