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1 Introduction

Analysis of rectangular beams of reinforced concrete is based on nonlinear
and/or discontinuous stress-strain relationships and such analyses are diffi-
cult to perform. Provided the nature of loading, the beam dimensions, the
materials used and the quantity of reinforcement are known, the theory of
reinforced concrete permits the analysis of stresses, strains, deflections, crack
spacing and width and also the collapse load. Further, the aim of analyzing
the beam is to locate the neutral axis depth, find out the stresses in com-
pression concrete and tensile reinforcement and also compute the moment
of resistance. The aim of the designer of reinforced concrete beams is to
predict the entire spectrum of behavior in mathematical terms, identify the
parameters which influence this behavior, and obtain the cracking, deflection
and collapse limit loads. There are usually innumerable answers to a design
problem. Thus the design is followed by analysis and a final selection is ob-
tained by a process of iteration. Thus the design process becomes clear only
when the process of analysis is learnt thoroughly.

In the traditional (deterministic) methods of analysis, all the parameters
of the system are taken to be precisely known. In practice, however, there
is always some degree of uncertainty associated with the actual values for
structural parameters. As a consequence of this, the structural system will
always exhibit some degree of uncertainty. A reliable approach to handle
uncertainty in a structural system is the use of interval algebra. In this ap-
proach, uncertainties in structural parameters will be introduced as interval
values i.e., the values are known to lie between two limits, but the exact val-
ues are unknown. Thus, the problem is of determining conservative intervals
for the structural response. Though interval arithmetic was introduced by
Moore [9], the application of interval concepts to structural analysis is more
recent. Modeling with intervals provides a link between design and analysis
where uncertainty may be represented by bounded sets of parameters. Inter-
val computation has become a significant computing tool with the software
packages developed in the past decade. In the present work, interval alge-
bra is used to predict the stress distribution in a reinforced concrete beam
subjected to an interval moment.

2 Literature survey

In the literature there are several methods for solution of equations with
interval parameters. In the year 1966, Moore [9] discussed the problem of
solution of system of linear interval equations. There are many methods of
solution of such equation. Many of them are discussed in the book [11] by
Neumaier. Neumaier and Pownuk [12] explored properties of positive defi-



nite interval matrices. Their algorithm works even for very large uncertainty
in parameters. In their work Koyliioglu, Cakmak, Nielsen [7] applied the
concept of interval matrix to solution of FEM equations with uncertain pa-
rameters. System of linear interval equation with dependent parameters and
symmetric matrix was discussed by Jansson [6]. Muhanna and Mullen [10]
handled uncertainty in mechanics problems on using an interval-based ap-
proach. Muhanna’s algorithm is modified by Rama Rao [15] to study the
cumulative effect of multiple uncertainties on the structural response.

Skalna, Rama Rao and Pownuk [18] investigated the solution of systems of
fuzzy equations in structural mechanics. Ben-Haim and Elishakoff [2] intro-
duced ellipsoid uncertainty. Akpan et. al [13] used response surface method
in order to approximate fuzzy solution. Vertex solution methodology that was
based on a-cut representation was used for the fuzzy analysis. McWilliam
[8] described several method of solution of interval equations. Rao and Chen
[16] developed a new search-based algorithm to solve a system of linear in-
terval equations to account for uncertainties in engineering problems. The
algorithm performs search operations with an accelerated step size in order
to locate the optimal setting of the hull of the solution.

Several models were proposed to describe the stress distribution in the
cross section of a concrete beam subjected to pure flexure. Initially, the
parabolic model was proposed by Hognestad [5] in 1951. This was followed
by an exponential model proposed by Smith and Young [19] and Desai and
Krishnan model [3]. These models are applicable to concretes with strength
below 40 MPa. The Indian standard code of practice for plain and reinforced
concrete IS 456-2000 [1] allows the assumption of any suitable relationship
between the compressive stress distribution in concrete and the strain in
concrete i.e. rectangle, trapezoid, parabola or any other shape which results
in prediction of strength in substantial agreement with the results of test.
The stress distribution model suggested by the Indian code IS 456-2000 is
followed in the present study (Fig.1).

3 Stress analysis of a singly reinforced con-
crete section

3.1 Stress distribution due to a crisp moment

A singly reinforced concrete section shown in Fig.1 with is taken up for anal-
ysis of stresses and strains in concrete and steel. The beam has a width of b
and an effective depth of d. The beam is subjected to a maximum external
moment M. Strain-distribution is linear and &, is the strain in concrete at the
extreme compression fiber and &,is the strain in steel. Let x be the neutral



axis depth from the extreme compression fiber. The aim of analyzing the
beam is to locate this neutral axis depth, find out the stresses in compres-
sion concrete and the tensile reinforcement and also compute the moment
of resistance. The stress-distribution is concrete is parabolic and concrete in
tension is neglected. The straine., at any level y below the neutral axis (y<

X) is
- (2)e 0

The corresponding stress f., is
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Tensile stress in steel
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If there are no external loads, the equation of longitudinal equilibrium,
Ny = N, leads to the quadratic equation
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Depth of resultant compressive force from the neutral axis 7 is given by
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Internal resisting moment My is given by

Mr=N.xz=N.x (y+d—x) (8)



For equilibrium the external moment M is equated to the internal moment
of resistance Mp as
M < Mg (9)

The neutral axis depth x can determined by solving Eq. (6) only when &, is
known. Thus a trial and error procedure is adopted where in .. is assumed
and the corresponding values of N, , and internal resisting moment Mg are
obtained using Eq. (7) and Eq. (8) such that Eq. (9) is satisfied.

Stress in steel p
fo= B, = E, (i) Eee < 0.87f, (10)
z

Total tensile force in steel reinforcement

Ns :Asfs <11>

3.2 Stress distribution due to an uncertain moment

Consider the case of a singly reinforced concrete beam subjected to an un-
certain interval moment M = [M , m . The uncertainty in external moment
arises out of uncertainty of loads acting on the beam. Correspondingly the
resulting stresses and strains in concrete and steel are also uncertain and are
modeled using interval numbers. Using extension principle [20] all the equa-
tions developed in the previous section can be extended and made applicable
to the interval case. The objective of the present study is to determine distri-
bution of stresses and strain across the cross section of the beam. Two new
approaches have been proposed for this purpose: a search based algorithm
and a procedure based on Pownuk’s sensitivity analysis [14]. These methods
are outlined as follows:

Search-based algorithm (SBA)

A search based algorithm (SBA) is developed to perform search operations
with an accelerated step size in order to compute the optimal setting for the
interval value of strain in concrete is .. = [g,2]. The algorithm is outlined
below:

Algorithm-1

1. The mid-value M of the given interval moment M is computed as M =
M+M
5

2. Various values of .. are assumed and the neutral axis depth x and the
corresponding values of N,y and Mg are determined by using a trial
and error procedure outlined in the previous section.

3. The interval strain in concrete e, is initially approximated as the point
interval [, Ece)-



4. The lower and upper bounds of €., are obtained as
Ece = [€cc - )\1d§, Ece T+ )\ng] (12)

where de and de are the step sizes in strain to obtain the lower and
upper bounds, Ajand A\, being the corresponding multipliers. Initially
Arand )\, are taken as unity.

5. While both A;,\y are non-zero, de and de are incremented and &, is
computed.

6. The interval form of the Eq.(6) is solved by the procedure outlined by
Hansen and Walster [4].

7. The procedure is continued iteratively till the interval form of Eq.(9)
ie. M < Mpg is satisfied. The computations performed are outlined
below:

(a) The interval values of z,3,2,N. and the interval internal resisting
moment Mp = [%, M R] are computed. If n is a very small
number

(b) Aqis set to zero if

Mp — M
== | 13
L < (13)
(c) Ag is set to zero if
Mgr—M
R__' <r (14)
M

(d) The search is discontinued when A; = A2=0.

4 Sensitivity analysis method

4.1 Extreme values of .. and =.

Unknown variables €.. and z can be found from the system of equation (8)
and equilibrium equation Ny = N,.. Lets introduce a new notation

{ Fl = Fl(gccax7p17 ;pm) = MR - Nc : <y+ d— l’) =0 (15)

F2 = F2(5ccaxvp17 me) - Ns - Nc =0

where p1 = M, ps = feo, p3 = As, P14 = €co, Ps = Eis, ps = b, pr = d.
Because the problem is relatively simple and the intervals [pi_ ,pﬂ are

usually narrow, then it is possible to solve the problem using sensitivity

analysis method [14].



Let calculate sensitivity of the solution with respect to the parameter p;.

0

. 8F1 8866

8F1 81’

oF,

—F = — 4+ —=0 16
Opi ' e Op; | Ox Opi | Opi (16)
0 0F; 0s.., OF5 0 OF:
Op; Occe Op; Oz Op;  Op;
In matrix form
oF,  9F Occe _or
|| 2| -] (1s)
Occe ox Op; Op;
Using Cramer’s rule the solution is given by the following formulas
AF  OF OF  9F
Op; ox Occe op;
oF,  oF, B(F1,F) ofs  of, B(F1F)
Oece | o 92 | B Oz | P Op B(zceDs)
op; o OF  OF | 8(FL,F2)’ op; o OF  9F1 O(F1,F»)
Oece ox Occe oz
(19)
If all Jacobians
0(F1, Fy) O(F1, F») O(F1, Fy) (20)
a(‘(':ccvm) ’ 8(pz7$) ’ 8(5ccapi)

are regular then the derivatives have constant sign and the relations ¢.. =
€ce(pi),x = x(p;) are monotone. All variables p; belong to know intervals

Pi € |P,D; because of that sign of the Jacobians can be checked using
interval global optimization method [14]. If

0#

min
ecc€lpe Bec] €@ P1E [P Py | PmE R, P

|A(6CC7x7p17"'7pm)| (21)

then the Jacobian A is regular, where A = aa((f:%), A = % or A =
%. If the sign of the derivatives is constant then extreme values of
the solution can be calculated using endpoints of the intervals [&,T)Z} and

sensitivity analysis method [14]. The whole algorithm of calculation is the
following:
Algorithm-2

Bi +ﬁi

1. Calculate mid point of the intervals p;p = =5

2. Solve the system of equation (15) and calculate e, Zo.

dece  Or

3. Calculate sensitivity of the solution ==, 5%
Di Di

from the equation (18).



4. If 3€cc 0 then pmln sEcc — E" p;nax,é‘cc — ﬁi’
f%w<0ﬂmmW““:@m?““=p

5. If 81- 0 then pmlnm — p p?laXI — Z—)17

1f < 0 then p™™* =5;, p™* =p..

=

6. Extreme values of £..,x can be calculated as a solution of the following
system of equations.

7. Verification of the results. If the derivatives have the same sign at the
in,r max,r _minEcc mMax,ece

endpoints p;"™* p; , D, , D, and in the midpoint then the
solution is very reliable.

4.2 First order monotonicity test

In order to improve accuracy of the solution one can apply higher order
monotonicity test. In order to verify the sign of the derivatives%a—;_c, g—; it
is possible to expand these derivatives using first (or higher) order Taylor

series.

8550( ) agcc pO a Ecc pO
; 22
Opi Z 0pzc9pg ~ o) (22)
Oz(p ) 6x (po) 9*x(po)
op; Z apz(?p] — Pjo) (23)

The functionse.. = €.(p), * = x(p) are monotone if the derivatives have
constant sign. If we know the intervals py € [p,,P:],p2 € [p,,Ps), P €
[pm, D) to which belong all uncertain parameters, then it is possible to verify
the sign of the derivative by calculating an interval extension of the formulas

(22), (23). If

8560 p() 8 Ece pO
O apz Z apzapj ij) (24)
G:E po 0%z (po)
; 2
5 2 G, ™) (25)

then the functions e.. = e..(p), z = x(p) should be monotone.
Derivative of the functions (22) and (23) can be calculated in the following

way
6 8500 pO 8 Ecc pO _ 82500([)0)
Opr, ( Op; Z 0pzf9py P p]0)> ~ OpiOpx 20)

9 0%z (po)
Z o) | = 27
am( o Z o pﬂ")) Op:0 1)




The sign of the derivatives is constant because of that extreme values can be
calculated by using the following procedure

. 82€cc(p0) maz min o .

if Op;Opx 20 thenp = Dk Pk £ = elsep =D,s Phe = = Dp, (28)
. 821'(29 ) g in - o

Zf 8p18pk Othenp _pk’ pkff :]_)k else pkac _pka pkx = DPg- (29)

Now extreme values of the derivatives can be approximated by using the
following formulas

8§ 8500 pO 8 Ece pO
cc mzn _ 30
Opi Z dp;Op; Pyo) (30)

6gcc 8560 pO a Ecc pO
~ max . 31
Opi Z 819@81)3 Pio) (31)
ox 81‘ dz(po) 9*z(po)
= mzn o 32
et S
or  Oz(p
~ maz o 33
i apl Z apzapj Pp) (83)
Now the monotonicity test can be written in the following way
Oe,. OF
—< —<| >0, then p'® = py, m;" =p,. 34
[ Opr apk} P, Pky Pk b, (34)
Oe,. OF
=<¢ 1 <0, then pie® =p,, ppt" = Py 35
{ 9p 3pk} Pre” =P, Phe =Dk (35)
Eee X ec(PTL"s s D)y Eee R Ece(DTE%, ooy D). (36)
0T
I ——| >0, then p'y* = Dy, pm;" =p 37
f ] o T =5, @)
oxr 0T
If |7—,5—| <0, then pp';" =p,, m;” D 38
f { e apk] Pha =P, Piw = Pr (38)
N 2(P1y"s s D)y TR TPV oo Dy (39)



4.3 Second order monotonicity test

In order to improve accuracy of the calculations one can apply higher order
monotonicity test.

0x(p) ., Oz(po) + Z 82z(po) ( pjo) +

Op; 8p1 Op;Op; (4 )
0
93z
+3 Z aplapfgpk (PJ pjo) (Px — Pro)
Derivatives of the function (57) are the following
ox(p) ., 8 [ 9z(po) 82z(po)
X TRT ( a;io JFZ aplaz;o] (pj — pjo) +
_93x(po) ] B . (41)
+3 Z aoop;opr (i — Do) (Pk — Pro) | =
8%z (po)
- 8pz8pk Z 8p18pf§pk ( pﬂ))
Next derivative is the following
Oz (p) ~ 0 o%x( ) _ 93x(po)
G (aplai‘; 23 o (B pw)) = Gopom (2)

Because the sign of the third derivative is constant then extreme values
of second derivative can be calculated using the endpoint of the intervals

_9%x(po)
- if Opkdp;op; = Swfhen (43)

pka: _pk7 pkw _pk elsepkz _pk’ pkm _ﬁk

ox D ) 33z (p
8pjgpi ~ 8pjt91?z Z (9pk8pj(<)9p (p?;n pko) (44)

0T ) o3
3pjgpi ~ 811];)122 E Bpkgpp%p (p?;n Pko) (45)

Extreme values of first derivative can be calculated in the following way

, _ Oz oz mazx min

if [8pj6pi’ 8pj6pi:| 0, then Pja =DPj) Djg = =P, (46)
. oz T max min =

if |:—apj5pi7 —8p6-ap,} <0, then pI\* = =P, Pia" =Dy (47)

0z . Ox PO) %z (po) min __
Bpl op; Z Op;0p; (pj T pJO) +

T2 Z Bjkapf%; (pL — Pjo) (pk,x — Dro)



o 393 dz(po) 0%z 0%x(po) (, max __ .
Op; Op; + E Op;Op; (p] T pJO) +

x (49)
Y e (92 — o) (P2 — pio)
Extreme values of the function can be calculated in the following way
if [%}%ﬂ 0, then piy® =P, piy" =p, (50)
if [gp%, a;] <0, then pj* =p,, it =D (51)
z (P, py ™, o) (52)
E ( mam’pgna:l:, ,pmam> (53)

4.4 Higher order monotonicity tests based on Taylor
series

It is possible to approximate the value of the function using higher order
Taylor series.

1o) oz ( 19]
gl(,i) x pO) + Z apxaI;O) ( ij) +

8z
+2| Z apkapi)%p ( — pjo) (Px — Pro) + (54)

0%z
—|—3. Z aplapkg’,?])apz (pj — pjo) (P — Pro) (P — Po)

J’a

Forth order derivative is constant because of that the extreme values of third
derivative can be calculated by using sign of forth derivative.

0! _ 0%z(po)
i} Fpomopam = 0 then (55)
max min min

Ple” =Dy Py =p, else piy* =p, pl" =D

33£ min __

Oprdp;Op; Bpkapgapz Z 8]3161%81036171 (pl z pko) (56)
3z ~ 83CC(PO 93z (po) max

OprOp;0p; ~ Opi0Op;0p; Z Op10p1Op;0pi (pl z pko) (57)

Using the sign of the third derivative it is possible to calculate extreme values
of second derivatives. If we continue that process it is possible to calculate
extreme values of the function z = x(p).

In the same way it is possible to calculate extreme values of the function
x = x(p) by using n-th order Taylor series. The test is as accurate as the
Taylor expansion.

10



4.5 Higher order monotonicity tests which are based
on exact values

It is also possible to calculate the partial derivatives (only n-th order) in the
mid point and then calculate the sign of the n — 1-th order derivatives

- 9z" (po) ;

if >0 then p"** =7p, , pi"" =p. 58
ap’h apmapznflapzn " " " —tn ( )
<0 then p"™® =p , plin =p, 59
if Opi, Ops,...0p;,,_, Op;,, n bi, p; » Pi, Pi, (59)
agn—l _ axn—l(p'im'n’ . pzzn) (60)

Opi, Opiy...0p;,,_, Ops, Opi,...0p;,, _,
afn—l _ 8xn—1(pgnax’ “.,pmaw) (61)

apilapiQ'“apin_1 apllangapzn_l

If we know the sign of the n — 1-th derivatives it is possible to calculate the
range of the n — 2 derivative
o n—1 8—?1—1

— >0 then p"** =7p, N _ gy
3pi1---apin1’3291'1...3291‘"1] g Pipy = Pin—ys Piny =B |

(62)

axn—l 6577,—1 ]
f { — ; ] <0 then pi* =p. ., pi" =D 63
3pi1...8pin71 8p113p1n71 n- —ln—1 n— n—1 ( )
a n—2 8 n—2(,min min
4 — T (pl ) 7pm ) (64)
apilap’i2“‘ap’in_2 8p118p128p1n_2
a—n—Q a n—2(,,max ... pmax
€ — L (pl ’ y P ) (65)
apilapiz'“apinfz apllaplgapln,Q

If we continue that process it is possible to calculate the range of the function
L= x(pla 7pm)

4.6 Interval stress in extreme concrete fiber

Sensitivity of stress in extreme concrete fiber f.. can be calculated in the
following way

0 - 8fcc 0€ce afcc Ox 4 afcc

A Jee = 66
8p1 fcc 3ecc 3pz &L’ (9])1 (9]71 ( )
where %E—;F and g—; are solution of the equation (18).
If %ch: > 0 then pinin’f“ =D, p;max,fcc =p;, if %];;: < 0 then p;nin’f“ =7
p;nathcc — Bl.
icc _ fcc (e,:.lcltljin,fcc7 xmin,fcc7p11nin;f007 "'7p$in’fcc) 7 (67)
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?cc — fCC <8$axvf007 xmax’fcc,pina}(7fcc, e pg}baxvfcc) (68)

In the midpoint sensitivity is equal to

8 o afcc aEcc afcc 8$ afCC
oM = e on T 0w o T oM

(69)

Extreme values of stress in extreme concrete fiber calculated form the for-
mulas (67) and (68).

It is possible to use methods which are based on higher order derivatives in
the same way as in the section 4.4 or 4.5.

4.7 Interval stress in steel

Sensitivity of stress in steel f; can be calculated in the following way

0 Ofs Occe  Ofs O Ofs
_ Of. Oz | Of, 0z Of

9, 70
3pif Oecc Opi Oz Op;  Op; (70)
where %< and £~ are solution of the equation (18).
Di Di . .
If gij > 0 then p"™/* = P, prests — g if gij < 0 then p"™/* = p,,
pinax,fs = Bz
£, = o (it gomte it pind) ()
Fo = 1 (et gt st et (72)
Sensitivity at the mid point is computed as
0 Ofs Oeee | Ofs Oz Ofs
fo= oo OO0 O (73)
oM Oece OM Oz OM ~ OM

It is possible to use methods which are based on higher order derivatives in
the same way as in the section 4.4 or 4.5.

5 Interval global optimization

In presented problem the number of interval parameters is relatively low,
because of that to it is possible to apply interval global optimization method
[4, 17]. The optimization problems are the following

min x max
N,—N.=0 ’ N,—N.=0
pi € [p,bi pi € [p, b

12



min Eece max Ecc

Mr—N.-(g+d—2x) = Mr—N.-(y+d—z)=0 (75)
N,—N.=0 ’ Ny—N.=0
pi € [p,, 7] pi € [p;;Pi]

It is possible to take into account also more complicated optimization prob-
lems

(min f, ([ max f,
N,—N.=0 ’ N,—N.=0

\ ple[_,L?_z \ p’LE[BlJZ_?Z]

( min f,. ((max fe
MR_NC'(y+d_x):0 MR_NC.(y+d_$>: (77)
N,—N.=0 ’ N,—N.=0

etc.

In order to find the solution first it is necessary to find some initial space
where we will be looking for the solution p = [p ,p| X [p,, Do) X ... X [p_, Dy -
The algorithm of calculation is the following [4, 17].

Algorithm-3

1. Split the initial box p into a list of smaller boxes L = {p1, pa, ..., Pk }-

2. From the list L we can reject all boxes p; for which 0 ¢ Fi(p;) or
0 ¢ Fa(p:)-

3. Calculate

fuin = min {f (mid(p1)), ..., f (mid(px))} (78)
4. Remove all boxes p; which satisfy the following condition
Jrin < i(Pz) (79)
5. For all remaining boxes calculate
f=min{f(p1), ., f(Pr)} (80)
f=min{f(p1), ... f(Pr)} (81)

If f— Jf < & then stop calculation. Minimum is equal to the f.

6. Split all remaining boxes from the list L and go to the step 2.

In order to speed up calculations it is possible to apply several procedures
which are described in the books [4, 17].

13



6 Combinatorial solution

Combinatorial solution is obtained by considering the upper and lower bounds
of the external interval moment and computing the corresponding determin-
istic values of .., =, ¥y, N. and My are determined. The lower and upper
values taken by these quantities are utilized to obtain the corresponding in-
terval values of z,y,2, N, and Mg.

6.1 Example problem

A singly reinforced beam with rectangular cross section is taken up to illus-
trate the validity of the above methods. The beam has the dimensions b= 300
mm and D = 550 mm and effective depth d = 500 mm. The beam is reinforced
with 6 numbers of Tor50 bars of 25 mm diameter (Ag = 6 X 491 mm?). The
interval bending moment acting on the beam is M € [96,104] kNm. Allow-
able compressive stress in concrete is f,, = 13.4 N/mm?and allowable strain
in concretee,, = 0.002. Young’s modulus of steel Eg = 2.0 x10° N /mm?.The
stress-strain curve for concrete as detailed IS 456-1978 is adopted (Fig.1).

6.2 Results and discussion

Using equation (17) %51\0/; and g—ﬂ”j[are computed as %&Mcc — 5206x10712 N_:nm and

8‘9—]\“’2 = 8.181 x 10‘8%. Similarly the values of BiM fee and BiM fs are computed
1 d _

and 377 fee =
5.354 x 1078 m:n3. For all parameters, it is observed that the sensitivities at
the endpoints have the same sign as in the midpoint, thus establishing the
reliability of the solution.

using equation (21) and equation (25) as 32: f; = 8.429 x 1077

mm3

Interval values of neutral axis depth x, strain .. and stress f..in extreme
compression fiber of concrete and stress in steel fcomputed for an external
interval moment M= [96,104] kNm using search-based algorithm (SBA) and
sensitivity analysis (SA) approach. Table.la and Table 1b presents the re-
sults obtained using these two approaches along with combinatorial solution.
Relative difference is computed for results obtained using SBA and SA with
results obtained using combinatorial approach. It is observed that the rel-
ative difference is very small. Thus the methods agree very well with the
combinatorial solution. Table 2a and Table 2b shows the corresponding re-
sults for moment of M= [60, 140] kNm corresponding to a large variation
(£40percent) about the mean. It is observed that relative difference of the
solution obtained using the SBA and in the range of 0.016 percent and 4.020
percent. Thus it is observed that the two approaches give reasonable bounds
on the interval solution even in the presence of large uncertainty.
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The interval values of bending moment at various levels of uncertainty
(membership value) are shown in Fig.2. For instance, an interval bend-
ing moment of [96,104] kNm corresponds to a membership value of 0.6. A
membership value of 1.0 corresponds to a point interval bending moment of
[100,100] kNm. Interval values of bending moment can be extracted at any
desired level of uncertainty for use in the stress analysis. The correspond-
ing interval values of neutral axis depth, strain and stress in concrete and
stress in steel reinforcement are computed at various levels of uncertainty
and membership functions are plotted.

Fig. 3 shows the plots of membership function for the depth of neutral
axis obtained using the approaches. The membership function for the ex-
treme fiber stress in concrete is presented in Fig. 4. Fig. 5 depicts the
membership function for the stress in steel reinforcement. Membership func-
tion for the strain in extreme fiber of concrete is shown in Fig.6. It is observed
that all these membership functions are triangular with linear variation of
the response about the corresponding mean value. The plots of membership
functions obtained using combinatorial approach and sensitivity analysis co-
incide and these plots agree well with the membership functions plotted using
search-based approach. Percentage variations of interval stresses in concrete
(fee ) and steel (fs) and external interval bending moment M are computed
about their respective mean values. Fig. 7 shows the plot of percentage
variation of fg and fccas a function of the percentage variation of M. It is
observed from Fig. 7 that fsis more sensitive to variation in bending moment
in comparison to fcc.

7 Conclusions

In the present paper, analysis of stresses in the cross section of a singly
reinforced beam subjected to an interval external bending moment is handled
by three approaches viz. a search based algorithm and sensitivity analysis
and combinatorial approach. It is observed that the results obtained are in
excellent agreement. These approaches allow the designer to have a detailed
knowledge about the effect of uncertainty on the stress distribution of the
beam. The membership functions for neutral axis depth and stresses in
concrete and steel are plotted and are found to be triangular. It is observed
that stress in steel is more sensitive to the given variation of bending moment
when compared to the corresponding stress in concrete.

Interval stress and strain can be also calculated using sensitivity analysis.
Because the sign of the derivatives in the mid point and in the endpoints is
the same then the solution should be exact. More accurate monotonicity test
is based on second and higher order derivatives [14]. Results with guaranteed
accuracy can be calculated using interval global optimization [4].
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Table. 1a Comparison of results obtained using
the three approaches for M = [96,104] kNm
EeeX1074 f..(N/mm?)
Lower \ Upper Lower \ Upper
Mid-point So- | 4.9102 5.772
lution
Combinatorial | 4.699 5.123 5.557 5.985
Search based | 4.704 5.117 5.562 5.980
approach
% difference 0.106 0.117 0.090 0.084
Sensitivity 4.69909 5.12276 5.55705 5.98537
Analysis
% difference 0.002 0.005 0.001 0.011
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Table. 1b Comparison of results obtained using
the three approaches for M = [96,104]kNm

x(mm) f,(N/mm?)

Lower ‘ Upper Lower ‘ Upper
Mid-point So- | 270.617 83.238
lution
Combinatorial | 270.291 270.945 79.870 86.612
Search based | 270.299 270.937 79.543 86.972
approach
% difference 0.003 0.003 0.409 0.416
Sensitivity 270.291 270.946 79.8712 86.6146
Analysis
% difference 0.000 0.000 0.001 0.005

Table. 2a Comparison of results obtained using
the two approaches for M = [60,140]kINm

Eeex 1072 f..(N/mm?)

Lower \ Upper Lower \ Upper
Mid-point So-
lution
Combinatorial | 2.859 7.107 3.558 7.831
Search based | 2.888 7.029 3.592 7.763
approach
% difference 1.014 1.098 0.956 0.868

Table. 2b Comparison of results obtained using
the two approaches for M = [60,140]kNm

x(mm) f,(N/mm?)

Lower \ Upper Lower \ Upper
Mid-point So-
lution
Combinatorial | 267.510 274.084 49.703 117.160
Search based | 267.553 273.958 47.663 122.127
approach
% difference 0.016 0.046 4.104 4.240
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