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1 Introduction

Linear thermoelasticity is a standard model which describes the behavior of elastic structures
subject to moderate temperature changes. The equations can be found in both classical and
modern textbooks such as, e.g., [4, 6, 8, 16]. More complicated nonlinear models (not
considered here) need to be employed to study the effects of large temperature changes,
such as the stability of concrete or steel constructions in fire (see, e.g., [1, 5, 7, 15]). We
applied the multi-mesh hp-FEM to both plane-stress and plane-strain models with similar
conclusions. Due to spatial limitations, however, we only can discuss one of these models in
more detail here – let us choose, for example, the latter one.

The outline of the paper is as follows: In the rest of this introductory section, we present
the governing equations, boundary conditions, weak formulation, and discuss briefly the
existence and uniqueness of the weak solution. In Section 2 we describe the multi-mesh
hp-FEM, and in Section 3 we discuss automatic adaptivity on multiple meshes. In Section
4 we present a model problem and compare the performance of the multi-mesh hp-FEM to
a (single-mesh) hp-FEM which uses the same meshes for all solution components. We also
present a computation which takes into account the special coupling structure of the linear
thermoelasticity system.

1.1 Plane-strain formulation of linear thermoelasticity

The plane-strain model of linear thermoelasticity inherits basic simplifying assumptions from
the plane-strain model of linear elasticity,

ε33 = ε13 = ε23 = 0, (1)

and, moreover, it assumes temperature-dependent strains in the form

εii =
∂ui

∂xi

= εii,E + εii,T = εii,E + α(T − T0), 1 ≤ i ≤ 3. (2)

Here εii,E, εii,T , and εii stand for the elastic, thermal, and total strain in the xi-direction,
respectively. By ui we denote the displacement component in the xi-direction, α is the ther-
mal expansion coefficient, T the temperature, and T0 a constant temperature corresponding
to a stress-free initial configuration. The material is assumed to be isotropic. Note: in the
plane-strain formulation, the stress component σ33 is nonzero in general.

Substituting assumptions (1), (2) into the basic stress-strain relation

σij =
E

1 + ν
εij,E +

Eν
∑3

k=1 εkk,E

(1− 2ν)(1 + ν)
δij, 1 ≤ i, j ≤ 3, (3)
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we obtain a system of equations for the stress components,

σ11 = E
(1−2ν)(1+ν)

[(1− ν)ε11,E + ν(ε22,E + ε33,E)]

= E
(1−2ν)(1+ν)

[
(1− ν)∂u1

∂x1
+ ν ∂u2

∂x2

]
− Eα(T−T0)

1−2ν
,

σ22 = E
(1−2ν)(1+ν)

[(1− ν)ε22,E + ν(ε11,E + ε33,E)]

= E
(1−2ν)(1+ν)

[
(1− ν)∂u2

∂x2
+ ν ∂u1

∂x1

]
− Eα(T−T0)

1−2ν
,

σ33 = E
(1−2ν)(1+ν)

[(1− ν)ε33,E + ν(ε22,E + ε11,E)] ,

= Eν
(1−2ν)(1+ν)

(
∂u1

∂x1
+ ∂u2

∂x2

)
− Eα(T−T0)

1−2ν
,

σ12 = E
2(1+ν)

ε12,E = E
2(1+ν)

(
∂u1

∂x2
+ ∂u2

∂x1

)
.





(4)

Here, E and ν stand for the Young modulus and Poisson number, respectively. Substituting
the stresses σ1, σ2, and σ12 from (4) into the equilibrium equations

∂σ11

∂x1
+ ∂σ12

∂x2
+ f1 = 0,

∂σ12

∂x1
+ ∂σ22

∂x2
+ f2 = 0,

∂σ33

∂x3
+ f3 = 0,



 (5)

one obtains a system of second-order PDEs for the fields u1, u2 and T . In (5), the only nonzero
component of the volume force is f2 = −%g. The symbols %, g represent the material density
and the gravitational constant, respectively. If all quantities are constant in the x3-direction
(as in our case), then the last equation in (5) is satisfied automatically.

In addition to the equilibrium equations (5), we consider the stationary heat transfer
equation

−∇ · (a∇T ) = 0, (6)

where the thermal conductivity a is a nonzero constant. These equations are assumed in a
bounded polygonal domain Ω ⊂ R2.

1.2 Boundary conditions

Let the boundary ∂Ω have nonempty open subsets Γ0, Γ1, Γ2 and Γ3 such that Γ0 ∩ Γ1 = ∅
and Γ0 ∩ Γ2 = ∅. Equations (5), (6) are equipped with boundary conditions of the form

∑2
j=1 σijνj = g∗i on Γ0, i = 1, 2,

u1 = u∗1 on Γ1,
u2 = u∗2 on Γ2,
T = T ∗ on Γ3,

∂T
∂ν

= T ∗
N on ∂Ω \ Γ3.





(7)
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Here g∗i , u
∗
i , T

∗, T ∗
N ∈ L2(∂Ω), and ν is the unit outer normal vector to ∂Ω. Other standard

types of boundary conditions may be used as well. A model problem will be presented in
Section 4.

Remark 1.1. The linear thermoelasticity model (5), (6) has certain limitations. For ex-
ample, since only derivatives of the temperature are present in the elasticity equations, the
displacements and stresses only depend on spatial variation of temperature, not on its ab-
solute values. Thus, for example, the model does not describe displacements or stresses
resulting from a uniform increase of temperature. If the temperature T0 of the stress-free
initial configuration is constant, it is not taken into account by the model at all.

1.3 Weak formulation

The solution u1, u2, T is sought in the form

u1 = U1 + ũ1, u2 = U2 + ũ2, T = Θ + θ̃, (8)

where U1 ∈ V1, U2 ∈ V2, Θ ∈ V3. The function spaces are determined by the boundary
conditions (7): V1 = {ϕ ∈ H1(Ω); ϕ = 0 on Γ1}, V2 = {ϕ ∈ H1(Ω); ϕ = 0 on Γ2},
V3 = {ϕ ∈ H1(Ω); ϕ = 0 on Γ3}. The Dirichlet lifts are defined as follows: ũ1 ∈ H1(Ω) is
any function satisfying ũ1 = u∗1 on Γ1, ũ2 ∈ H1(Ω) is such that ũ2 = u∗2 on Γ2, and θ̃ ∈ H1(Ω)
satisfies θ̃ = θ∗ on Γ3. Equations (5), (6) are formulated in the weak sense as usual and the
resulting bilinear forms can be written in a 3× 3 block structure,

a11(U1 + ũ1, û1) + a12(U2 + ũ2, û1) + a13(Θ + θ̃, û1) = 0 ∀û1 ∈ V1,

a21(U1 + ũ1, û2) + a22(U2 + ũ2, û2) + a23(Θ + θ̃, û2) = 0 ∀û2 ∈ V2,

a33(Θ + θ̃, θ̂) = 0 ∀θ̂ ∈ V3.



 (9)

The derivation of the forms aij from (5), (6) is elementary and we do not include them for
spatial reasons.

1.4 Problem statement

Given the boundary conditions (7) and the Dirichlet lifts ũ1, ũ2, θ̃, find U1 ∈ V1, U2 ∈ V2, and
Θ ∈ V3 satisfying (9).

Lemma 1.1. This problem has a unique solution (U1, U2, Θ) ∈ V1 × V2 × V3. The final
solution u1, u2, T defined by (8) does not depend on the choice of the Dirichlet lifts ũ1, ũ2, θ̃.

Proof: The existence and uniqueness of the solution Θ ∈ V3 to the third equation of (9) is
obvious. Substitute Θ into the elasticity part of (9). The bounded bilinear forms a13, a23

become bounded linear forms for û1 and û2, respectively. Now, standard result for linear elas-
ticity yields the existence and uniqueness of U1 ∈ V1 and U2 ∈ V2. The proof of independence
of u1, u2, T of the Dirichlet lifts ũ1, ũ2, θ̃ is straightforward.
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2 Multi-Mesh hp-FEM

The solution components u1, u2, T are approximated on different meshes τ1, τ2 and τ3, re-
spectively. For the sake of algorithmic feasibility, all meshes are defined using a common
coarse master mesh τm and a finite sequence of mutually independent refinements. The mas-
ter mesh τm is very coarse and it may not even be used for discretization purposes – it serves
as the top of a tree-like structure which is utilized by the multi-mesh assembling procedure.
The situation is illustrated in parts A – D of Fig. 1.

Figure 1: Example of a master mesh τm, meshes τ1, τ2, τ3 obtained by its refinements, and
the corresponding union mesh τu.

In part E of Fig. 1, the reader also can see the geometrical union of all meshes in the
system – we call it union mesh and denote by τu.

2.1 Union mesh and the multi-mesh assembling procedure

The union mesh τu is never created physically in the computer memory, but its virtual
elements are used by the element-by-element assembling procedure. The algorithm visits
the virtual elements of τu, evaluates the corresponding contributions of the bilinear forms
(9), and distributes the values into the stiffness matrix and right-hand side in a standard
way. The multi-mesh assembling procedure is almost the same as in standard hp-FEM, up to
technical details such as the transformation of integration points from the virtual elements of
τu into the corresponding elements in the meshes τ1, τ2, and τ3. This is illustrated in Fig. 2.

Compared to assembling over the union mesh (if the union mesh existed physically),
the assembling over multiple meshes would be less efficient. This is due to an additional
cost of the transformation of integration points between the virtual and physical elements,
climbing the tree of meshes, etc. However, the discrete problems obtained with the multi-
mesh approach typically are smaller, better conditioned, and thus faster to solve compared
to a single-mesh approach. In practice, the extra expense of the multi-mesh assembling
procedure is negligible compared to the savings on the discrete problem level. A comparison
will be shown in Section 4.
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Figure 2: Virtual element Qk of the union mesh τu and its counterparts in the meshes τ1, τ2

and τ3.

2.2 Integration over virtual elements

Consider a virtual element Qk of the union mesh τu. In each mesh τi, there is exactly one
element K(i) such that Qk ⊂ K(i). In order to evaluate the bilinear forms aij in (9) on Qk,
we need to transform the elements K(i), i = 1, 2, 3 to the reference domain Kq = (−1, 1)2.
This is illustrated in Fig. 3.

Figure 3: Elements K(1), K(2), K(3) of the meshes τ1, τ2 and τ3, containing Qk, transformed
to the reference domain Kq (cf. Fig. 2).

For any physical element K = K(i), the corresponding reference map is denoted by
xK : Kq → K. The reader can see that while x−1

K (K) = Kq, the virtual element Qk ⊂ K
transforms to a subset x−1

K (Qk) ⊂ Kq. However, the quadrature points and weights are
designed for the entire reference domain Kq. Therefore, for each subset x−1

K (Qk) we need to
introduce one more mapping rK : Kq → Kq such that r−1

K (x−1
K (Qk)) = Kq. The situation is

depicted in Fig. 4.

Note that the mapping rK is affine of the form rK(ξ) = RKξ + tK , and therefore its
Jacobi matrix is diagonal.

5



Figure 4: The mappings rK and xK .

3 Automatic Adaptivity in the Multi-Mesh hp-FEM

We assume that the reader has some knowledge of automatic adaptivity in the hp-FEM, in
particular of its differences vs. automatic adaptivity in the h-FEM (see, e.g., [3, 10, 11, 13, 14]
and the references therein). The exact solution u = (U1, U2, Θ) to problem (9) is sought
in a Cartesian product space V = V1 × V2 × V3, and the approximate solution uhp =
(U1,hp, U2,hp, Θhp) belongs to a subspace V hp = V1,hp × V2,hp × V3,hp of V . Here, each of the
piecewise-polynomial spaces Vi,hp corresponds to the mesh τi in a standard way.

The approximation error ehp = u − uhp ∈ V is a vector-valued function with the com-
ponents e1,hp = U1 −U1,hp, e2,hp = U2 −U2,hp, and e3,hp = Θ−Θhp. We measure the error in
an energetic norm

‖ehp‖2
e =

3∑
i=1

‖ei,hp‖2
i,e, (10)

where
‖e1,hp‖2

1,e = a11(e1,hp, e1,hp) + a12(e2,hp, e2,hp) + a13(e3,hp, e3,hp),
‖e2,hp‖2

2,e = a21(e1,hp, e1,hp) + a22(e2,hp, e1,hp) + a23(e3,hp, e3,hp),
‖e3,hp‖2

3,e = a33(e3,hp, e3,hp).



 (11)

3.1 Estimation of error

In order to estimate the error ehp, we use the concept of reference solutions proposed by
Demkowicz et al. [3]. A reference solution uref is obtained by solving the problem in a
larger finite element space V ref . This can be done in a variety of ways. For example, the
space V ref can be constructed by refining uniformly all elements in the meshes τ1, τ2, τ3 and
moreover increasing the polynomial degrees of the subelements (this would be a straightfor-
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ward generalization of the approach [3]). A two-grid solver can then be used to compute the
reference solution uref efficiently, starting from the coarse mesh solution uhp (see [9]).

We use a modification of this approach which is better suited for the application of
sparse direct solvers: The space V ref is constructed by increasing the polynomial degree
of all elements in the meshes τ1, τ2, and τ3 by a user-defined constant pinc (default value is
pinc = 3) without spatial refinement. Then, the basis of the space V hp is a subset of the
basis of the space V ref , the stiffness matrices are embedded, and the reference problem can
be solved efficiently via the Schur complement method. With the solution uref in hand, we
compute an approximation of the error,

êhp = uref − uhp ≈ ehp. (12)

3.2 Selection of elements to be refined

Next we need to identify elements in the meshes τ1, τ2, τ3 with the largest error contributions.
Since we want the automatic adaptivity to take into account individual behaviors of the fields
U1, U2 and Θ, on every mesh τi we only evaluate the error component ‖êi,hp‖i,e defined in (11).
In this way we obtain an error value ê(i) for every element K(i) ∈ τi. Next, the elements of
all three meshes are collected in a single list L and sorted according to their error values ê(i)

in descending order.
In every adaptivity step, we begin with the first element of the sorted list L and the

refinements continue until the number of newly added degrees of freedom exceeds a user-
defined constant (with default value 1000), or until the relative number of newly added
degrees of freedom exceeds another user-defined constant (with default value 10%). Elements
whose error values are less than 10% of the maximum error value in the list are not refined.

3.3 Element refinement

Consider an element K that was selected for refinement. The element can either be split
anisotropically into two parts (in two different ways), split isotropically into four parts, or
left spatially unrefined, as shown in Fig. 5.

Figure 5: Four possible geometrical divisions of a quadrilateral element.
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For each of these four geometrical situations we perform a variation of directional orders
of approximation in the subelements, in order to create a list of refinement candidates. The
user can influence this process through an integer constant np ≥ 0 which limits the maximum
increase of any directional polynomial degree (default value is np = 1).

In the second step, the appropriate component of the reference solution uref is projected
onto all refinement candidates, and a candidate with the best log(err)/ndof ratio is selected.
Here, err is the element projection error and ndof the number of added degrees of freedom
(see [12] for details).

Due to the employment of arbitrary-level hanging nodes [12], element refinements are
completely local. We do not need to take into account the situation on adjacent elements
while refining an element. This eliminates unwanted refinements and simplifies the adaptivity
algorithm.

4 Numerical Experiments

We consider a long hollow workpiece placed inside of a rigid form, as shown in Fig. 6.
The face ΓD is heated until its temperature reaches a value TD. This causes a nonuniform
temperature distribution in the workpiece and consequently thermoelastic deformations.

ΓF,1ΓF,3

Ω

ΓA,1 ΓA,3ΓA,2

Γ

ΓF,2

A,0

Metallic workpieceRigid form Heated face

ΓD

Figure 6: Transversal cross-section of the workpiece.

The transversal outer measures of the workpiece are 5L × 13L and the square cavities
measure 3L×3L. We prescribe zero normal component of the displacement on the workpiece-
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form interface ΓF and zero external forces on the upper face of the workpiece:

u1 = 0 on ΓF,1 ∪ ΓF,3 = Γ1,

u2 = 0 on ΓF,2 = Γ2,
2∑

j=1

σijνj = 0 on ΓA,0 ∪ ΓD = Γ0, 1 ≤ i ≤ 2.

Here, ν stands for the unit outer normal vector to the boundary ∂Ω. For the thermal part,
we prescribe a fixed temperature TD on the face ΓD, and negative heat fluxes φA and φF on
the workpiece-air interface ΓA and workpiece-form interface ΓF , respectively:

T = TD > T0 on ΓD = Γ3,
∂T

∂ν
= φA < 0 on ΓA,

∂T

∂ν
= φF < 0 on ΓF .

In computations whose results are presented below, we used the values L = 0.1, TD = 200,
φA = −12, φF = −20, % = 8000, g = 9.81, a = 1.3 · 10−5 (data taken from [2]).

4.1 Comparison of Multi-Mesh and Single-Mesh hp-FEM

The problem was solved using the adaptive multi-mesh hp-FEM described in Sections 2 and
3, starting from a master mesh depicted in Fig. 7.

Figure 7: Master mesh for the multi-mesh hp-FEM and at the same time the starting mesh
for the single-mesh hp-FEM.
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Figs. 8 and 9 show the final temperature and stress distributions.

Figure 8: Final temperature distribution.

Figure 9: Final stress distribution.

For illustration, meshes corresponding to the fields u1, u2 and T after 15 refinement steps
are shown in Figs. 10-12, respectively. The numbers of DOF for u1, u2, T are 1309, 1602 and
205 (total of 3116). Notice that the mesh for the temperature is much coarser compared to
the meshes for the displacement components.
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Figure 10: Multi-mesh hp-FEM: mesh for u1 after 15 refinement steps.

Figure 11: Multi-mesh hp-FEM: mesh for u2 after 15 refinement steps.

Figure 12: Multi-mesh hp-FEM: mesh for T after 15 refinement steps.
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The convergence diagram in Fig. 13 shows the total error in the energy norm (10) as well
as error components (11) for u1, u2 and T , calculated with respect to the reference solution
(12).
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Figure 13: Convergence of the multi-mesh hp-FEM.

For comparison purposes, we also run standard adaptive hp-FEM using the same mesh
for all solution components. For illustration, in Fig. 14 we show the corresponding mesh
related to the same total error level as the meshes shown in Figs. 10-12. In this case, the
numbers of DOF were 1542 for u1, 1539 for u2, and 1559 for T (total of 4640).

Figure 14: Single-mesh hp-FEM: mesh corresponding to the same total error as the meshes
shown in Figs. 10 - 12.
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The reader can see in Fig. 14 that, compared to the multi-mesh approach, the temperature
T is over-resolved. The same fact follows from Fig. 15 that contains the corresponding
convergence diagram.
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Figure 15: Convergence of the single-mesh hp-FEM.

At last let us take into account the one-way coupling between the thermal and elasticity
part of the equations. First, we resolve the temperature field T accurately, starting from the
master mesh shown in Fig. 7, and stopping when the error in temperature achieves a level
corresponding to the end of the multi-mesh computation (with roughly 16,000 DOF for T ,
see Fig. 13. Then, the elasticity part of the system is solved adaptively, starting from the
master mesh again, and using the temperature T as data. The multi-mesh functionality is
used to deal efficiently with quantities defined on different meshes.

A convergence comparison of the three approaches mentioned above is presented in
Fig. 16. Here we show the relative error values. The reader can see that the standard
“single-mesh” approach was least efficient. The “economical”method which exploits the one-
way coupling was most efficient both in terms of convergence speed and the CPU time of
computation.
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Figure 16: Convergence comparison of the multi-mesh, single-mesh, and economical ap-
proaches.

5 Conclusion and Outlook

We presented a novel adaptive higher-order finite element method for linear thermoelasticity
where the solution components u1, u2 and T were approximated on different meshes. These
physical fields are not much different qualitatively – for example, each of them typically has
singularities at re-entrant corners. In spite of that, using three meshes was more economical
than approximating all of them on the same meshes. We expect that the advantage of the
multi-mesh approach will become even more apparent in 3D and in more complicated cou-
pled problems, where solution components exhibit more significant qualitative differences.
Currently, we are investigating a multi-mesh hp-FEM for coupled electromagnetic-thermal
problems such as microwave heating, and electromagnetic-fluid problems such as electromag-
netic stirring of molten metals. We hope to report on these new results in near future.
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